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Abstract In this talk we report our work on testing Noncommutative Space-Time Scale Using yy — Z at

ILC. In ordinary space-time theory, decay of a spin-1 particle into two photons is strictly forbidden due to

the Yang’s Theorem. With noncommutative space-time this process can occur. This process thus provides an

important probe for noncommutative space-time. The yy collision mode at the ILC provides an ideal place to

carry out such a study. Assuming an integrated luminosity of 500fb~!, we show that the constraint which can

be achieved on I'(Z — yy) is three to four orders of magnitude better than the current bound of 5.2x107°GeV.

The noncommutative scale can be probed up to a few TeVs.
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In this talk we report our work!" on testing Non-
commutative Space-Time Scale Using yy — Z at ILC.
In ordinary space-time field theory, decay of a spin-
1 particle into two photons is strictly forbidden due
to the Yang’s Theorem”.
not occur in the Standard Model (SM). With non-

commutative space-time this process can occur. This

Therefore yy — Z can-

process thus provides an important probe for non-
commutative space-time. The y7y collision at the ILC
by laser backscattering of the electron and positron
beams provides an ideal place to carry out such a
study.

To start with, let us briefly review why Z — yvy
cannot occur in ordinary space-time field theory by
constructing Z-y-y interaction from Z,,, F,,.

The Lagrangian must be symmetric in the two
photons F; and F, due to the Bose-Einstein statis-
tics. Using 9, F*¥ = 0, the independent terms with

even parity that can be constructed are
au ZH(FluaFQV(x +F2H(¥F1Va),

0 2, (FY Fy + Fy FY,),

ZM(aVFluaF;a +aV F;QFIVQ)'
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In momentum space, the first term is given by
(kl + kz)'ﬁz(kfl ’€2k2 *€1— kl 'k2€1’€2),

which is zero for on-shell Z. Similarly, one can show
that the other terms are also zero when particles are
on-shell.

Another type of terms involves F®* =
(i/2)e**# F,, 5 which has odd parity. Usingd, F* =0,

we find the independent terms to be given by
Oy Zu(F“Fy + FyF}), 9, Z,(F“Fy, + F{“Fy),
€uvop0’ ZP(FIFY + FYYFY),
€uvopl?(0° FI'Fy +0° FY“FY).

The first term in momentum space is given by

€uvop Ll (kT kY (e ky —eher ko) — (K] — kT )€l esky - ko).
(1)

In this frame the momenta and polarizations of

the prticles are given by

PZ = (mZ,O,O), VARS (0762)3

klz(kzvovkz)a k2:(kzaoa_kz)7
elLN(kz707k2)= EzLN(kzuoa_kz);
el =(0,a,0), e =(0,b,0).
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Inserting the above into Eq. (1), one can easily check
that the contribution is zero. Similarly, one can show
that the other terms are also zero for on-shell parti-
cles. Z—yy and yy — Z are forbidden.

In noncommutative (NC) space-time™ | the pro-
cesses Z — vy and yy — Z are not forbidden. We
now describe how this can happen by using a sim-
ple and commonly studied noncommutative quantum
field theory based on the following commutation re-

lation of space—time[4],

[Z,.,2,] =10, (2)

as an example. In the above expression, £, is the non-
commutative space-time coordinates. @, is a con-
stant, real, anti-symmetric matrix, and has mass=2
dimension. The size of 1/4/]0,,,| represents the non-
commutative scale Anc. There have been extensive
studies on related phenomenology[S].

Quantum field theory based on the commutation
relation in Eq. (2) can be easily studied using the
Weyl-Moyal correspondence replacing the product of
two fields A(#) and B(&) with NC coordinates by the

star “*” product!®

A(2)B(2) — A(z)* B(z) =
|56 23, | A@BGL—, - 3)

Here the fields with and without ‘hat’ indicate the
fields in the noncommutative space-time and the or-
dinary space-time, respectively.

The promotion of the usual space-time coordi-
nates x, to the noncommutative space-time coordi-
nates &, has very interesting consequencesm. We
denote the noncommutative gauge field to be flu =
AZT“ of a group with generators normalized as
Tr(T°T?) = §b/2.

two consecutive local gauge transformations & and g

In noncommutative space-time

of a gauge field /Alu of the type 6,¥ = ia*¥ on matter
field ¥, transforming as a fundamental representa-
tion of the gauge group, is given by (6,05 — 3d,) =
(a* B— B &). This commutation relation is consis-
tent with U(N) Lie algebra, but not consistent with
SU(N) Lie algebra since it cannot be reduced to the
matrix commutator of the SU(N) generators. Also

note that even with U(1) group the above consecutive

transformation does not commute implying that the
charge for a U(1) gauge theory is fixed to only three
possible charges which can be normalized to 1, 0, —1.

The above properties pose difficulties in construct-
ing noncommutative standard model for the strong
and electroweak interactions because the standard
gauge group contains SU(3)¢ and SU(2)y, which can-
not be naively gauged with noncommutative space-
time. Also the charges of U(1)y are not just 1, 0,
—1, some of them are fractionally charged after nor-
malizing the right-handed electron to have —1 hy-
percharge, such as, 1/6, 1/2, 2/3, —1/3 for left-
handed quarks, left-handed leptons, right-handed up
and down quarks, respectively. This is the so called
charge quantization problem. However, all these dif-
ficulties can be overcome with the use of the Seiberg-
Witten (SW) map which maps noncommutative
gauge field to ordinary commutative gauge field. A
consistent noncommutative SU(N) gauge theory can
be constructed by expanding & to powers of © with
d=a+al) TT: +..+al7l) (Ta. T .. to
form a closed envelop algebra. Here ©: T%t... T :" is
totally symmetric in exchanging a;. Detailed descrip-
tion of the method can be found in Ref. [8]. One can
then expand gauge and mater fields in powers of © to
have a consistent SU(N) gauge theory order by order
in ©. To the first order in O, one has for the gauge
field"™

A 1
Ap= A= 0x0 {Asda At Fa}. ()

Using the above gauge field new terms in the interac-
tion Lagrangian compared with the ordinary SU(N)
gauge theory will be generated. For example the term
—(1/2)Tx(F,, F*) in the Lagrangian for a SU(N)
gauge field will become, to the first order in ol

1
L=~ TF, F"+
1
gnO" [ TH{F, Fyp F*" —AF,,F,,F]. (5)

The SW map can also cure the charge quantization
problem by associating a gauge field AL") for the a
matter field ™ with U(1) charge gQ™, /Alff‘) =
A,—(gQ"™ /4)OP{A,,05 A, +Fj,}, where A, is the
gauge field of U(1) in ordinary space-time. With the
help of SW map specific method to construct NCSM
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and grand unified theories have been developedls*ll].
The new terms in Eq. (5) when applied to the
NCSM will generate terms inducing Z-y-y interac-

tion. These terms can be parameterized as

LZ‘yy = engYQO‘ﬁ(SZWAVBA“”—|—4AWAZ,BZ’“’—
2A g A 2 — Zoy A AP, (6)

In NCSM, gz, is not uniquely determined due to
the need of introducing for each matter field with dif-
ferent U(1)y charge a gauge field to solve the charge

8] This is because that when

quantization problem
summing over different U(1)y gauge fields for all
matter fields to give the kinetic energy term, even
when the first term in Eq. (5) is fixed with the right
normalization, the triple gauge field terms are not
fixed.
low energy NCSM from grand unified theories such
as noncommutative SO(10), SU(5)"” grand uni-
fication and SU(3)* = SU(3)¢ x SU(3)r, x SU(3)r

trinification"" theories where there is no U(1) charge

This problem may be solved by obtaining

quantization problem to start with. In noncommuta-
tive SO(10) grand unification, due to the same reason
as for anomaly free in this theory, the triple gauge
coupling is automatically zero, and therefore in this
model yy — Z cannot occur. Naively, noncommuta-
tive SU(5) grand unification can fix the triple gauge

boson couplings[lo] .

However, in this model, there
are several different multiplets for fermion and Higgs
representations, 5, 10, 24, etc., one needs to asso-
ciate different gauge fields with them which lead to
a similar problem of non-uniqueness of triple gauge
boson couplings for different U(1)y gauge field in the
NCSM™. SU(5) is not truly a unified model in non-
commutative space-time. Unique non-trivial triplet
gauge boson couplings can be generated in noncom-
mutative trinification model™. In this model, the
fermion and Higgs representations are all in the 27
representation of the gauge group resulting in fixed
triple gauge boson couplings. The coupling egz,, in
SU(3)3 is given, at the unification scale, by!"
€9zyy = — 9
16v15

Using the normalization gy = 1/3/5gy, and running

4 . 19
gSlnew (1+I

00529W> . (7)

down to energy scale p = mgy, we have egzy,, =

—5.58x1072. In the rest of the discussions we will use

3 as an illustration to show

noncommutative SU(3)
how the limit on the noncommutative scale can be de-
termined using yy — Z at the photon collision mode
of ILC.

The matrix element for on-shell y(k)y(k’) — Z(p)
in momentum space after symmetrizing the two pho-

tons is given by
M = —iegzy,16[k-k' (k' -€,e-O-€ +
€y kO +€ ek -0-€)+
ROk (K¢, —h-e-cy+e-checy)],  (8)

where a-0+b=a,0%"bg.
With the above expression, we obtain

) =67 mzl(Z=yy) d(s

_m2)
m3 zn

o(yy—2Z,s
4 5 7

P(Z—Y) = gamtiymd (63 +761). O

where 2. =02 +02,+62, and O% = 07,+6%,+6%,. The

expression for I'(Z — yy) agrees with that obtained

in Ref. [12]. Tt is clear that the on-shell processes

7Z — vy and yy — Z can occur in noncommutative
space-time.

At ILC using yy collision mode one can test the

space-time nature by studying yy — Z. Convolut-

ing the energies of the two photon beams produced

by using the laser backscattering techniquellg] on the
electron and positron beams in an eTe~ collider with

the center of mass frame energy /s, we have

0. = J dx1J dzoo(yy — Z,21228) X

F(x))F(x) =
I(Z
T ) e L= YY) (10)
my
where
B Tmax g g
I(y) _L/zw arlr@)r (L) (11)

with y =m2 /s, and Zpmay = £/ (14+€) with £ = 2(1+/2).
The F(x) function is given by

1 1 4x 422
@) =55 (l‘” 1z &(1-2) *52(1—@2)’
4 8 8 1
D= (1) W1+ 5+ £ i
(12)
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Note that the function I(y) is a function of m2/s
only. The model-dependent part is purely in the ex-
pression for I'(Z — vyy). In Fig. 1 we show I(y) as
a function of y. We see that for a large range of
mZ/s, I(y) is sizeable. An ILC of energy between 120
to 250GeV can be very useful for studying yy — Z.
When the energy becomes higher the cross section
goes down. If there is a Z’ particle with a mass of a
few hundred GeV, an ILC of energy around several
hundred GeV to one TeV would be an excellent place
to look for Z’' using yy — 7Z'.

The proposed ILC energy will be in the range from
several hundred GeV to TeV, and therefore can be an
ideal place to study vy — Z. We list the upper bounds
reachable (using current bound 5.2 x 10~5GeV™ on
the decay rate I'(Z —yy)) on the signal event num-
ber and the decay rate in Table 1, assuming an inte-

grated luminosity of 500fb=!. We see that if a the-

Table 1. The upper limit on event number for e*

I'(Z — +yy), and upper bound on I'(Z — vy)).
assumed to be 500fb~*.

ory gives I' for Z — <yy close to the current upper
limit of 5.2 x 1075GeV, one would see more than 103
events. If no events are seen, this would translate
into a bound on the rate I" of Z — y7y to be less than
a few times 107°GeV. This is much better than the
constraint obtained before!”. Even assuming an effi-
ciency as low as 1%, one can still set an upper bound
of I' <1078GeV which is still more than three orders

of magnitude better than the current bound.

y (X10°)

Fig. 1. The function I(y).

e~ — vy — Z (with current bound 5.2 x 107°GeV on
In obtaining these bounds the integrated luminosity is

\/5/GeV 120 200 250 500 1000
I/(m%/s) 0.397 0.333 0.275 0.120 0.043
upper limit on event number 3.13x 10° 2.65 x 10° 2.19 x 10° 0.95 x 10° 0.34 x 10°
upper bound on I'/GeV 1.66 x 10— 10 1.96 x 1010 2.38x 10710 5.45x10~10 1.51x10~9
SU(3)3: Ag/TeV 4.72 4.53 4.31 3.51 2.72
SU(3)3: At /TeV 5.83 5.59 5.33 4.33 3.36

One can obtain the bound on the noncommuta-
tive scale Axc from the bound on the event rate
for yy — Z. We list the upper limits on the scales
As=1/,/62 and Ay =1//6% in Table 1 in the last
two rows. We see that the noncommutative scale can
be probed up to a few TeV. If the efficiency is lowered
to 1%, the noncommutative scale can still be probed
up to 1.5TeV.

To summarize, we have studied a strictly for-

bidden process yy — Z in the standard model of
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ZILC LR vy — Z 3N IENT R =HRE
AR 2’

1 (A REYH AN SR PL A1)
2 (FIFRFEAR R 300071)

BE it % T ILC A gamma gamma 2| Z 33 4246 3o 3F %t 5 B % 86 4% (J& UK 7 hep-ph/0604115). 7E 3# # B
RETHRY, MY REET - NMERAIVWETATERERAFMNET. BEEFEAG 7 2Pt BE K
B, B ATRBEARRESZHENTE. ILCH LT HEEA A NIE. WRERE AL
500fb™t, FATIE ¥ Gamma (Z to gamma gamma) 57 & 8 Ml 24 54 3L A R4 (<5.2x 107°GeV) #F 3—4 4
BER. X 7 0 R AR AR N 3k LA TeV.
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