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Radial

A M ×, d The radial equation m iu sta zda d fOm , ,É iclz can h solved by using dze × , epoint em M l diEemnee metbod h m oen¤

»d w o points towards outside point by po± , is reduced h n Seh £dh ee equa6on oz h m the low enezw apprm m a om d DM c

equation . h ttzm paper , a medzod º , solving th mdiaI equa on d the bound ,tate Ø F t the binding energy m d the r- a d wave h nc-

tion i8 e ven , and the bina ne eneî es d tbe F und state ( GS) d m m I E - hypem uch i m cai c1Elated .

Key wonts

1 Int r oduction

I n mm y Eel ds , such Ø qu m tum mech an i c s , atom i c

an d nuc l ear p hysic s , h ow to so lve th e r ad i al equ ati on to

get th e ei genval ue an d the ei genf uzzcUon of the bou nd sta te

is al way s enco untem d . A mong th i s k i nd d eq uat ion s onl y

a few of them em be sol ved m d yt i ed y , an d most of

th em have to be sol ved wi t h m BEned eal meth od . h th i s

work we i n tm duce a veÉ usefu l nu mer icd meth od wi t h

wh i c h the m d ial equ at ion of th e bou nd state can k

sol ved . A s an ap p l i c at i on , the b i nd i n g eneEg ee of th e

gm u nd su t es ( GS ) of several g - hyp em u elei am c al cu -

l ated and an al ym d .

andF OE-EEEEEl a e

1Tze mot ion of a paEt ick wiÉ spi n 1/ 2 ( el ectmEL nu-

cleon , hyp emn , an d so on ) in a centm l potent ial fleld is

equab on8̈ Bvem ed by the SChz6di nger

[- ¤ 2+Ð V(,, g) sd (Ð , (1)

or by the DiEz c equation

V.( r )) + V,( r) ½
= ÒV ( , ,C) .

[ a - p + P( IIC2
+

ve( r) ] V ( r ,C)
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CAI Cbong-h i1) U M

( Ir- -itute d phyae- - Nad EE UM" a tty. TIa ðin 3´ M71, CÎ n¤)

h the case d a hypemn moving m a hypemuch 128,

potenHal h the Sd utSa nger equaHon cm be mt tten Ø

V( r ) = V± ( r ) + V" ( r ) + Ve( r ) ,

where

the

v £¹ r ) = - f © A . ´ r µ

pd ¤- -e

is the cenb21 potenud ,

A Z U
V J r h - E J f [ ( j { j + 1 ) , :

A A i A
l ( l + 1 ) - 3 f 4 ] - I F »

i8 the spin-OE43ital coupli ng p½ " " al ,

ve( r ) (MeV) -

-

i f r µ Re ( fm)

( 6 )
i f r sE Re ( fm )

Pt ( r ) takes the Woods-Saxon

1.440¶ 5Zg ZI r
0.720488 i 2 }ZJ lL E)

is the Coulamb potential ,

form

Pi ( r ) =

A: = ( î / ç zc )z- 2 .ohd ,

Ð !1+(m(ø ÷ )1
Ri = ri Aln , i = cen, Î and

Assum-c , Å = - B , and B denotes the binding enezÍ -

mg

? (r , 5) . . b ) , A U ~ ¢
r ¤. . t Ò, Á - sy , t - J{ 2µ

-

-
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an d se p a m t i n g v a zt a b l e r h m o , Á an d z , w e ob ta i n d i d E q . ( 9 ) , t h u s i t c m b e SOl v ed b y G£ m l l c e n t zzd d i f -

t b e ra d i a l e q u au m f e m ee m et h o d ( t h e eo em p m d i n g c u t - d om e m r i s

u É ( r ) = A e ( r M e ´ r ) , ( 9 ) 0 ( h 6 ) ) . G o ì l l t h ze e - p o i n t m c u z e Em f o m zu l a c m b e

¢d Ie m W Ete n u
I ( I + 1 ) 2 Ì e p - zse ( r H I ) =

A d r h r z + à [ B + V ( £ ] ( 1 0 ) f 1 f hU 2 1» " 1h 2 + ¤ A ò ) .éô 'Ì ( FÇ̈sJ ) - l 1É - TÙÁ A Ó 2J ) j ä (ð r¢s".· Ô

h th e D i m e q u at i o n , a an d P m D i m m a d e e e , E =
1 - À A e ( r sJ

Ì c 2 + Å = Ft c 2 - B i e d ze $044 en e zg y ,

( 2 0 )
v . ( r ) = ¤ u . ® ( 1 1 )

i r - R . 1 ÷ × r i = ö , h = 0 . 1 f m , i = 0 , 1 , 2 ,  , a n d s t M i n g

1 + e z t » » - I J

- 1 ¤ . ¤Él y Jç
É ¤ ' c o n d i t i o n s

i s m a m m m d E ½ a d d a ? P J J u e ( 0 ) = 0 , u e ( h ) = h M ,

v . ( r ) = Ë ; - R I ( 12 ) A ¤¤( O ) u ¤¤( O ) = l i m t ( t ? 1 ) r M = 2 8 tl ¤ ( 2 1 )

1 + e z p ¨ Ó þ l " d r

® ¸ " I TEe d e ta i l e d G o w e l l f o n n u l a i s d e r i v e d i n t h e ap p e n d i x .

i s a m p u l s i v e p ot e n t i a l ( H m Ø m p on e n t d th e f o u r
ì 1e r ad i a l E q . ( 9 ) an d t h e G £ ½ l l th m - p o i n t m u m n c e

p ot e n t i d h an d V C ( r ) i s d I e C 01El a m b p ot e n t i a l ta k e n Ø
E q . ( 2 0 ) c m b e u se d i n b o th t h e sc a t t e r i n g m d th e

t h a t m th e S c h Ee d i n g e r e × m u o n . D i r ac sp i n o r V ( r , C ) b o u n d sta t e p r o b l e m . h sc at t e r i n g p m b l e m , f o r a e v e n

e m b e d i v i d e d i n t o w o P au l i sp an o m G ( r , C ) m d i n c i d e n ta l e n e r w Å ( E f o r D i m e e q u a t i on ) , th e m d i a l

F ( F , C ) . A ss u m i n g w a v e f u n c t i o n c an b e d e zt v ed b y u si n g E q s . ( 2 0 , 2 1 ) f m m

V - ( r ) = v . ( r ) - v , ( r ) - V e ( r ) , ( 13 ) c en t r a l t w o p o m u t m®Í Í ou t si d e p o i n t b y p o i n t t o th e

k ( r ) = v . ( r ) + ñ ( ? ty 7 1. ( 3 4 9fE f Ð n u ¤ s b o M a zy A n d t h e co m p l e x p h a se d º £ r th e s

D ( r ) z E + H e Z + V . ( r µ , ( 15 ) m m x ô m t c a n b e d M i m d f m m t h e co n n ect i o n c o n d i -
Pt

G ( r ) = Æ E U J M M ( 8 4 3 , ( 16 ) .© © th e n u c l eu s b ou n d a r y b e t w ee n ab ov e c a l c u l a t ed i n -

n e r w av e × EECH on a n d t h e o u te r C o u l am b w a ve f u n CHo n -

u zd m p × ð n g v a r i ab t e r h m O , Á a zzd g , w e em d so TE e n t h e M d , e l as H c an d a b sOEp t i o n c m es se c t i o n m w e l l

ob ta i n a r ad i a l eq u a si m si m i l × " E q . ( 9 ) ü " p t m t h e e l ast i c sc a t t e d ù an gu l ar d i st r i b u t i o n c m b e c a l c u -

A u ( r ) = l ( t ? 1 ) + 2 t t [ B , + V ( r ) + V 4 r ) ] , l a d f m m t h e S EM It x e l e m e n t . 111i s Ô É e t y p i c a l ap -
U r ' Ú Z § ½ ! : p m a c h i n o p t i c a l m od e l c a l c u l a t i o n , su c h as m R d . [ 1 ] .

| ( 17 )
I n b o u n d sù ù p m b l e m , f o r a gi v e n b i n d i n g e n e rg y

÷ × t h e c e n t m l p ot e n t i a l . B ( B ' f o r D i m e e q u a t i o n ) , i n t e r m s d E q . ( 2 0 ) , th e

B a
v ± ( r ) = ñ { r ) + - - - 1 + , l 1 r a d i d w a v e a m c t i o n c a n a l s o b e c a l c u l a t e d p o i n t b y p o m t

4 f d c

f m m É e s t a a i n g C O ZE d i u o zz s ( 2 1 ) . I t S h o u l d b e p o i n t e d
Ú 2 º 1

¹ ¹ l õ ? ( V j r ) - B ) ( V - ( r ) - B ) - Ø t ô t th e c d c u l a M r adi aI w av e " n d on i 8 n d n o m a i i ¤

D ' ( r ) F ( r ) ' 3 i D ' £ ) V I iJ ± , i t sh o u l d b e n om d i m d m É CM M c o n d i t i o n ² ±

ñ Ô - 2 ò õ ø 7 75 7 ¨ ' l t ( ½ ) w o u l d b e d § re n t f M i E e m t Ð p m b l e m 1Tm d i zo d

th e sp i n - o É i t a l p oô Ø a l f o r so l v i n g E q . ( ´ ) i s o u t l i n e d Ã f o l l o w s : H B o i s a t r i a l

»̧×̈ @JÑ̈(ÍØ r³ ) = -ê ê [ Ø +̈ 1Ï ) -dí ½́¡U tḧ̈ +̈̈ 1Ô) - 3 /äÐ4
U É rÇ y æ ymm på t ´ it c f o r m d th e nmmEummEéEnmI

Lr ´ 19 )
l a EF r i s e v e n W t h e l i n e a r c o r a b i n d o n d a m g u l a r ( g

z d D ( r µr = B - B 2/ 2 Ì c , g ( r ) = - E 7 » , ( B J ex p ( - lgo r ) ) an d m i m gu l a - ( f ( B o )

d 2 D ( r ) e x p ( IEo r ) ) SOIEE6 0 m w i É ó = 2 fi B o / î 2 . Ä " t h e m d i -

g ' ( r ) = » - T »
£ r - d w a v e h EZCH o n a l a zz e r c m b e ex p m see d m

× 1e m i s m a m t Od e r d i EK EWZEt i a l q u o u en t i n t h e m - ë ( r ) = f ( B o ) e x p ( lso r ) , ( 2 2 )
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because exp ( - h r ) ú 0 . For aEEOther tri al value B 1, we

have

u? ( r ) = f ( B I ) exp ( IEI r ) ( 23 )

÷ × k i = 2 Ì B I / £ 2 . H f ( B ) i s m aM In ic h m uon ( 81¤

owly v® i ng ÷ × m m ct to r ) , f ( B 1) © n be a pazzded

as

f ( B 1) = f ( Bo) + r ( Bo) ( B 1 - Bo) +  . ( 24 )

H | BI - Bo| is sugmiently small , m à ë keep amt
two terms . Ò 2en the deri vat ive f ' ( B o) i s e ven by

f ( B l ) - f ( B o)f ' ( B o) = B 1 - Bo =

u? ( r ) exp ( - IE1r ) - u? ( r ) exp ( - kor )
. ( 2 5 )

B I - B O

H B is j uM the eigenval ue d the bindi ng energy , f ( B )

should k zem , that is

f ( B ) = f ( B o) + f ' ( Bo) ( B - B o) = 0 , ( ?þ6 )

consequently ,
B = Bo - f ( B o) /f ' ( B o) . ( 27 )

In the numeri cal calculati on the meun @nce method M ueed

to cd c1El ate the eigenval ue B . U t

B I + B o , ¦ ( r ) ú ³ ( r ) , B ú B 1, ( 28 )

then cal cul ate new u? ( r ) by F4 ¤ . ( 20 3 1) and new B

value by Eqs . ( 25 , 27 ) , ¤̈ , unti l the new and old B val -

UÊ appmach Ø each other wi thi n a e ven accuracy .

3 Binding energy of E - hypernuclei

h caAcd ating the GS binding energy or the E - hy-

pemuclem , phenomenolog eal op6cal potentials m h .
(4)» (7) , ( 11)» ( 15) , ( 18)» ( 19 ) m used . × Ee pø

tent ial pamzmtem am optim zed by m nim a ns the x z v-Am

2 1 É ( B? - B? )2
f = ò ÷ J A ' ( ¼ )

whem B? ad B? m the experimentd md theoM cal Ê
k¤É E - hypernucleus, mspecti vely ,

Ð is the em r d B7 , N is the toØ number of E - hyper-

Appendix A

The Taylor egpansim d ue( r¨ } ¤¤d ä ( rd- 1) a ² e pdnt n a h m ped vely , ( for sië licity , we ofd t ² e sub-cripu u m tbtlowing

foÐaulae)
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nuclei used i n the least -equam Et . Ò1em aEü onl y thme

adj ustable potent ial parametem a ± , r eï and u m for the

sctuedi nger equat i on , and four adj ustable pam md em Á.

= Á, , r . = r v , U. and u v for the Di me equati on , r e =

1 . 15 fm i s axed for both cases .

¡ Ee resul t ant pot enHal parametem am Á÷· =

0 .3 1333 h , r Ø. = 0 . 93333 fm and El m = 26 . 66098

MeV with x z = 0 . 2 1611 for the SchEOdinger equati on ,

and a . = a v = 0 . 2922 1 fm , r . = r v = 0 . 9550 16 fm , U.

= 2 18 . 3Ò73 MeV and U , = 19 1 . 373 1 MeV ( U Õ = U.

- U, = 7:6 . 9342 MeV , U - = U . + Uv = 40 9 . 6804

MeV ) ì ú Öz = 0 .23336 for the Dime equation . × 1e ex -

perimental m d themütied GS bind ng eneEg es for ave
knom z E ¤ hypem ucl ei am e ven in tabl e 1 . 'n m experi -

mental val ues m tak en fm m Rd . [ 2 ] .

Tabu L GS btEM¬ eBere Ø d fEve E hyp erm d d { Em M eV } .

» -g¤ ø ¤¤Ä ú 6 ¤' µ - ¤

SehadÛÔEequa -- Dmeemmon
S¤̧ ' -9ó 1.2 6.0134 5.ü "

Ë ¤ ¤.zu .2 10.° 10 10.Ø11

, C 1¤.h 4.7 13JFZY7 13.Mn

r 0 16.0Ð' -3 11 8672 15." 2

I t is seen fmm table 1 É ± the calculated val ues of

B 2¤ by usi ng the SctlÉ di nger equation m d the Dime

equation are veÇ cloee to each oth er . A l so the theomtical

B E- are usuall y quite close to the experimental val ues ,

m cept th ee of p c . We guï th± the exped EBentaA B g-

val ue of ; C m y be quesHonable - TTEe obtai ned E ' po-

tential wel l depth U± = 26 . 66 MeV and U Õ = 26 . 93

MeV am masonable i n m mpu i Î n wi th pmvi Ø 8 empi rical
val ues of 2O MeV [3] and 28 MeV M , msped ively , de-

duced by Btti ng the binding energ es of E hypernuclei i n
the emul sion exped BEent . × Ei s E - potenUal well depth i s

about 1/ 2 of ú ´ for a nucl eon in the center of nucleus .
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UO t ) + hM , { FÇé4

»ag h,3. ß h4 Ø h,
aÔ× -" Ç r t )Ê - ô , (Ç r¢ 4 )h + Ó Ed tr , (Í ,r .1 t )Ê - Ó u (Í r t )̈ + 3Õ Z² uõ t 4 Jø ( rÇ× tJ ) - Eæ ñ uõ t 5 JU (U r 4 )̈ + Ï uõ ¾ - }U (Ç rÇ t )h + .H .~

.V

,

2 h 4 { 4 } h 6

¤ s ( r 4 ¤ s } , z a d r z ) + u ( r û I ) = h ó ( Ç ) + T Z U ( r s ) + Õ 6 u 6 } ( r J +  .

ñ ë i7 :,

md

aa( r44 ) =

when h m SUE d ezztly m ad1. we have

÷ × the cut-dom enw O( h× . '
Ò4

ES( rtH µ - 2Ed rs) ¡ tM FM µ , had' ( rJ + 1Ô Ea{4} { F4µ

wiÉ dEe cut-down em O( h6) . D " 'IM bzg Eq. (M ) twice we ob--hz

hZ õ Ä ( rt ) - r ( rtu ) - 2ó ( rt ) + UPOt-E) .

subetituting Eq. (A6) mØ Eh . (AS) , µ ÷
u( ¨ µ ¤¤ h s( rt ) + h I ) - 4 hV ( rt ) + 4; ( u1 t ) + Ú j zj fµ-

Fm Eq. (9) we know that af ( r ) g M O zd r ) . sub-m ung £ into EÙ. (A7) , " £bemn tha
( h2 k i s z l i h2 )

1 - I ZA(õ O E d rtÕ1) ¤ ( 2 + Ó h A( Ç) E s( rt ) , { 1 - Ù A( rt-4 ¤( rt¤-1) .

Addh1g the omitt ed e m Eh . (AS} ì ú ù  ² GoweE × , , p£" reem mee º Äd ¤.

[h2 + Â é (bðr¢¶4ä ( r¢»̈+Ð1) = . Ò2 rã

1 - i 2Ae( rH
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´AO

(A2)

(A3},

,d rs" } , 2¤t zs} + È '" ) - hzd (rt) (A4)

(AS)

(A6)

(A7)

(AS)

( A9µ

( Å ý ü È . ß ¸ " í ë å " í ,20m ,ª ( 6) :319)
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