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Abstract The six- and four-quark systems are studied in the framework of constituent quark models. It is

emphasized that the color confinement used in multiquark system should be different from the one used in

two- or three-quark system. For six-quark system, we look for ∆∆ and N∆ dibaryon resonances by calculating

NN scattering phase shifts with explicit coupling to these dibaryon channels in quark delocalization and color

screening model. The model gives a good description of low-energy NN properties and predicts IJ
P = 03+

and 01+ ∆∆ resonances, which can be promising candidates for the isoscalar ABC structure reported by the

CELSIUS-WASA Collaboration. For tetraquark system, a flux-tube quark model with multi-body confinement

interaction is employed to study Y(2175) as a tetraquark state. The Y(2175) with diquark-antidiquark structure

has energy 2174 MeV which is very consistent with experimental data. The calculation shows that multi-body

confinement potential may play a vital role in the multiquark system.
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1 Introduction

Since Jaffe predicted the H-particle in 1977[1],

the interest in multiquark system has persisted. All

the quark models, including lattice QCD calcula-

tions, predict that there should be multiquark sys-

tems (qq̄)2, q4q̄, q6, quark gluon hybrids qq̄g, q3g,

and glueballs, in addition to the qq̄ mesons and q3

baryons. However, up to now there has been no

well established experimental candidate of these mul-

tiquark states. Recently, the CELSIUS-WASA Col-

laboration has reported preliminary results on the

ABC anomaly in the production cross section of the

pn→ dπ0π0 reaction that suggests the presence of

an isoscalar JP = 1+ or 3+ subthreshold ∆∆ reso-

nance, with resonance mass estimated at ∼ 2.36 GeV

and a width of ∼ 80 MeV[2]. The relatively large

binding energy involved gives an object that is much

closer to these interesting multiquark states than a

loosely bound system like the deuteron. The Belle,

BaBar and other experimental collaborations have

also been reported a large number of candidates for

open and hidden charm meson states, which can not

be explained by qq̄ meson and suggested tetraquark

states[3].

Quantum chromodynamics (QCD) is widely ac-

cepted as the fundamental theory of the strong in-

teraction. Direct applications of QCD using lat-

tice methods have recently been made in the study

of low-energy hadronic interactions, including the

tetraquark system [4] and the nucleon-nucleon (NN)

interaction[5]. However, QCD-inspired quark mod-

els are still the main tool for detailed studies of the

hadron-hadron interaction and multiquark system.

The commonly used quark model is the constituent

quark model, where the complicated interactions be-

tween current quarks is approximately transformed

into dynamic properties of quasiparticles (constituent

quark) and the residual interactions between quasi-

particles. The two-body color confinement has to

be imposed by hand. The constituent quark model

gives a good description of properties of hadrons: 2-
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quark meson and 3-quark baryon, because of their

unique color structures. Applying to nucleon-nucleon

scattering, a reasonable agreement with experimen-

tal data is still possible after including the σ-meson,

although there is a controversy about its effect when

taking it as ππ S-wave resonance[6]. The agreement

is also due to the fact that the nucleon-nucleon scat-

tering is not sensitive to the detail of short-range

part of the nuclear force. From recent lattice QCD

calculation, one find that the color dependent two

body confinement interaction is consistent with the

lattice QCD results only for two and three quark

systems in color singlet states but inconsistent with

the many body interaction obtained for multiquark

systems[7]. For multiquark systems and color octet

hadrons, quark pairs are not always in color antisym-

metric state but also color symmetric ones. The color

factor λi· λj will give rise to anti-confinement interac-

tion for symmetric quark pairs[8]. There is no sound

theoretical reason to extend the color dependent two

body confinement interaction, with Casimir scaling

λ ·λ, to multiquark system.

To study multiquark system, the color confine-

ment should be modified or multi-body interaction

should be used. In 1990s, a new quark model: quark

delocalization and color screening model (QDCSM),

is proposed, where the color confinement is modi-

fied when applying to quark-pair belonging to dif-

ferent baryons. The model has been successfully

applied to describe nucleon-nucleon and hyperon-

nucleon scattering[9]. The first part of the article is

extend our past calculation of NN phase shifts to the

resonance region near the ∆∆ and N∆ thresholds by

including these dibaryon channels in coupled-channel

calculations and try to understand the CELSIUS-

WASA result on the ABC anomaly. The second part

of the article is to study a tetraquark state by us-

ing string-like multi-body interaction. The structure

of the article is as follows. The brief introduction

to QDCSM and the calculation of NN scattering are

given in Sec./. Sec.0 presents our flux-tube quark

model and its application on tetraquark system. The

summary is given in the last section.

2 QDCSM and NN scattering phase-

shift calculation

The detail of QDCSM can be found in Ref. [9],

here only the hamiltonian and the wavefunctions are

given.

H =

6
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∑
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r2ij if i, j occur in the same baryon orbit,

1−e−µr2

ij

µ
if i, j occur in different baryon orbits,

(2)

where all symbols have their usual meaning. Eq. (2)

shows the modification of color confinement, the con-

finement is screened when the interacting quark-pair

belongs to different baryons, whereas no screening for

quark-pair in the same baryon.

Quark delocalization in QDCSM is realized by as-

suming the single particle orbital wavefunctions of

QDCSM as a linear combination of left and right

Gaussians, the single particle orbital wavefunctions

of the ordinary quark cluster model,

ψα(~Si, ε) =
(

φα(~Si)+εφα(−~Si)
)

/N(ε),

ψβ(−~Si, ε) =
(

φβ(−~Si)+εφβ(~Si)
)

/N(ε),

N(ε) =
√

1+ε2 +2εe−S2

i
/4b2 . (3)
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−3/4

e
−
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2b
2
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2b
2
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.

To calculate the NN scattering phase-shifts, The
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resonanting-group method (RGM) is used. The detail

of RGM can be found in Ref. [10]. Here only calcu-

lated results are shown. The model parameters used

in the calculation is shown in Table 1. The phase

shifts for NN I = 0,J = 3 and 1 are displayed in

Figs. 1 and 2. The experimental data are taken from

SP07[11]. In the low energy region (Ecm < 400 MeV),

the quark models give good phase shifts, agrees with

experimental data.

Table 1. Parameters of QDCSM.

mu,d/MeV b/fm ac/(MeV· fm−2) µ/fm−2

313 0.60 18.55 1.00

αs mπ/MeV αch Λ/fm−1

0.996 138 0.027 4.2

Fig. 1. 3
D

NN
3 phase shifts calculated for a single

channel (sc) and two coupled channels (2cc):
3
D

NN
3 , 7

S
∆∆
3 .

Fig. 2. 3
S

NN
1 phase shifts calculated with two

coupled color-singlet channels: 3
S

NN
1 , 3

S
∆∆
1 .

For I = 0,J = 3, The single channel calculation

of 7S∆∆
3 shows that the state is a bound-state with

binding energy 188 MeV respect to two-∆ threshold.

Coupling to the 3DNN
3 channel causes this bound state

to change into an elastic resonance where the phase

shift, shown in Fig. 1, rises through π/2 at a reso-

nance mass that has been shifted up by 2 MeV. The

result shows that the mass shift is dominated by the

NN scattering states below the pure bound-state mass

rather than those above it.

For I = 0,J = 1, the single channel calculation of
3S∆∆

1 shows that the state is also a bound-state with

binding energy 349 MeV respect to two-∆ threshold.

The coupling to the 3SNN
1 channel now pushes up the

bound 3S∆∆
1 mass of the QDSCM by about 300 MeV,

so that it becomes a resonance at 2408 MeV. This

very large mass shift is caused by the presence of a

lower-mass state, the deuteron, in the admixed 3SNN
1

channel.

The state IJP = 12+ is also studied in the model.

The pure 5SN∆
2 state shows bound state behavior with

the mass at 2167 MeV. Its mass is pushed up only a

little: 2168 MeV by coupling to the 1DNN
2 continuum.

The resulting NN phase shifts are shown in Fig. 3.

Fig. 3. NN 1
D2 phase shifts calculated with

two coupled color-singlet channels: 1
D

NN
2 ,

5
S

N∆
2 .

Table 2. Masses and widths (in MeV) of dibaryons.

IJ = 03+ IJ = 01+ IJ = 12+

M Γ M Γ M Γ

1c 2276 − 2115 − 2167 −

2cc 2278 17/33 2408 70/136 2168 4/117

Table 2 collects the masses and widths of the ob-

tained dibaryons. The width after the slash is the

total width, which is the sum of elastic width and

the inelastic with caused by decaying ∆s[12]. From

the mass and width, it suggests that the ABC ef-

fect may originates from a dibaryon resonance in the
3SNN

1 channel. However, the difficult of the expla-

nation comes from the fact that the NN scattering

described by SP07 is highly elastic so that σdππ is far

too small. The situation for the 3DNN
3 channel is more
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promising but the mass of the dibaryon is too small

compared to the peak in the ABC effect. So addi-

tional experimental knowledge and theoretical stud-

ies of NN properties in the NN resonance region are

needed.

3 Multi-body interaction and tetra-

quark state

3.1 The flux-tube quark model

Lattice QCD suggested that the color confine-

ment in the multiquark system is a multi-body

interaction[7]. So it is interesting to construct con-

stituent quark model with the multi-body interac-

tion to study multiquark system. In the following

we construct a flux-tube quark model and apply it to

tetraquark state. Fig. 4 shows a tetraquark state with

two strange quarks (solid circles) and two anti-strange

quarks (open circles). ri is quark’s position, yi repre-

sents a junction where three flux tubes meet. A thin

line connecting a quark (antiquark) and a junction

represents a fundamental, i.e. color triplet, represen-

tation and a thick line connecting two junctions is

for a color sextet or others representations, namely a

compound string. The different types of string may

have differing stiffness[13, 14]. Color coupling satisfy-

ing overall color singlet are [[ss]3̄ [̄s̄s]3]1 and [[ss]6 [̄ss̄]6̄]1,

subscripts represent color dimensions.

In the flux-tube model with quadratic confine-

ment (linear confinement is replaced by quadratic

one for simplicity), the confinement potential of the

tetraquark state has the following form,

V C = k [(r1−y1)
2 +(r2−y1)

2 +(r3−y2)
2+

(r4−y2)
2 +κ(y1−r2)

2] , (4)

where k is the stiffness of 3-dimension string which is

determined by meson spectrum, kκ is the stiffness for

the compound string. It can be determined by the

the dimension of the color representation and it is set

1 for convenience in the present calculation.

Fig. 4. Diquark-antidiquark state.

For the given quark positions ri, the coordinates

of junctions yi are fixed by minimizing the confine-

ment potential Eq.(4) with respect to yi. Then by

introducing canonical coordinates Qi,

Q1 =

√

m

2
(r1−r2),

Q2 =

√

m

2
(r3−r4),

Q3 =

√

m

4
(r1 +r2−r3−r4), (5)

Q4 =

√

m

4
(r1 +r2 +r3 +r4).

the kinetic and potential energy of the system can be

rewritten as

T =
1

2

4
∑

i=1

Q̇2
i , (6)

V C =
k

m

(

Q2
1 +Q2

2 +
κ

1+κ
Q2

3

)

. (7)

Taking into account potential shift, the confinement

potential V C used in the calculation takes the follow-

ing form

V C = k

[(

(r1−r2)
2

2
−∆

)

+

(

(r3−r4)
2

2
−∆

)

+

κ

1+κ

(

(

r1 +r2

2
−

r3 +r4

2

)2

−∆

)]

. (8)

The other parts of the hamiltonian are the same as

the chiral quark model[15] without σ-meson exchange

and with color confinement replaced by the above

equation.

3.2 Wavefunctions

Y(2175) is a resonance observed by Babar Collab-

oration in the process e+e− → φf0(980) via initial-

state radiation[16]. The Breit-Wigner mass is M =

2.175±0.010±0.015 GeV, and width is narrow Γ =

0.058±0.016±0.020 GeV. It is claimed as an isospin

singlet, and its spin-parity is determined to be JPC =

1−−. It was also confirmed by BES collaboration in

the process J/ψ→ηφf0(980)[17]. One of the interpre-

tation of this resonance is the tetraquark state sss̄̄s[18].

In the present work, the state Y(2175) is taken as a

tetraquark state and as an example of applying the

above flux-tube model. Because of its quantum num-

bers JPC = 1−−, we assume that the state Y(2175)

is the P -wave excitation state of a di-quark and an

anti-diquark. The structure of the state is shown in

Fig. 4. The Jacobi coordinates is defined as,

r = r1−r2, R = r3−r4, (9)
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X =
r1 +r2

2
−

r3 +r4

2
. (10) The total wave function of the state can be written

as follows,

ΦIJTMT
=

[

[

[

φG
l1m1

(r)Ψs1ms1

]

J1M1

[

ψG
l2m2

(R)Ψs2ms2

]

J2M2

]

J12M12

χG
LM (X)

]

JTMT

[Ψc1Ψc2 ]c [ΨI1ΨI2 ]I , (11)

where the bracket [ ] means SU(2) or SU(3) Clebsh-

Gordan coefficients coupling, subscripts I , s and c

represent isospin, spin and color indices respectively.

The parity P = (−1)l1+l2+L = −1 is obtained by

setting l1 = 0, l2 = 0 and L = 1. Color singlet

limits color coupling to (c1, c2) = (6, 6̄) → 1 and

(c1, c2) = (3̄,3)→ 1. For spin part, two combinations

are used, (s1,s2) = (0,0)→ 0 and (s1,s2) = (1,1)→ 0.

The energy of Y(2175) is obtained by solving the

four-body Schrödinger equation

(H−E)ΦIJTMT
= 0 (12)

and the equation is solved by employing Gaussian Ex-

pansion Method (GEM)[19], which has been proven to

be a powerful method to solve few-body problem. In

GEM, the spatial wave function is expanded by gaus-

sians with different size,

φG
lm(r) =

nmax
∑

n=1

cnNnlr
le−νnr2

Ylm(r̂), (13)

ψG
LM(R) =

Nmax
∑

N=1

cNNNLR
Le−ζN R2

YLM (R̂), (14)

χG
βγ(X) =

αmax
∑

α=1

cαNαβX
βe−ωαX2

Yβγ(X̂). (15)

The Gaussian size parameters are taken as geometric

progression

νn =
1

rn

, rn = r1a
n−1, a=

(

rnmax

r1

)

1

nmax−1
.(16)

3.3 Numerical results and discussion

The model parameters (see Table 3) are deter-

mined by fitting meson spectra. The mass of meson

is also obtained by solving the Schrödinger equation

with GEM. The results are shown in Table 4. Clearly

a good description of meson spectra is obtained.

With fixed model parameters, the energy of

tetraquark state is calculated. The calculated results

are converged with nmax=7, Nmax = 7 and αmax = 7.

Minimum and maximum ranges of the bases are, re-

spectively, 0.1 fm and 2.0 fm for coordinates r and

R, and 0.1 fm and 2.0 fm for coordinates X . Even-

tually, the model space is constructed by about 700

basis functions.

Table 3. Model parameters. The meson masses

take the experimental values.

mu,d/MeV 313
quark masses

ms/MeV 520

Λπ/fm−1 4.2

ΛK,eta/fm−1 5.2
Goldstone bosons

g2
ch/(4π) 0.54

θP/(◦) -15

k/(MeV·fm−2) 213.3
confinement

∆/fm2 0.50

α0 4.25

r̂0/(MeV·fm) 30.85
OGE

µ0/MeV 36.98

Λ0/fm 0.113

Table 4. Numerical results for meson spectrum.

meson π K ρ K∗ ω φ

mass/MeV 139 502 761 897 735 1023
√

〈r2〉/fm 0.57 0.60 1.05 0.96 1.02 0.85

The calculation shows that the channel with the

lowest energy is (c1, c2)(s1,s2) = (6, 6̄)(1,1), the en-

ergy is 2188 MeV, which is very close to experimental

value. The channel coupling calculation reduces the

energy of the state to 2174 MeV, which is consistent

with experimental value. For comparison, the chiral

quark model is used and the energy is 2387 MeV,

much larger than experimental value. Furthermore,

by calculating the distance between any two quarks,

the spatial structure of Y(2175) can be obtained. The

distances between any two quarks are shown in the

following,

〈r2
12〉= 〈r2

34〉= 1.0 fm, (17)

〈r2
13〉= 〈r2

14〉= 〈r2
23〉= 〈r2

24〉= 1.6 fm. (18)

The spatial structure of the Y(2175) is shown in

the Fig. 5. The decay of the Y(2175) into color

singlet hadrons requires the breakup of the non-

planar flux-tube structure into conventional color sin-

glet hadrons, which involves flux-tube structure rear-

rangement which is similar to the structure transfor-

mation in isomer. This might be the reason of the

narrow width of the Y(2175), quantitative calculation

is needed.
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Fig. 5. Spacial structure of the Y(2175).

The above calculation is also applied to other light

tetraquark system. For states qqq̄q̄ with quantum

numbers IGJPC = 0+0++, where q represents u or

d quark, the lowest mass is 596 MeV, which can be

identified as f0(600). The energy of the first radial

excited state is 1036 MeV, which is close to the mass

of state f0(980). For state qsq̄s̄ with quantum num-

bers JPC = 1−−, the energy is 1715 MeV, which is

consistent with the state X(1576) with experiment

value 1576+49
−55(stat)+98

−91(syst)[20], so X(1576) should be

a tetraquark state in our model which is consistent

with Karliner and Lipkin’s work[21].

4 Summary

In the framework of the quark delocalization, color

screening model, the NN scattering phase shifts up to

∆∆ or N∆ threshold are calculated by incorporating

∆∆ or N∆ states. For IJP = 01+, 03+ and 12+

channels, resonance structures appeared. The pre-

dicted ∆∆ IJP = 01+ resonance at 2390 MeV that

is very close to the ABC peak seen at 2410 MeV

for the reaction pd →3 Heπ0π0[2]. In the flux-tube

quark model, where the multi-body interaction is

used, the tetraquark state is investigated. The cal-

culation shows that states f0(600), f0(980), X(1576),

Y(2175) could be tetraquark states and the masses

can be reproduced in the flux-tube model. Generally

in the conventional quark model, these states have

higher masses. Although lattice QCD cannot give

definite answer to the existence of multiquark state

up to now, it really gives us some indications on the

interaction among quarks. For multiquark system, it

suggests the existence of multi-body confinement. In

this sense, the multi-body interaction is indispensable

for the multiquark system. How to model the multi-

body confinement in the quark model is an interesting

problem. Further study is needed.
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