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Abstract We calculate the charge form factors of the even-even isotopes on the Z=20 and 28 isotopic chains,

including both the stable nuclei and unstable ones, and investigate the influences of the change of neutron

number on the charge form factors of the Ca and Ni isotopes systematically with the relativistic eikonal

approximation associated with the self-consistent relativistic mean field model. We find that the charge form

factor changes significantly and regularly with the variation of neutron number. The charge form factors shift

outward and downward as the nucleus moves from the very neutron-rich region to the very proton-rich region

along an isotopic chain. The significant shift shows that the charge form factor is very sensitive to a change of

neutron number. The regularity of the variation of the charge form factors along an isotope chain may suggest

certain laws which rules the influence of the neutrons on the distribution of the protons. The calculations will

provide a useful reference for the future experiments as well as a test of the reliability of the relativistic mean

field model for unstable nuclei far from the stability line.
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1 Introduction

Our interest in studying the influences of the

change of proton number on the charge form factors

arises from the recent achievements in the research of

nuclear physics
[1—18]

and from the research projects

which will be performed on the new electron-RI beam

colliders
[19—22]

. Although the charge form factors and

cross sections for stable nuclei have been well inves-

tigated, studies on the charge form factors and cross

sections for unstable nuclei far from the β-stability

line are very rare. Many interesting questions re-

lating to unstable nuclei remain to be solved. How

are the nucleons distributed in an unstable nucleus

far from the stability line? Do the firmly established

properties, such as the magic number, for the stable

nuclei still exist for the unstable ones? Do the nuclear

models established based on the knowledge of stable

nuclei still valid for the unstable nuclei? Clarifica-

tion of all these questions will finally depend on our

understanding of unstable nuclei. Therefor, it is of

practical meaning to study the structure of unstable

nuclei by electron scattering. In order to find out the

sensitivity of the charge form factor to a change of the

charge distribution, some calculations and discussions

have been done in term of the model-dependent
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method in Ref. [20]. In our earlier work, we also did

some exploratory calculations on the unstable nuclei
28S and 12O

[23]
. In the present paper, we will carry

out a systematic calculation of the charge form fac-

tors for the even isotopes of Ca (A=34—60) and Ni

(A=48—80) with the relativistic eikonal approxima-

tion within the framework of the relativistic mean

field theory. Ca- and Ni-isotope chains are two typi-

cal isotopic chains with magic proton number in the

medium-heavy region. Therefore, they will be the

appropriate candidate nuclei for the future electron-

nucleus scattering experiments. The main purpose of

this paper is to give a full presentation of charge form

factors for a typical isotopic chain and try to find out

the influences of the change of proton number on the

charge form factors on an isotopic chain. This will

serve as a good reference for the future experiments.

This paper is organized in the following way. Sec-

tion 2 is the formalism of the relativistic eikonal ap-

proximation for electron scattering and a brief review

of the RMF model. The numerical results and discus-

sions are presented in Sec. 3. A summary is given in

Sec. 4.

2 Formalism

2.1 The relativistic eikonal approximation

The starting point of the relativistic eikonal ap-

proximation is the Dirac equation for a particle mov-

ing in a scalar potential V (r)
[24, 25]

,

(α •p+βm−E)ψ(r) =−V (r)ψ(r), (1)

where E and m are energy and mass of the incident

particle, respectively, and α and β are the Dirac ma-

trices. Using Green’s function method, the scattering

amplitude can be expressed in the following form
[25]

:

f(θ) =− 1

4π
(α •kf +βm+E)

∫
e−ikf ·rV (r)ψ(r)dr,(2)

where θ is the scattering angle, and kf is the out-

going momentum.

Under high-energy approximation, the elastic dif-

ferential cross section σ and form factor F (q) can be

expressed as
[25]

:

σ= cos2
(

1

2
θ

)

|I1(q)+I2(q)|2 , (3)

and

|F (q)|2 =
σ

σM

, (4)

where q is the momentum transfer, σM is the Mott

cross section. I1(q) and I2(q) are given by the follow-

ing integrals:

I1(q) = −ik

∫R

0

J0(qb)[e
2iχ(b)−1]bdb, (5)

I2(q) = −ik

∫
∞

R

J0(qb)[e
2iχ(b)−1]bdb, (6)

where b is the impact parameter, R is the cutoff cylin-

drical radius, k = |k0|, and J0 is the Bessel function.

For high energy electrons (E≈ k), χ(b) can be written

as
[24, 25]

:

χ(b) =−1

2

∫
∞

−∞

V (r)dz, (7)

r=
√
b2 +z2. (8)

The earlier Eqs. (1)—(8) along with the Coulomb

attraction correction and the target nucleus recoil ef-

fect correction
[23]

enable us to calculate the form fac-

tors for a given charge density distribution.

2.2 The relativistic mean-field model

Since the RMF model is a standard theory and

the details can be found in many works
[26—30]

, we

only give the main elements here. The starting point

of this model is an effective Lagrange density L for

the interacting nucleons, the σ, ω, ρ mesons, and

photons,

L = Ψ̄(iγµ ∂µ−m)Ψ−gσΨ̄σΨ−gωΨ̄γ
µωµΨ−

gρΨ̄γ
µρa

µτ
aΨ+

1

2
∂µ
σ∂µσ−

1

2
m2

σ
σ2− 1

3
g2σ

3−

1

4
g3σ

4− 1

4
ΩµνΩµν +

1

2
m2

ω
ωµωµ +

1

4
c3(ωµω

µ)2−

1

4
Raµν

•Ra
µν +

1

2
m2

ρ
ρaµ ·ρa

µ−
1

4
F µνFµν −

eΨ̄γµAµ

1

2
(1−τ 3)Ψ, (9)

with

Ωµν = ∂µ
ων −∂ν

ωµ, (10)

Raµν = ∂µ
ρaν −∂ν

ρaµ, (11)

F µν = ∂µ
Aν −∂ν

Aµ, (12)

where the meson fields are denoted by σ, ωµ, and

ρa
µ and their masses are denoted by mσ, mω, and

mρ, respectively. The nucleon field and rest mass

are denoted by Ψ and m. Aµ is the photon field
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which is responsible for the electromagnetic interac-

tion, α = 1/137. The effective strengths of the cou-

pling between the mesons and nucleons are, respec-

tively, gσ, gω, and gρ. g2 and g3 are the nonlinear cou-

pling strengths of the σ meson. c3 is the self-coupling

term of the ω field. The isospin Pauli matrices are

written as τ a, τ 3 being the third component of τ a.

Under the no-sea approximations and mean-field

approximations, a set of coupled equations for mesons

and nucleons can be easily obtained by the variational

principle
[31—34]

. This set of equations can be solved

consistently by iterations. After a final solution is

obtained, we can calculate the binding energies, root-

mean-square radii of proton, and neutron density dis-

tributions, single particle levels. The details of nu-

merical calculations are described in Refs. [31, 32].

3 Numerical results and discussions

3.1 Variation of charge densities and charge

form factors for Ca isotopic chain

We first produce the charge densities for the even

Ca isotopes 34—60Ca with the RMF model. In the

calculation, the NL-SH force parameters
[35]

are used.

The pairing gaps for open shell nuclei are included

by the Bardeen-Cooper-Schrieffer (BCS) treatment.

The standard input for pairing gaps are ∆n =∆p =

11.2/
√
A MeV. For the very neutron-rich nuclei, we

assume that the last neutrons just occupy the bound

levels according to Tanihata
[36, 37]

. The main results

of the RMF model are presented in Figs. 1—3.

Figure 1 is the total binding energies for even Ca

isotopes. The filled and empty squares correspond to

the theoretical results and experimental ones
[38]

re-

spectively. It is seen that the calculated binding en-

ergies agree with the experimental results very well.

Fig. 1. The total binding energies for the even
isotopes of Ca (A=34—60).

Fig. 2. The calculated root-mean-square
charge radii for the even isotopes of Ca (A=
34—60) by the RMF model.

Fig. 3. The charge density variation with neu-
tron number from the RMF model for the even
isotopes of Ca (A=34—60). The arrow points
to the direction in which the neutron number
increases.

Figure 2 shows the calculated root-mean-square

(rms) charge radii of 34−60Ca. The RMF results for
40Ca and 48Ca are respectively 3.454 fm and 3.468 fm.

The experimental rms charge radius is 3.450 fm for
40Ca and 3.451 fm for 48Ca

[39]
. The deviation between

the theoretical rms charge radii and the experimen-

tal ones is less than 0.02 fm. The smallest charge

radii fall to the stable isotopes near or on the sta-

bility line. The charge radius becomes larger as the

isotope falls far from the stability line. This indicates

that the number of neutrons has significant influences

on the charge size and charge distribution. In order

to show these influences clearly, we plot the charge

densities in Fig. 3. One can find from this figure that

the charge distribution varies considerably from iso-

tope to isotope. The variation of the charge densities

for different isotopes has the following features. First,

the densities around the center of the nuclei (r < 3 fm)

decrease as the neutron number increases. 60Ca has

the smallest densities and 34Ca has the largest ones.

Second, the surface of the charge density distribution

becomes sharper when more neutrons are added to

an isotope. And the third, the spatial extension of

charge of the neutron-deficient isotopes is larger than

that of the neutron-rich ones, although the latter has

a larger rms charge radius. This can be seen clearly
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from the inset (in logarithmic scale) in Fig. 3. Fi-

nally, it has been known that there exists shell effect

in the charge distributions of 40,48Ca, since their pro-

ton numbers are a magic number and they have closed

proton shells. But the two peaks, which embody the

shell effect, in the charge density distribution tend to

disappear as the number of neutrons decreases. This

suggests that the shell effect of the charge distribution

seems to disappear for the very neutron-deficient iso-

topes. All these features show that the isotope effect

in nuclear charge distribution of Ca isotopes is pro-

nounced. The extreme deficiency and extreme rich-

ness in neutrons may have considerable influences on

the ground-state structure of nuclei. They may lead

to very different charge distributions and level struc-

tures for unstable nuclei near the drip lines.

Fig. 4. The charge form factor variation with
neutron number from the relativistic eikonal
approximation for 34Ca, 36Ca, 40Ca, 48Ca,
54Ca, and 60Ca. The isotope effect in the
charge form factors of Ca isotopes is clearly
demonstrated.

Different charge density distributions will cer-

tainly lead to different charge form factors, since the

latter is directly related to the former. Using the

charge densities given in Fig. 3, we can make our pre-

dictions of charge form factor for Ca isotopes by the

relativistic eikonal approximation. The charge form

factors for 34Ca, 36Ca, 40Ca, 48Ca, 54Ca, and 60Ca are

shown in Fig. 4. It is seen from this figure that there

are two important aspect to which we shall pay at-

tention. One is that the charge form factor varies ap-

preciably from isotope to isotope. This suggests that

the charge form factor is very sensitive to the changes

of neutron number. Compared with the charge form

factors of the stable isotopes, the charge form factors

of the neutron-rich isotopes have a considerably large

inward and upward shift and those of the neutron-

deficient isotopes a significantly large outward and

downward shift. The richer or more deficient the neu-

trons are in an isotope, the larger the shift of the

charge form factor is. The shifts of minimums and

maximums of the charge form factors suggest that

the surface of the charge density distribution tends

to become sharper when more and more neutrons

are added. In the range of low-momentum transfer

(q<1 fm−1), the charge form factors tend to decrease

in magnitude as the neutron number increases. This

can be accounted for by the following relation be-

tween the charge form factor and the rms charge ra-

dius at low momentum transfers.

F (q) = 1− 1

6
q2〈r2〉+ · · · . (13)

Therefore, in the range of low-momentum transfer,

the decrease of the form factors in magnitude with the

increase of the neutron number means that the rms

charge radius tends to become larger as more neu-

trons are added. This is in agreement with the RMF

results of the rms charge radii and of the charge densi-

ties shown in Figs. 2 and 3. The isotopic shifts of the

rms charge radii can be determined, if the charge form

factors at low momentum transfers are precisely mea-

sured. Charge form factors in the range of moderate-

and high-momentum transfer are mainly related to

the details of the charge density distribution. There-

fore, the shape of the charge distribution can be de-

termined by measuring the form factors in this re-

gion of momentum transfer. One can find that the

minimums and maximums are very sensitive to the

variation of neutron number. Hence, the charge form

factors or the isotopic shifts of the charge form factor

can be measured by electron-nucleus scattering exper-

iments. With these data, the charge density can be

extracted using the model-dependent method or the

model-independent analysis (Fourier-Bessel series ex-

pansion). Another important aspect of variation of

the charge form factors is the regular pattern of the

isotopic shifts. This may suggest certain laws which

rule the influence of neutrons on the distribution of

protons. This problem deserves to be further studied.

3.2 Variation of charge densities and charge

form factors for Ni isotopic chain

With the same method and procedure as we used

in calculation for Ca isotopic chain, the total binding

energies, rms charge radii, and the charge form fac-

tors for Ni isotopic chain can also be calculated. The

results are presented in Figs. 5—8.
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Fig. 5. The total binding energies for the even
isotopes of Ni (A=48—80). The theoretical
ones are calculated with RMF model. The ex-
perimental data are taken from Ref. [38].

Fig. 6. The calculated root-mean-square
charge radii for the even isotopes of Ni (A=
48—80) with the RMF model.

Figure 5 depicts the experimental total binding

energies
[38]

and the calculated ones by the RMF

model. The comparison shows very good agreement

between the theoretical results and the experimen-

tal data. Fig. 6 represents the RMF results of the

rms charge radii for the even isotopes of Ni. The

figure shows that the stable isotopes have the small-

est rms charge radii. The neutron-rich and neutron-

deficient isotopes have a larger charge radius. The

charge radius becomes even larger when more neu-

trons are added to or subtracted from a stable iso-

tope. The experimental charge radius for the sta-

ble isotopes 58Ni, 60Ni, 62Ni, 64Ni are, respectively,

3.742 fm, 3.764 fm, 3.802 fm, and 3.821 fm
[39]

. The

calculated results corresponding to the four isotopes

are, 3.747 fm, 3.773 fm, 3.799 fm, and 3.822 fm re-

spectively. The deviation between the theoretical rms

charge radii and the experimental ones is less than

0.02 fm. In Fig. 7, we plot the charge densities for

the even isotopes of Ni. The variation of charge den-

sity distributions with neutron number are similar to

those of Ca isotopes apart from two exceptions. One

is that the shell effect is more pronounced for Ni iso-

topes than for Ca isotopes. Another is that the shell

effect tends to disappear for very neutron-deficient

isotopes of Ca (see Fig. 4), but still exist for very

neutron-deficient Ni isotopes. These two differences

may be due to that Z=28 is a better proton shell clo-

sure than Z=20 although both Z=28 and Z=20 are

shell closure. The Z=20 proton shell closure is more

easily influenced by a change of neutron number than

the Z=28 proton shell closure. Currently, some ex-

perimental researches have been done on this aspect,

and it is shown that certain neutron magic numbers

may disappear and some new neutron magic numbers

may exist in the very neutron-rich region
[15—18]

. Per-

haps, this phenomenon also exist for protons for the

proton-rich nuclei near the proton-drip line.

Fig. 7. The charge density variation with neu-
tron number from the RMF model for the even
isotopes of Ni (A=48—80). The inset is in log-
arithmic scale. The arrow points to the direc-
tion in which the neutron number increases.

Fig. 8. The charge form factor variation with
neutron number from the relativistic eikonal
approximation for 48Ni, 56Ni, 58Ni, 64Ni, 68Ni,
74Ni, and 78Ni. The isotope effect in the
charge form factors of Ni isotopes is clearly
demonstrated.

Figure 8 shows the calculated charge form fac-

tors for 48Ni, 56Ni, 58Ni, 64Ni, 68Ni, 74Ni, and 78Ni

isotopes. This figure gives a full description of the

variation of charge form factors with neutron num-

ber for the even isotopes of Ni. It is seen that the

variation of the charge form factor of Ni isotopes is

very similar to that of Ca isotopes. When the neu-

tron number changes, the charge form factors vary

significantly and with a regular pattern. This sug-

gests that the charge form factor is very sensitive to

the changes of the neutron number. It is expected
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that this isotope effect can be observed in the next-

generation electron-RI beam collider. By accurately

measuring the isotopic shifts of the charge form factor

on an isotopic chain, the charge density distributions

for the unstable nuclei can be determined.

4 Conclusion

In summary, we have performed a study of the

influences of the change of neutron number on the

charge form factors of Ca and Ni isotopes. Calcu-

lations for Ca and Ni isotopic chains show that the

charge form factors vary significantly and with a reg-

ular pattern as the number of neutrons changes. The

maximums and minimums of the charge form factor

have a pronounced shift when the neutron number

changes. The isotopic shifts of the charge form fac-

tors have observable effects. If the isotopic shifts of

the charge form factor for unstable nuclei are pre-

cisely measured by the future electron scattering ex-

periment, the charge size and the charge distribution

can be determined. Thus it will be very interesting

to measure the charge form factors on an isotopic

chain by the electron-nucleus scattering experiment

(at RIKEN
[19, 20]

and GSI
[21, 22]

). Our calculations

will serve as a good reference for the coming exper-

iments. Another important aspect of this paper is

that our calculations will provide a further test of the

reliability of the RMF model to unstable nuclei far

from the β-stable line.
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