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Spin Operator s in the Quantum Field Theory »
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AMøØ Ttze m mm d m ¶ Â ê bI d tlze d d vhtic pm cle is f1r dmr ¤ m ed m É quantm

field thm y . Tm m v µ ØÂW s, add qEan u spm and moving sptn d qtm ttm ÷eM sysØ n , m in-

tIOdtICed - We show dzat , m virtue d thÊ e two ope atÁ3 , smEe PIONaI1 h the qum t1m ad d theow

£oncm 1ed spin @n k neatly setded.

Key ½ '² quan tmn fid d theow , «eld q1mnu spm , moriIHE spin of quan t1m ad d sé ù n

1 F i e l d Q uan ta Sp h

In the pmvious paper { 1] , w e d scumed the ê in operaØ r for a maÊ ive relat ivist ic par t icle w Ã11

Þ nn m spk1¤ I t has beg 1 lmow n that the spin opE am r for the statÊ of the m m úlativ ist ic per ti d e

should k replaced by the mov ing × in ( PM S ) . N ow for the quanttm field , then fore ä m e modif iÁ -

tion to the ¡ n operam is ü pectd .

Corm d® a mam ive f ield w Ãh spin s . × PFØ e the indepm da 1t cam aid Þ ozdh zatm m ì ( A
= 1 , 2  , n h and the I4 raz̈ ian da za ty ¹ Ô ha eby the conj t® t e nd ds m m = 3 ó ä A ¤ W e

may EU w define m opem tü " foHow s,

qs = | d z ( - i ) : 2 m b ) » ( ç ) A m b ) : , ( 1 )

d A -B

w here t ( ç ) is j ust tk moviz± , in m ´ ined by Eq . ( 1OM Rd . [ 1 ] . I t Ê Ê sy Ø check that
[ P Ì , qs j ] = 0 , [ J t , qEL ] = [ qs , qs j ] = ie© qs h , ( 2 )

w it h mm i fmts th e pmpm Ä d a spin Õ er ator for qs Ø AEû tO Éd at foHow s, ÷ m ay cd thi s

A cÞ M ind y the totd m» Â ar m Á zzg 1tØ½ is nownew dd ined opezm r the ×dd qElanu µ in (FQS) -
red vided m foHowiz± ,

J = qL + qs , ( 3)
where qL nØy be cd d fieM quanu orbital mgular mÁI1m tm 1¤ While the foUowir° Þ m nutation

ruiÊ an msy b check ,
[ qL t , qSI ] = 0 , [ Jt , qLj ] = [ qL t , qLJ] = ieõ LK, [ Pt , qLJ] = [ Pt ,JJ] = ieohPA¤ (4)

For m zm th we Ám e zmw Ø the Dim f ield. Ä e h e ms an de Ø ty ñ
JE= ë ( i Ã-V + i yoat - m )epþ = · ( ° - m ) é ,
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w t w e ð Ä t h e f o t z Á m p o n a m o f t h e s p i n o r , w h i l e × = s h + Y o ¤ u e Þ n j u g a t e f i d d s m

3 2

¸ = ¯ ; = i d ( Ò = 1 , 2 , 3 , 4 ) ¤ ( 6 )

T h e e q u a t i o n d n m t i o n ñ ( i 9 - m ) é = O w Ã h t h e f o l » o w i n g p l a n e w a v e s O l u t i « 1

Ø ( p , E ) e i p - z - É = Ø ( Ñ ) e - i p - z . ( 7 )

I n t h e p a r t i c l e m t f r a m e , p = 0 , p = 1 5 , E = À m z Ø ´ p ) m k e x p e n d e d i n t e m o f t h e

f o l l o w i I 1 g b a s e ,

/ iE É / O IZM P ) = l E A L U ( P ) = l l ( A = + 1 / 2 ) . ( 8 )

É o / A l e A / -

I f p Ö 0 . E = À J | p | 2 + m z = À E p ; w e m y t a k e t h e f o i b v i r ª c a n o n i c a l f r a zz r

U A ( p ) = e  ¤I Z U A ( p ) , Ð ( p ) = e  l 2 Ð ( p ) , ( 9 )

o
w h e r e n = p / | p | , w h i l e o s a u d i Ä t a n h Ó = | p | / ( E p + m ) . I t « 11 b e c h e c k t h a t

êìØ (Õ hÀÓ̈ð )hMM zuùÔ4äÔAÖb (Ø PW )

m wÍ th1Ã½k½C h jÇ ( hÀ ) ñ tí }hk EÑe P M S f¤ OÅ r Du i rmñ aä c pô a rÐ tu i cdØ lke .

N o w e x p ² Ð Ð , Ð i n t h e m o m e n t u m s p a Ê ,

é ( x , t ) = + d ; ( p ) U A ( Ñ ) e i P T l ,

( 1 1 )

k x , t ) = + d A ( p ) 5 A ( p ) d i p - z j ,

where CA(p ) ,
tom for par t icle m d antipar ticle m peedveiy m h the follow iù ant im m m tator ts

i CA( Ñ ) , cJ ( § ' ) | = i d A( p ) , d J ( § ' ) | = SAAÄ (3) ( p - p ' ) , ( 12 )

with other ant iÞ mZYELltatom el iminated .

h the follow ing we go ov® Ø the f ield qum u sp in . One may m M it tzte the expansi£ns

of Eq i 11) into Eq .( 1) . Nodekí Eq .( 10 ) , £ne can get af ter direct cd culat ions

qg = | d p 2 5 3 14 ( p ) c A P ) - d F ( p ) d A ( p ) | . ( 1 3 )

d A,A z ¿U2

N ext we m zg der the su tÄ of the Dirac f ield .
( a) V acum state : | 0 µ. £ 1e m y tak e the IP m al ia tm m ´ 0 | 0 µ = 1. Ç 1e vacum

State should k invar iant m der spaÊ t ime tr ansformation , i . e. ,J |0µ = 0 , P |0µ = 0 .

( b ) One pazt ick smte

| ( § , A ; + ) µ = d Eþ c ; ( p ) |0 µ , | ( p , h - ) µ = 2 A O Eþ Ó ( p ) | 0 µ , ( 14 )
w her e ®+ ' and ®- ' i n th e notat ion of t he st at · stands for par d el e and an t i per t ick m Õ ec-

t ively : the phase Þ nvetu ion for t he an t ipar t i cle st ates ar e adop ted accozd in g to the char» e

conj LEgat ion t rmmfom 1at ion -

V ia th e m m f orm at ions of t h e ann ih i lat ion an d Ê Ø t ion Õ eratom , one m get af t er

son1e c0211putau on

U[a,L} 1
which indiÁ tÊ that | ( p , A

W e can now check the

ß Ü ï í ë Ë ï í £² P& NPµ Ú 24í

µ = § ¤¤Z Di d f L ,p µ) ¤l (LP ,A'
: À ) µ,(®,A z ¿ )

; ¿ ) µ

acu Þ

az¬ the Á ZEOIEiÁ l smtes.
d qs on the su m with Eq. ( 13) -

qs |0µ= 0 ,
Fimt ,

(16)
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i t - J he vm m su te of D Kac f ield is the eigm su te of FU S w i th m u e° Ø value- U p Ø

now in the tex t books on the quantu n f ield theory , how ever , the spin operaØr is S and the

vacuum state is not b e° Ø state. T his had been IÆnª ned m a pmbla n in the qum tLEI1 f ield
theory . W e know now that É ã pmbla n is wel l set t led if we adopt FQS m the spin operator

of t he t he quan t1ml f ield .

N ex t , fo r t he Þ e ô R i ele sta± | ( p , A Z ¿ ) µ , fzu m Eç . ( 13 , 14 ) w e m get
qs d | ( p , A : ¿ ) µ = sy : | ( Ñ , AV ¿ ) µ , ( 17 )

Ê ped al ly , qg | ç , A : À ) µ = A | ( Ñ , A ; ¿ ) µ . E q . ( 17 ) show s that qs e m exact l y the spi n

oper ator for t he one p® t ick stat Ê ¤ I n t ex t s Þ th e qum t tm f ield t heor y , the spi n pm blm
has been di scug ed [Á 4] . H ow ever , t h e probl g R is now discus ed m om neat ly in × r t ue of

FQ S . F or t h is r e82m , and also for t he defect of t he sp in operaØ r s on vaÞ um st at e , F Q S

ar e m om pm per m a sp in op® ato r for t he quan tum f ield t heory -

2 Moving Spin of Quantum Field System

I n ti r above , the spin opÊYEmr for the vac1112n × 1d one pÊt id e statÄ of the qm ntmm field is

clari f ied . A s fof the E bim Ã ô dele m t Ê of the quan tm ad d , SLEet1 m opm m is ² o fom d .
For th e m² i t rar y N -pu × cie stat ¥ , Om m n Þ nstr uet t he N -par t icle cm omml statÄ

| P 12 NA ; t tdqh ( wk re É stands foe dEe d¦ m erate indiem ) , w hich E the d gm ¾ te d th e mÞ m 1¤

tLUR opa ator P ,
P | P 12 NA : u d, µc = P 12 N | P IP -NA ; t td q h . ( 18 )

W e b md that for thm su t Ô É ð ð sts such m opemw s ( P ) w hich m t id Ø
S ( P ) | P 12 NA Stuj q h = j A× | P IP -NA ; ud q h , ( 19 )

w here j A'A h the spin mpEØ Ø Ø tion man t oÄ fck ê iIFj , m t o m Eq . ( 3 ) m Rd . [ 1 ] .

T he Ê × Hd t Ê× 'º ÈÞ d S ( P ) m ds m EOUow iI¨ ,
S ( P ) = ( P 2) - h p oJ - ( J F + P o) - 1p ( P ¤J ) - P Á K | , ( ´ )

h w hid J ± k m dE F E aiu 3 fcs zetam d k @t EÄ m vd y , À ie P = PP = p g - | P |2 .

In the above Ê × è Ä on only P J , k app ¥ r , and tlÊ indi eatÄ m 1mivÔ sat mem1izzg of S ( P ) .

Eq . ( 19 ) mm ô ² pzup® ty ot s ( P µ Ä a m Eoperator foe the var iom cazm eal su m - ãh
dEe otbs - lm Ed , fzØ 1 ttze pm Ø dun ot the const m ctb n of the N -par ticLe cm onied stat Ê , it is

lm ow n that t be canonm l m tÄ m the om plet e base for the spece of ar bi t ® y N -P® t id e smtÄ -

H d u h S ( P ) is m 1m ven al sph opm m for var ious su tÊ d th e quantm f ield . h oofdir1giy w e

m y nm e it m moving µ tn d qum tm f id d syst e m ( FSM S) .

A s a fact , it can h vï t f id that S ( P ) acÊ Þ the vacutm state and onef ard ele su te j m t m
th e smIEe w ay as qS .

Consided Iû the in i tMmm 181 roï y t ansfom adon d the cazm ical smtes , one m n found that

the total ang1dar of the Ôd d µ PÄ 13 Ø

J z - i P Á J L + S ( P ) . ( 2 1 )

B P

W e m y defuze L ( P ) = - i P Á Å P , t lm L ( P ) , S ( P ) m the orbital aIç 1liar IZP IBentm and
-spin ' opÄ tOÅ Ø peedvely . Sm ze reladons Þ nm TE d L ( P ) , S ( P ) am list ed m follow s-

[Ji ,L(P)-] = [L (PK,L(P)-] = ie-uL(Ph ,
[Ja ,S(P)j ] = [S(P)4,S(P)j ] = ie. S(Ph ,[L (P)4,ñ ] = [ª ,R ] = ie¤¤ù , ,
[S(PL ,Ù ] = [S(PL ,PoI = [L (PL ,S(PL ] = [L (PL ,Po] =0,

L (P)-P= P-L (P) =0.
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The mom detailed account

Con cl usi on R eEmr k s3

In tk pred ng pepe [1] azd tMs pap® , we pm eat a systgnat ic d sc÷ Þ of tk ¡ ¡ b

tom for var iots zúlaW istic gtaÕ . For a d advist ic par dele, the nu virû sph ( PM S) im m d d the
ozdim ry sph Õ m m sM Eld h adopted for dé Ø bins b × in . Ä e fï tIEer ² CImaon m tbe qum -

t1m field theory ieads m the w o new opØâØm FQ S and FSM S. Ç Ee Ê× lid t a × ZÄ  Þ d Fægs m

IIEOtzzm tm 1 × ãce azÀ FSMS hz m m d tbe ga Eratom of PotnØr e gmtp a ªE obtained. W id1the aid
of FEí and FSMS, pzoblaZE of the quantUB ad d coaoerned × in c811be m at ly sett led. I t is m m 1¤

able that FQS aÀ FSM S am É e pmper spin operatom for relativistic qum tÄ 1 field. We hope that

d tim e EÄ Ilts will be helpful in oÉ ÔÉ avor Ø the µ in u i· .

TK authors an p atef zd Ø Pmj k m u Y$4Can aFEd E E NG DziPets in EE P h r thetr ¢ §
ç n and zuef zd sug Ä ®'" - We aim thank pmf . S. U . Otung in BNL h r hts hind help m the n ¤

search mat874ais .
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App¥ ,dix
Gena1aton of 9 0f Qumtmzmeld

S E× p o e e t t m t t h a d d v a r i a b h m q PA ( A = 1 , 2  , " ) , m d z u g Ø Â a n × Ø t y J E -

m q = 3 2 / 3 % . B V N O t h z ' s t h q ï , t h n n m E t 1 m d t h e a d d s

¸ = j d z : Û ) : ,

VA1«üù,(z) = Z AKAapA- Tbd d s th azegy-mm amú ØW¤
É = j d z : [ Z A - z A - i z m G J A m ] :

÷ × L , , = | d z : [ z p Â , - z w ä ] : , s , , =

w h a ü ; , , E d z e ê Ø Ø ú À r f E Z ü B e m a d e -

I Z T I m e d Ee ÷ m » ú ² m m d · ¦ ² ( q p , Ì , d t t E m m u t a m 1 r u b b B ï Þ f i e l d g 8 1 1 m m m u t a m 1

n d s f o z F ´ Ø ¶ £ , a n d & Þ z E ý , . ( 2 2 , 2 3 , 2 4 ) , w e m y F t w d i r e c t d o i m o n s

[ ² , P J z [ P ® , s e ] = [ I Ú , ² ] = 0 ,

[ P ® , I , ] = [ ² J e ] = i O JJ p - , JJ , ) ,

[ L , , , ~ ] = - i U e I Ö , - ð , L , , + Ð Ú , Å ò ï ) , (Ø ḿ
)

[Æ SÚ ,m, ,· SÚÚØ û'̈ .J ]ã = - ï (Çä ,' 1,J S

[Ô JË , . , T ' ] = - iK ( ,üyb, ' 1T ®. ' . - ,ð·h ' T F" ' + ,ÐJ .×Á T ,m, - %ë - o T .ï e ) ( T = S , L ,J J ) .

Ml ttme Pomm eaØek am itm dÄ ¥ " that h dEeAWed x mRd[ 1] . AXEdm ihrly, the PÐ i-IAé mM

ú aõ J J§ '̈ ,Íü̈ ÉwÖÀàÅÀ ïô dÉ 2 d× E¤ eØ «mµ ¤Øm»

[ ẃ iþ a , w wJ ]h = - i Åh ¢ f , wv p , [ ẃ i} a , PR Í ]ã = 0 . [ ẃ iþ a J 'J ] =Î i (u ,'üJbFHe wð ¬ - ,ç1bÓ," Á w þJ ) . ( 2 6 )

× ¼ ö £ c m m i r é Ø ü , m G = P r m d C 2 2 w y z ' , ´ À d s u d y [ G , p w ] = [ G , J J = 0 ( t = 1 , 2 ) .

F m ² I A Ø Ø ó " ' J P ' L p m d s " ' w e m y d e d I E E e ² f d b w i ù m a v Ø Ø é Ø ï ,

Ú 24¯ß Ü ï í ë Á " í (EEP& NP)

 " h aw Êzd elsewhen -

Le ate fiddsÓTmmª

(22)

VA×le dEe g Ø1dz nu mmt1m s

= LIS (23)

(24)

+ S,, ,
jb :(-OEMimhm :
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Lt = Â  Lh Â  L®, st = Â eJ = ú -S± , Jt = Ld+ SdS (m

z = L£4= - LOt , Tt = Sot = - p i , IC = Zt + Tt ¤

We slmidm zt Þ t tÄ Éat Þ th ´ Mm d Lt md j t h Eq. (18) m tk ä PÅ² d Rd . [ 1] ²

k m ¨ mÐ yÐ

( Ð ú ß È Æ§ ¼ õ Ð Ä (À ç µ ² Ò ) ± © 1{õ 80)

( Ð ú Æ§ ¼ õ ó § ú « ¬ ½ ø ä µ é Ò Í ü ú ï í µ Ï Ê 23©n9)

ª ª Ó ¿ Ó ¡ Û Ä Ç È Ô à Ô Û £ Ó Ä Ë ¯ Ôý Å î ÷ Ë ø » ½ î ë Ð ¿ .
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½ . è ú â ½ö ã û , É Ô É » Ø â ö Ð Ø ¡ Ôý Ä Ê â , í ÷ ü Ç Å Ç ¡ Ôý

Ä ¡ ± Ä ã û .
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