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Di f fusion Equat ions in ILie Gr oup M ani fold Õ
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2 ´ 1,Ø é a of M odem Pù É s , TEe Á tnm Aa d emy of º ö ' ¦ , za nd ou 73¢ m0 . Á tma )
3 ( Eó N , Sa m se ch- c aæ è , G rm I tai ta 57 , É 95129 CaSa nta , I taiy µ

A b¡ , c t T o da u i be t h e r and g n nm t ion m th e w m n em e µ aß , d Ee d f f 1ª Þ Ç u at iom

m a g r01p m an i fo ld hav e bÊ 1 dev d oF d . A m m Ét e b zmu la o f th e di f f i lØ on equat iq l Þ

d ze m n pad m a n aE211i an m m w ² PZØ Ø t d . F M lzm zm r h th e m m m õ ù quan tm

d f f tØ o n m m on M t h e SEÝ ö w as ai m d sn m ed .

diffÄ ion equadoh Bm÷ × n Em dÞ ,g utp nu nifoldKey WOEÊs

b d m w alk s( RW ) m d tlØ r o0116nÞ t s Þ m tm aE± , Bzm vmm rm tb B ( BM ) , ² mibe pz -

hm th e m nplest stochast ic pm cm pm adirª statist icai phy× × , pm bab½t y theory , m d evm Mob -

E Z lze nm t of the d mor iÄ have been e3× rÄ ed in generzd É dm m gional speß . H ow ever , it W²

fð Ð t tÄ ½m e rï ¡ m wd ts zÀ ate m tiEe syEm zet ic pm PE da d m m j or Øm Eple , th nucia r

× m d m m u ttze ran& m modon of a m ZIpla moÇ ule. h this let ter a õ ô al fom tdadon d th e

pm ble n based Þ g m p thØ ry is pzØ Ø ted m a sym m tr ie ® @ce.

It t m m Ø der a molecule w hich may have d f fm u Þ nf igunEdom - For im am , let a r ig id
molecule be of di ffØØ t ü ia ztm om m a m mm u ic , . ü , i . e. , a nmien ale cm have " in tÄ zai np

t ion " . I t wt² h dÊ d ibd by ts ing Y1 , Y2 , H¤H¤, × , red p× Ä 1eta 3 ( azí l¥ , la 3g t l± , 813d m on ) As-

m m zg that G is a g u tEP mani fold µ m ned by pem metm i y l , a givm m d ig tRat ion d the motm lde
is thm rµ r Ä m t ed by a ç int Þ G aZMf the evm tual Bm w man nmt iÞ d the Enolä ule can t e de-

su tbd by a Bmw nian nmdÞ d the potnt Þ G .
L et G Á R K tb e mm i fold w ith Þ Od inate t Å R , × mtd m a ² yse w iable aZMf p ( Á ; t ) da h

the pzoh baity of dEe m ± n k kBg h the ir× × Ä n d voim e da k m À the poh t Á Þ G at ² m t B
da , the EBud mvar ian t dif f m zt ial volmne an d w e normalize it m that j Gd12( Á) = 1 ,dFt ( Á ) is the

mem m Þ th e EEl amk Âd G . For m y n vo poinÊ ao , Á Å Ø , w e nmy w r it e, aa m d Eª m t md ozm a-

t ion pzµ ® t ies d gzu zpl 1] ,

p ( ao zt ) = Ê× | - ab t t ( Á ) l p ( a zt ) ( 1)

and I t ( Á ) are õ µ mmm d tbe IA g oµ at the m zzt Á . H ere w e u d th e stEInn ing Þ nvm uon -
u a rù ti ze scç i ld Gain-LOï equaM 1( M mt e Equad Þ ) [21 aM Eq . ( 1 ) one deÄ Ø tize d f f11¤

Sion Ç uadon Þ the g u p manifold
a tp ( a Bt ) = U JI t ( Á ) I t' ( Á ) p ( a zt ) - d L U M ( Á Ì ) ( 2 )

M w hich th e dif a Ä Þ vectcz Þ the mm ifold G is ² fmd "
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aZEd the d fha Þ ü mu
E Y = Hm A T ´ S e h s a i µ . ( 4 )

§r - 4 4 4JhZ ' -

Futtm non Jet G h a m z× ¤ct se m² zp te g £µ gm×fou - In the a se d fm zm ti© , d = o

ad É e Cam metr ic Ö ç a n h a º Ä w th m m ze g m m z C- Ò
YU' = Q Cß . (5 )

We m mwri² the dig tó m Ø Ø XI3J im fd b ws
l i m ¹ - ´ s d a a r µ = D o ² ' ( 6 )

b 4 2 A t J ' "

where the dif fÄ Þ Þ d ada zt D o is a Ámsta u -Fm n dEe disctm ion above th d fftSion equa60n Þ

Lie g oµ manifotd ÷ n h   iy d d m½
asp ( a gt ) = Doyk yd d b u w u zt ) . (7)

Now we intmduce a symh l
C E f I t U ) I A a ) . « )

I t Ê jm the c m mir ä õ ô . Ç m dE " fm m Ç tmm z tm a Ám pect fomz
asp ( Á ; t ) = D oc p ( Á , t ) . (9)

m e ÔÉ ta zce of the lM B m Eq. (3) ad Eq. (4 ) Ê m d seiy dE main hypotha s d the Bamm an
m tm . In × × m u m m be dØt m wridzÂ Eq. ( 6) we have m Ä ± dEe d ffÄ Þ Þ d fId Ä t Ø h
izÀ epe Øent d the pd nt a .

RazÉ n wd S Þ RiaM EInian M am an m zmm ptm m Ø Ø in the natun - To × " ibe
¹ owim zm » m a Mf dØ r qE,ennzn acm m m ü ,m d the Rim annimz mm ifold -we go dzed am th-
er step m d m ó th Ø u ete formula d th d fhmm é Ø 6Þ m a Ám Áót Rim m z1nian m ö .

The I t ( Á) m Eq. (7 ) ,gÊErators of the L ie g u p at the pomt a , are deftnd m

I t = SK U µ þ à

m which sk is th m H® fmm azH] .it ô f@m lh k

s i U ) = 57Ä (Á' ,Á) |¤Ö ,s3(Á) = 3737ª (aJ )

wIE h j i (Á' ,U E dø è ° Ëm zfmcm Ä d u es up -
For ¤ manifold G,¤ Rim amnmet icm h mm d M4]

g'" = Yu' (stJ)-1(s i v )-1.

So ttEe lim denezt Þ dE m zzif´ G Ê
As2 = gm(a)da"dam

Fm Eq. (5) it Ê easy b obu iEzthe mlaM 1gH' = sk¦ ¶ L ,
wbz e gagM = À ,yaYM' = ÷ ' . " ÄÆ ù ú dem yzhmzt d gu'

g = ded gtr ! = ( (& tSLY E)2y- E ,
when y = det l yu' | .Fa th m npect Lie gmup,Ä ing detA - 1detA = 1.one gm

On tbe odw hmd,amÝ² ù m the mnzxE tjgzd IE g u p it E EU da cult Ø dd ve

8 2h titutine E® . ( 10) ØØ (16) hIm Eq. (7) ,we anally m ch
3tp ( Ázt ) = DoAp ( Á; t ) ,

Ð Ô e
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(10)

l e' , £ ,

(12)

(U )

(14)

ü tSL= J¶ = × SR

ª sk(aµ=53z[hØ R(a))]SW
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1 3 / f u 3 1
A = » - l d d t l ( 1 8 )

G a È ' m h j

ætbe gØEm l IA piaa FBeltra ni µ m m Þ m a naÄ m mm foU G . 11Ä æa Ám m te form d d ff11¤

dÞ é Ø ×ons © © ù mct Rim azuz mm ifold -
Eq. ( 17 ) lÞ b like a Sciú ú Á® Ç UM on . wi th zt izzw acm z pd Ä 6081. But it is d HØØ t

fEm the & hź ù ® Ç tm on. Ç Ee A Þ tiEe rind It gde d Eq. ( 17) is õ ô d vm mm h place»Bel--
u m d opm m .We Á n as am e that b adodon has m a pÆm dal tm Ð é Ø× ×,ü , p ( a z t ) = Äê
MDoA l p ( Á) . Ú ze pmh baity d th m m m frg M at o m a' at T m be given bym

p ( Á, h r ) = Ä p ÔD oA i Z K ( Á' ) Ë ( Á) = 2 ð , ( Á' )Êê { - tD oAmi k ( a ) , ( 19)

where
M m( Á) = - AJ m( Á) . (20 )

£ 1 tk otk r h± , if the d ff1Sion cod ficim t D o talm the value M2m g vm W Rd . [ 6 ] ,Eq. ( 17µ

thm beÞ mÉ the follGWS

3z§ , t ) = 2Å Ø ( a J ) (21)

We m y ç this Eë . ´ 21) ® ® E ibe the quant1m razÉ n wak s. -
Here we mainly a ú ú ´ M on equadzm Þ dEe m m m y m « ¤It may h a m ful tool m

dÊ cribe tbe h tm ai mzÉ m wallg m a m 1plm molecule-
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