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From the chiral Potts model the "inversion" and "star-square" relations of the
Baxter-Bazhanov model are obtained. The tetrahedron equation, which is a
commutativity condition for the three-dimensional cubic lattice, is a consequence of the
star-triangle relation of the chiral Potts model. The additional constraints in tetrahedron
equation hold naturally when the Boltzmann weights are parameterized in terms of the
Zamolodchikov angle variables. It is pointed out that the star-triangle relation of the
three-dimensional model, which includes the result of Baxter-Bazhanov’s, can be
obtained by using the method given in this paper.
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1. INTRODUCTION

In comparison with the theory of two-dimensional exactly solved models, there are no good
three-dimensional exactly solved models in statistical mechanics [1]. Recently, a nontrivial exactly
solved model in statistical mechanics has been proposed by Bazhanov and Baxter [2], called the
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Baxter-Bazhanov model. And the integrability condition-tetrahedron equation [3], which ensures the
commutativity of layer-to-layer transfer matrices, has been proved in [4] by using the "invention" and
"star-square” relations. This model has been proposed by Bazhanov and Baxter in the study of the
chiral Potts model [5]. The question of whether there any connections of the integrability conditions
between the chiral Potts model and the Baxter-Bazhanov model will be dealt with in this paper. Our
findings indicated that the "inversion" and "star-square" relations of the Baxter-Bazhano v model can
be obtained from the star-triangle relation of the chiral Potts model, which means that the tetrahedron
equation of the Baxter-Bazhanov model is also the consequence of the latter. When we parameterized
the spectra of the Boltzmann weight as the angles exactly like those in the Zamolodchikowv model [3],
the additional constraints hold naturally. It should be noted that the star-triangle relation of the
three-dimensional model, which contains the result given in [6], can be obtained following the method
given in this paper.

The organization of the paper is as follows. In Sec. 2, we describe some formulas of the chiral
Potts model and give the "inversion" relation of the Baxter-Bazhanov model. The connection between
the "star-square” relation of the three-dimensional model and the star-triangle relation of the chiral
Potts model is obtained in Sec. 3. We can prove the tetrahedron equation from the latter. In Sec. 4,
the spectra of the Boltzmann weight are parameterized as the angle variables that are the dihedral
angles between the rapidity planes connected with the elementary cube. And the additional constraints

"hold naturally with respect to the angle parameterization. The "symmetrical" point in [7] means that

all angles have been determined. Finally, we point out that the star-triangle relation can be obtained
by using the methods given in this paper.

2. FORMULAS OF CHIRAL POTTS MODEL AND "INVENTION" RELATION OF
BAXTER-BAZHANOV MODEL

The star-triangle relation of the chiral Potts model has the form

> T — WS (n — DTS — k)

l=]

Ry Wie(n — m)WSE(m — )W (n — k) 2.1)

where the Boltzmann weights are denoted by

W (n) n dyb, — a,c,00  WEE(n) » wa,d, — dya,0
W4e(0 LB = ey FE(0) Tk ep — e 2.2)
and the "rapidity” vector (a,, b, ¢, d) satisfies
a) + KoY = kd¥, Ka¥ + bY = kc¥, (2.3)

with & + k> = 1. The factor R, is facterizable:
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where f,, and f,, have the similar expressions.
The Baxter-Bazhano v model is a three-dimensional exactly solved model in statistical mechanics
with interactions round the cube. The Boltzmann weight elementary building blocks can be written as
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W(I,)’,ZU{J) =W<x9)'9z[k'—l>®(l)’ (2.5)

with the properties
k=1 y
W(z,y, 2|k —1) = [[—2—, 28 4+ g% = z¥,

i=1 2 — ro

w = ezzi/N, wl/z — e:i/N, d)(l) o (wl/Z)l(NH). (26)

Considering Eq. (2.3), we get

gy =¢,=d, =1, b, = w,

dp=cy = (k+KIN, b, =a, = (k — KV, @.7)

where we have made a choice of w = exp(2i/N) in the formulas of the chiral Potts model. Then, from
Eq. (2.2) we have

Wee(n) [W55(0) = 8,00, WSE(n)/WE(0) = 1, 2.8)

where 8, is the Kronecker symbol on Z, and » € Z,. In this case, we can write

(S ZED IO _

fro= [11(3

m=]\=m] W(;:f(O) ,,.lef(m) (2-9)
Furthermore, we have, by taking the limit of k = k',
WS'P(”)/W::?(O) = Wg(o)/ﬁgf(”) - W(k—mvanbr’ wd,|n),
Wgr(”) /ﬁ;ff(()) - 1/W<k_uanwan w'ec,|—n),
Wff(n)/Wf?(O) = W&, wa,,wec,| —n), (2.10)
So we get .
Z W(k"’"b,,wa,,wc,ll,n) =R’ &
T W(k—uanmanwz"rlls m) parmReme 2.11)

with R, = f,.f,.f,, where we have used the star-triangle relation of the chiral Potts model. In fact,

the factor R,,, can be obtained easily from the preceding relation,
fnj” (1 —z0")™ = N(1 — z¥),, 2.12)
due to the relation -
Roge = N(1 — wk¥¥¢,[6,)[(1 — k¥ /57, (2.13)

Setx = k™"b,, y = wa,, z = wc,. Then the relation (2.11) has the forms

= W(x’yyzllﬂ’) = N&§ l—z{x

W (z,y,0z|l, m) e PP (2.14)
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This is just the "inversion" relation of the Boltzmann weight elementary building blocks of the
three-dimensional Baxter-Bazhanov model.

3. "STAR-SQUARE" RELATION OF THE BAXTER-BAZHANOV MODEL

Ten years ago, as the generalization of the star-triangle relation in the eight-vertex model, the
"star-square” relation was introduced [1]. For the three-dimensional Baxter-Bazhanov model, the
“star-square” relation proposed by Kashaev er al. has the following form:

{ s W(xuyl,zlla +0)W(xz’ Y2 zzlb +0')}
s W (23,9552 ¢ + W (245 Y45 24|d + 7)) 0

= 90— bl)w“*"’”’ ) (f':':) (ff b (:_:) (;‘:)d

WX3X4212,
o ( X1%22324 g =8 — b>
(J;‘—z‘ld )W(z’z’lc )W ﬂﬂlc—a)W(f‘—z’Id—-b>
%2, 223 123 2,2, (3.1

where the subscript "0" after the curly brackets indicates that the 1. h. s. of the preceding equation is
normalized to unity at zero exterior spins so as to keep the variables x;, y;, z; (. = 1, 2, 3, 4) from
changing. The function W(x|[) is given by the relation

W(zyy,2|1) = (9/2)'W(2/z|1),l € Zy, (3.2)

Here the constraint y, y, 23 24/Y; ¥4 2, Z, = w should be satisfied. Now we derive this relation from the
star-triangle of the chiral Potts model. For the "rapidity" vector (a,, b,, ¢,, d,) and (a,, b,, c,, d,)
setting

Yoq = ((d,0,)% — (8,6 )¥)N = ((8,d)¥ — (c,a,)")V¥,
Pog = ((wa,d )V — (d,a )V )YV = ((c,8,)% — (b, )V)VY, (3.3)
we have WS (n) W(Cp8ysYpqrbpdy|n)

W - W(ayCqr¥pqs dpbyln)’

WSE(n)  W(byeqs Tpgs €pbgln)

T(O) - W (dpay,9pqr@a,d,|7)° 3.4

where we have used the relation (2.2). When ¢, = 0, the following relations hold:
W (n) [WEQ) = W pin(n), WF(n) W) = 1/W piprin(n); (3.5)
W () [WE(0) = Wy (n), WSE(n)[WSE0) = 1/W piprain(n). (3.6)
where R is defined by

R(‘zp’bpvcp’dp) - (b;’way9dp9"p)
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and we have used the notation
Woo(n) = W(w™ic,b,,d,a,,b,c,|n), 3.7

From the star-triangle relation of the chiral Potts model, and by taking account of the relations (3.4),
(3.5) and (3.6), we get

N Worin(a + G)W(w"“"a?dq,wm'}"'",wd,aq |6+ o)
2T W o + W e gbgsa gty d 09

o=]
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- qur WR(;)R(r)(c - d)W(agCQQqu ’dgbq { a — C) (38)

where the following property has been used.

W(x,y,2|DW (20, y,21k) = W(x,y,z|l + k). (3.9)
Setting
S a?dq x, = cfa’ y X3 = dqa' y X, = Cpbq (310)
£ d,a, b,d, a.d, bye,
we have
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2 B Calole) W Confua] 2
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W (21%,/ %324 | a) : (3.11)

- R(xuxz’xs"'ﬁ)

where R;,, = R(x,, x,, X3, x,) and the relation (3.2) has been used. By making the transformation x;,
<> x,, from the preceding equation, we have the relation

e (W (0™ a,d, ,0""5,, ,0d,a,|0)

NW
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And the relation (3.8) can be changed into the form
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(3.13)

X, =C,8,, % =w' **a,d,, x;=d,e, 2, =c,b,,

Y1 == dybr9 Y2 = Ys = w!./l'};P,, Ys = cqbr’
zy =b,d,, z, =wd,a,, z; =wad,, z, = wb,c,. (3.14)
The "star-square” relation (3.1) of the Baxter-Bazhanov model can be obtained from relations (3.12)
and (3.13).

Then the connection is built between the "star-square” relation of the three-dimensional model
and the star-triangle relation of the two-dimensional model. We know that the tetrahedron equation
plays an important role in the interaction-round-a-cube model, exactly as in the Yang-Baxter equation
inthe two-dimensional integrable model, which ensures the commutativity ofthe layer-to-layer transfer
matrices. And the tetrahedron equation of the Baxter-Bazhanov model is a consequence of the
"inversion" relation and the "star-square" relation owing to the work by Kashaev er al. Therefore, our
result means that the tetrahedron equation of the three-dimensional Baxter-Bazhanov model can be
derived from the star-triangle relation of the chiral Potts model in two dimensions. Note that the
constraints, ¥, ¥, 23 2,/y3 Y« 2, Z, = w, should be satisfied because the right-hand-side term of the relation
is independent on the spin ¢ appearing in the sum of the left-hand-side terms of the relation.

4. ADDITIONAL CONDITIONS IN THE TETRAHEDRON EQUATION

In [4], Kashaev er al. found the additional conditions in the tetrahedron equation for the
Baxter-Bazhanov model. These constraints are

2 x’ xu x:n 2 x' xn xrn
23 *4 24 %2 13 *1 414 41
T AT _1’ 77 T e -1’

T3 Xy X T Ty X X1 Xy

Ty Th T Ty s 1| Ty 30 #E s

Ty Ty Xy Xy Tz a2 : @.D
From the viewpoint of spherical trigonometry, these conditions hold very naturally when we
parameterize these variables as Zamolodchikov’s angles. Following the method in [3], we introduce
a large sphere (its radius is much larger than the size of the tetrahedra) with a point near the vertices
as the center. Consider four great circles on the sphere corresponding fo the four "would planes”
connected with the cube. A fragment of the stereographic projection of this sphere is shown in Fig. 1,
exactly as in Zamolodchikov’s model. There are four spherical triangles: (123), (146), (345), (256).
Denoted by [, I’, [, and ", the sums of the three sides of them are divided by 2N. In this way, the
variables in the preceding equations can be parameterized as
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Bo=c/s, =0 Vs/c, 2= exp(—il3)s;/ ¢,
x, = w Vexp(—il3)cy/5;, %y = 1/e1s1,
z3 = exp[i(l — 1)) 153/ 2505 %44 = expli(l, — Dles/sis2,
xy = w Vexpli(ly — D1cs/c165 2 = exp(—il)sy/ 5501,
xy = exp(—il3)/cy5,

The variables xi, x3, ..., X3q; X7, X5, ..., X4, X', X", ..., X", are expressed similarly by s, ¢}, I}, I';
sy, UL, s, e, 1, 1™, respectively, where

4.2)

’ 6 .
"1 == cl — COSVN _L, :; = :l = smuNe_"
2

1

v 6 .
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2

’ vl .
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2

6 <
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2
o o 6. ’ . .
[ _cz'-COSI/N-Zi-, :71_:211_m1/h' 6_5’
2
4.3)

’ 4 e ’ .
5 =c; ==cosVNE ol el = sm””gi;

and 2

ly =14/N, I = l4/N, ,l;' - l4s/N, L - Iss/N,
I:"'lu/N, l;"lu/N, 15"‘134/N, l;""lzs./N, m
ly=ly/N, I =b/N, I} = 1,]N, 1" = 1y/N, 5550

From the preceding relations, it is evident that the additional conditions (4.1) are equivalent to

Iy +.ly = Ligs Iy + lyg = Iy,
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143 + 165 — 145, 113 + 13‘ - l“o (4.5)

Of course, these relations hold naturally (see Fig. 1). Furthermore, we get the "symmetrical point"

[71:

It means that

cosf, = sinf,/2 = 0. 4.6)
That is, all of the angles have been determined at the "symmetrical point."
5. CONCLUSIONS AND REMARKS

The "inversion" and "star-square" relations of the three-dimensional Baxter-Bazhano v model can
be obtained from the chiral Potts model, which is a two-dimensional integrable model. Then we can
derive the tetrahedron equation of the three-dimensional model by using the star-triangle relation of
the chiral Potts model. Note that we can get also the star-triangle relation

N W ortn(n — 1) . Wor(n — m)W -y, (k — 1D
,_qur(l - m)qu (k - l) - R"' Wp(k - m) ©-D

with g, = d, = 0; or

N W,g(,)(ﬂ + 1) 7 ka(q) (” - m) WqR(r)(” - k)
W pgrn(m + DWW, (R + 1) = Reer W riprin(m — &) (5.2)

with @, = ¢, = 0. The restricted star-triangle relation introduced in [6] can be obtained from the
preceding relations. Further details will be given elsewhere. We hope the method in this paper will be
useful in constructing the solution of the tetrahedron equations and finding new three-dimensional
integrable models, especially the elliptic case of the spectra.
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