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AdS3×S3 u��È5 *

�¡�
1)

�x#

(Ü��Æy�ÔnïÄ¤ ÜS 710069)

Á� lRahmfeldÚRajaraman�E�3AdS3×S3 �µ¥äkκé¡�GSu��^þÑu, í�Ñ

AdS3 ×S3 u�$Ä�§, ,�|^ëY�ÛéóC��E
�kgdëêλ�²éä, |^ù
²

éä�?�Ú��Ã¡õÅðþ, `²dXÚ´�È�.

'�c κé¡5 Green-Schwarz�u ÛéóC� AdS3×S3

1 Úó

�
ïÄAdS/CFTéA
[1—3], AdS �µ¥�u

nØÉ�2�'5. 1998cMetsaevÚTseytlin(MT)

JÑ��8�{
[4]

, �E
AdS5 ×S5 �µ¥Green-

Schwarz(GS)�u�^þ, ù��^þäkÛ��

κ é¡5. 2003 cBena, PolchinskiÚRoiban3MT

�Ä:þ, ?�Ú�E
d�.Ã¡õ�½��

Å ð Ö
[5]

, ` ²  . � þ � σ � . ´ � � � È �.

�CPolyakov
[6]

ÚûË��<
[7, 8]

©O|^ëY�

HodgeéóC�, 3+þ�Ñ
d�.�Ã¡õÅð

6. ùü«�{´�d�, §�Ñ`²3AdS5×S5 �

µ¥, äkκé¡5�GS�u´�È�, ù¦��È

|Ø��{�±^5ïÄAdS5 u.

3MT��, RahmfeldÚRajaraman|^��8

�{�E
AdS3 ×S3 �µ¥GS�u�^þ
[9]

. �

C, �R�<?�ÚïÄd�., |^Bena, Polchin-

skiÚRoiban��{, 3�8þ�E
Ã¡õ²6
[10]

.

©¥ò^ëY�HodgeéóC�, 3+þ�E�g

dëê�²éä. lRahmfeldÚRajaraman�Ñ�

AdS3 ×S3 �µ¥GS�u�^þÑu, í�Ù$Ä�

§, ,��E²éä, |^.�þMaurer-Cartan

1-/ª�Hodgeéó±9$Ä�§, �[y²�gd

ëê�#éä÷v²Ç^�, dd�±?�Ú��

Ã¡õÅðþ, `²AdS3×S3 u´�È�.

2 AdS3×S3 �µ¥GSu��^þ

e ¡  § AdS3 × S3 � µ ¥ GS u � �

^ þ. é u ù « � ¹, � � 8 6 / ´

G =
SU(1,1|2)L×SU(1,1|2)R

SO(1,2)×SO(3)
, § � À Ú Ü © ´

(SU(1,1)×SU(2))2

SO(1,2)×SO(3)
≃ SO(2,2)

SO(1,2)
×SO(4)

SO(3)
≃AdS3×S3.

���E�^þ�1�Ú, k5ïÄSU(1,1|2)2 ��

ê.

2.1 SU(1,1|2)2 ��ê

SU(1,1|2)2 � � ê � ) ¤ � X e, TA =

(Pa, Pa′ ; Jab, Ja′b′ |Qαα′I), Ù¥Ø�§�´AdS3 �,

�§�´S3 �, Qαα′I ´¤�)¤�. ùpa = 0,1,2,

a′ = 3,4,5, I = 1,2,α,α′ = 1,2.

6��DiracÝ
L«�

Γ a = γa⊗I⊗σ1, (1)

Γ a′

= I⊗γa′ ⊗σ2, (2)

Ù¥γ0 = iσ3, γ1,2 = σ1,2, γa′

= σa′−2, ¿��Ý�Ö

½Â�

Q̄I = (QI)†γ0. (3)
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ddSU(1,1|2)2 ��êLãXe,

{QI, Q̄J} = 2δIJ

(

iPaγa−Pa′γa′

)

+

ǫIJ

(

Jabγ
ab−Ja′b′γ

a′b′
)

,

[Pa,QI ] =− i

2
ǫIJγaQJ , [Pa′ ,QI ] =

1

2
ǫIJγa′QJ ,

[Jab,QI ] =−1

2
γabQI , [Ja′b′ ,QI ] =−1

2
γa′b′QI ,

[

Pa, Q̄I

]

=
i

2
ǫIJQ̄Jγa,

[

Pa′ , Q̄I

]

=−1

2
ǫIJQ̄Jγa′ ,

[

Jab, Q̄I

]

=
1

2
Q̄Iγab,

[

Ja′b′ , Q̄I

]

=
1

2
Q̄Iγa′b′ ,

(4)

[MAB,MCD] = ηBCMAD +ηADMBC −
ηACMBD−ηBDMAC , (5)

[MA′B′ ,MC′D′ ] = δB′C′MA′D′ +δA′D′MB′C′ −
δA′C′MB′D′ −δB′D′MAC . (6)

ùp½Â

Pa = M0a, Jab = Mab, Pa′ = M0′a′ , Ja′b′ = Ma′b′ , (7)

¿�η = (−++−).

SU(1,1|2)2 �ê��ØC�Cartan 1-/ª

LA = dXMLA
M , XM = (x,θ) (8)

½Â�

G−1dG=LATA ≡LaPa +La′

Pa′ +
1

2
LabJab+

1

2
La′b′Ja′b′ +

1

2

(

L̄IQI +Q̄ILI
)

, (9)

ùpG = G(x,θ)´+SU(1,1|2)2 ¥��8�L�. ò

+SU(1,1|2)2 �(��§

d (G−1dG) =−G−1dG∧G−1dG, (10)

U+�)¤�Ðm, ��XeMaurer-Cartan�§:

dLa = −Lb∧Lba− i

2
L̄Iγa∧LI , (11)

dLa′

= −Lb′ ∧Lb′a′

+
1

2
L̄Iγa′ ∧LI , (12)

dLab = −La∧Lb−Lac∧Lcb +ǫIJL̄IγabLJ , (13)

dLa′b′ = La′ ∧Lb′ −La′c′ ∧Lc′b′ −ǫIJ L̄Iγa′b′LJ , (14)

dLI = − i

2
ǫIJLa∧γaL

J +
1

2
ǫIJLa′ ∧γa′LJ −

1

4
Lab∧γabL

I − 1

4
La′b′ ∧γa′b′L

I , (15)

dL̄I =
i

2
ǫIJ L̄Jγa∧La− 1

2
ǫIJ L̄Jγa′ ∧La′ −

1

4
L̄Iγab∧Lab− 1

4
L̄Iγa′b′ ∧La′b′ . (16)

2.2 GSu��^þÚ$Ä�§

3 AdS3 × S3 � µ ¥ $ Ä � � u æ ^ Green-

Schwarz£ã/ª, §��^þLãXe
[9]

,

S = S0 +S1, (17)

S0 = −1

2

∫
∂M3

d2σ
√

ggij(La
i L

a
j +La′

i La′

j ), (18)

S1 = i

∫
M3

LWZ =

i

4

∫
M3

SIJ
(

(La∧ L̄Iγa∧LJ+

iLa′ ∧ L̄Iγa′ ∧LJ)+c.c.
)

, (19)

Ù¥
√

g =
√

−detgij, gijg
jk = δik, i,j = 0,1, SIJ =

diag{1,−1}, ¿�gij ´.�þ�Ý5.

�
í�$Ä�§, k¦ÑCartan 1-/ª�C

©. òe¡��ª

δ (G−1dG) = [G−1dG,G−1δG]+d(G−1δG) , (20)

Uo�ê�)¤�©), Ò��
Cartan 1-/ª�C

©:

δLa = dδxa +Labδxb +Lbδxba +
i

2
( L̄IγaδθI −δθ̄IγaLI), (21)

δLa′

= dδxa′

+La′b′δxb′ +Lb′δxb′a′ −
1

2
( L̄Iγa′

δθI −δθ̄Iγa′

LI), (22)

δLI = dδθI − i

2
ǫIJ

(

δxaγa +iδxa′

γa′

)

LJ +

i

2
ǫIJ

(

Laγa +iLa′

γa′

)

δθJ −
1

4

(

δxabγab +δxa′b′γa′b′
)

LI +

1

4

(

Labγab +La′b′γa′b′
)

δθI , (23)

δL̄I = dδθ̄I − i

2
ǫIJL̄J

(

δxaγa +iδxa′

γa′

)

+

i

2
ǫIJδθ̄J

(

γaLa +iγa′

La′

)

+

1

4
L̄I

(

δxabγab +δxa′b′γa′b′
)

−
1

4
δθ̄I

(

γabLab +γa′b′La′b′
)

. (24)

�^þ¥WZ�LWZ E,´4�3-/ª, §�C©X

e,

δLWZ = dΛ, (25)

Λ =
1

2
SIJ(L̄Iγa∧LJδxa− L̄Iγa∧LaδθJ −

δθ̄IγaLa∧LJ +iL̄Iγa′ ∧LJδxa′ −
iL̄Iγa′ ∧La′

δθJ − iδθ̄Iγa′

La′ ∧LJ). (26)
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y3é�^þ(17)�C©, Ò�±��Xe�$

Ä�§,

∂i(
√

ggijLa
j )+

√
ggijLab

i Lb
j +

i

2
ǫijSIJ L̄I

i γ
aLJ

j = 0,

(27)

∂i(
√

ggijLa′

j )+
√

ggijLa′b′

i Lb′

j − 1

2
ǫijSIJ L̄I

i γ
a′

LJ
j = 0,

(28)

(La
i γ

a +iLa′

i γa′

)(
√

ggijδIJ −ǫijSIJ)LJ
j = 0, (29)

L̄I
i (γ

aLa
j +iγa′

La′

j )(
√

ggijδIJ +ǫijSIJ)= 0. (30)

�^þ(17)ªéÝ5gij �C©Ò�Ñ
IO�Vira-

soro�å,

La
i L

a
j +La′

i La′

j =
1

2
gijg

kl

(

La
kL

a
l +La′

k La′

l

)

. (31)

l±þ�C©�L§, �±éN´�y�^þ (17)ª

äkκé¡5.

3 AdS3×S3 u�²éä

3.1 Cartan/ªLa ÚLa
′

�Hodgeéó

e¡0��EAdS3 ×S3 u�²éä, ÄkÚ\

Maurer-Cartan 1-/ªLa ÚLa′

3.�þ�Hodge

éó. -
√

ggijLa
i ≡ ǫjk ∗La

k, (32)

=

√
ggi1La

i ≡ ǫ12∗La
2 = ∗La

2 , (33)
√

ggi2La
i ≡ ǫ21∗La

1 =−∗La
1. (34)

òþª�\$Ä�§(27)¥, �

ǫjk ∂∗

j La
k +Lab

j ǫjk∗Lb
k +

i

2
SIJǫjkL̄I

jγ
aLJ

k = 0, (35)

ü>Ó¦dσj ∧dσk ��Xe�§

d∗La +Lab∧ ∗Lb +
i

2
SIJ L̄IγaLJ = 0. (36)

æ^�Ó��{, ò(33), (34)üª�\�{�$Ä�

§¥, ��

d∗La′

+La′b′ ∧ ∗Lb′ − 1

2
SIJ L̄Iγa′

LJ = 0, (37)

δIJ

(

∗Laγa +i∗La′

γa′

)

∧LJ+

SIJ

(

Laγa +iLa′

γa′

)

∧LJ = 0, (38)

L̄I ∧
(

γa∗La +iγa′∗La′

)

δIJ+

L̄I ∧
(

γaLa +iγa′

La′

)

SIJ = 0. (39)

±þ4��§Ò´$Ä�§�Hodgeéó, §�3�

E²éä�L§¥�~�.

3.2 ëY�ÛéóC�

e¡Ú\SU(1,1|2)2 ��êþëY�ÛéóC

�
[6—8]

:

La (λ)=
1

2
(λ2 +λ−2)La +

1

2
(λ2−λ−2) ∗La, (40)

La′

(λ)=
1

2
(λ2 +λ−2)La′

+
1

2
(λ2−λ−2) ∗La′

, (41)

Lab (λ) = Lab, La′b′ (λ)= La′b′ , (42)

L1 (λ)= λL1, L2 (λ) = λ−1L2, (43)

L̄1 (λ)= λL̄1, L̄2 (λ) = λ−1L̄2. (44)

3.3 �E²éä

þ¡ÏL|^ëY�ÛéóC���
#

�Cartan/ª, ù
Cartan/ªÑ�kgd�ëê

λ. e¡òy²ù
#�Cartan/ªÑ÷vMaurer-

Cartan�§ (11)—(16), l�E�kgd�ëêλ

�²éä. Äk, 5�yLa(λ)÷v��§,

dLa (λ) =
1

2
(λ2 +λ−2)dLa +

1

2
(λ2−λ−2) d∗La =

−
(

1

2
(λ2 +λ−2)Lb +

1

2
(λ2−λ−2) ∗Lb

)

∧

Lba− i

2
λ2L̄1γaL1− i

2
λ−2L̄2γaL2 =

−Lb (λ)∧Lba (λ)− i

2
L̄I (λ)γa∧LI (λ) .

(45)

Ùg, �yLab (λ)÷v��§.

dLab (λ) =dLab =−La∧Lb−Lac∧Lcb+

ǫIJ L̄Iγab∧LJ =−La (λ)∧Lb (λ)−
Lac (λ)∧Lcb (λ)+ǫIJL̄I (λ)γab∧LJ (λ) ,

(46)

ùp�ü�
(

ǫIJL̄Iγab∧LJ = ǫIJL̄Iγab∧LJ
)

Ú (Lac ∧
Lcb =Lac(λ)∧Lcb(λ))´��
��. éu1��, |

^Cartan/ª�5�

A∧ ∗B =−∗A∧B (47)

∗A∧ ∗B =−A∧B. (48)

��

−La∧Lb =−La (λ)∧Lb (λ) . (49)

Ón��

dLa′

(λ) =−Lb′ (λ)∧Lb′a′

(λ)+
1

2
L̄I (λ)γa′ ∧LI (λ) ,

(50)
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dLa′b′ (λ) = La′

(λ)∧Lb′ (λ)−La′c′ (λ)∧Lc′b′ (λ)−
ǫIJ L̄I (λ)γa′b′ ∧LJ (λ) . (51)

e¡y²��ü�Maurer-Cartan�§. Ï�¤

��Cartan 1-/ªLI Ú L̄I �©þC�5KØÓ, ¤

±±e�y²L§¥òæ^©þª. �§(38)�¤©

þªC¤

(

Laγa +iLa′

γa′

+∗ Laγa +i∗La′

γa′

)

∧L1 = 0 (J = 1) ,

(52)
(

Laγa +iLa′

γa′ −∗ Laγa− i ∗La′

γa′

)

∧L2 = 0 (J = 2) .

(53)

��y15 �Maurer-Cartan�§, k�Ä�§m>

�cü�.

− i

2
ǫIJLa (λ)∧γaL

J (λ)+
1

2
ǫIJLa′

(λ)∧γa′LJ (λ)=

− i

2
ǫIJ

[(

λ2

2

)

(

Laγa +iLa′

γa′

+ ∗Laγa +i ∗La′

γa′

)

∧

LJ (λ)+

(

λ−2

2

)

(

Laγa +iLa′

γa′−

∗Laγa− i∗La′

γa′

)

∧LJ (λ)

]

, (54)

ò�§(52)Ú�§(53)�\þª, k

− i

2
ǫIJLa (λ)∧γaL

J (λ)+
1

2
ǫIJLa′

(λ)∧γa′LJ (λ)=










− i

2
λ

(

Laγa +iLa′

γa′
)

∧L2 (I = 1)

i

2
λ−1

(

Laγa +iLa′

γa′
)

∧L1 (I = 2)
, (55)

Ïd, ��

dL1 (λ)=λdL1 =−λ
i

2

(

Laγa +iLa′

γa′

)

∧L2−

λ
1

4
Lab∧γabL

1−λ
1

4
La′b′ ∧γa′b′L

1 =

− i

2
La (λ)∧γaL

2 (λ)+
1

2
La′

(λ)∧γa′L2 (λ)−
1

4
Lab (λ)∧γabL

1 (λ)− 1

4
La′b′ (λ)∧γa′b′L

1 (λ)

(56)

Ú

dL2 (λ)=
i

2
La (λ)∧γaL

1 (λ)− 1

2
La′

(λ)∧γa′L1 (λ)−
1

4
Lab (λ)∧γabL

2 (λ)− 1

4
La′b′(λ)∧γa′b′L

2 (λ) .

(57)

Ü¿þ¡üª, =

dLI (λ) =− i

2
ǫIJLa (λ)∧γaL

J (λ)+

1

2
ǫIJLa′

(λ)∧γa′LJ (λ)− 1

4
Lab (λ)∧γabL

I (λ)−
1

4
La′b′ (λ)∧γa′b′L

I (λ) . (58)

Ón, �±y²

dL̄I (λ)=
i

2
ǫIJ L̄J (λ)γa∧La (λ)−

1

2
ǫIJ L̄J (λ)γa′ ∧La′

(λ)− 1

4
L̄I (λ)γab∧Lab (λ)−

1

4
L̄I (λ)γa′b′ ∧La′b′ (λ) . (59)

n þ, y ² 
 ù 
 # � Cartan 1-/ ª Ñ ÷ v

Maurer-Cartan�§(11)—(16). e¡½Â�kgd

ëêλ�²6,

J (λ)≡La (λ)Pa +La′

(λ)Pa′ +
1

2
Lab (λ)Jab+

1

2
La′b′ (λ)Ja′b′ +

1

2

(

Q̄ILI (λ)+ L̄I (λ)QI

)

,

(60)

§÷v²éä^�

dJ (λ)+J (λ)∧J (λ)= 0. (61)

k
�kgdëêλ�²éä, Ò�±éN´�EÑ

Ã¡õ�Åðþ.

4 (Ø

lAdS3×S3 �µ¥äkÛ��κé¡5�GS�

u�^þÑu, ·��E
�gdëê��½�Åð

6. dù
Åð6�±ÏLIO��{���X�

��½�ÅðÖ. ù`².�þ�2�σ �.��

3²;�Y²þ´���È�. �EÅðÖÄkI

��x6J (λ)1w��6uÌëêλ, ¿�÷v²

6^�: dJ (λ)+J (λ)∧J (λ) = 0. Ïd�±�E

monodromyÝ


T(λ)(t)= P exp

∫(+∞,t)

(−∞,t)

J (λ) ,

Ï � J (λ) ÷ v ² 6 ^ �, ¤ ± monodromy Ý 


T(λ)(t)Ø��mUC. ÏòT(λ) UÌëêλ��g

Ðm, ÐmXêÒ�Ñ
�X�ÅðÖ. éu±Ï>

.^�(4u), k

TrT(λ)(t)= Tr

(

P exp

∮
Jσ (λ,t,σ)dσ

)

,

§E,´Åð�. o�, éu±þü«>.^�, þ�

�EÑ�gdëêλ�Åðþ, ù`²dXÚ´�È

�.
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Integrability of AdS3×S3 Superstring *

WANG Xiao-Hui1) SHI Kang-Jie

(Institute of Modern Physics, Northwest University, Xi’an 710069, China)

Abstract From the κ symmetric action of IIB string in AdS3×S
3 background given by Rahmfeld and Rajaraman,

we derive the equations of motion. Then using the twisted dual transformation which was introduced by Hou et al.

We construct the flat currents, and hence conserved non-local charge with one free parameter, for the Green-Schwarz

superstring in AdS3×S
3. Thus we show the AdS3×S

3 string is integrable.

Key words κ-symmetry, Green-Schwarz superstring, twisted daul transformation, AdS3×S
3
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