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Abstract In this paper, we present a rule to improve the nonlinear solution with frequency map analysis

(FMA), and without frequently revisiting the optimization algorithm. Two aspects of FMA are emphasized.

The first one is the tune shift with amplitude, which can be used to improve the solution of harmonic sextupoles,

and thus obtain a large dynamic aperture. The second one is the tune diffusion rate, which can be used to

select a quiet tune. Application of these ideas is carried out in the storage ring of the Shanghai Synchrotron

Radiation Facility (SSRF), and the detailed processes, as well as better solutions, are presented in this paper.

Discussions about the nonlinear behaviors of off-momentum particles are also presented.

Key words SSRF storage ring, nonlinear optimization, dynamic aperture, FMA

PACS 29.20.dk, 41.85.-p, 42.65.-k

1 Introduction

The modern synchrotron radiation storage rings
use very strong quadrupoles to achieve low emit-
tance, but unfortunately they suffer from large nat-
ural chromaticities, which must be compensated by
strong sextupole fields in order to suppress the head-
tail instability!!. Corresponding nonlinearity of the
sextupoles drastically limits dynamic acceptances of
the lattice. Commonly, harmonic sextupoles are in-
troduced in the lattice to optimize the nonlinearity,
and thus enlarge the dynamic acceptances to reach
high injection efficiency and long beam lifetime®’.

Many methods, including numerical approaches
and analytical ones, can be applied in the nonlinear
optimization of the storage ring. There are three ex-
amples presented here in brief. The first one is scan-
ning of the harmonic sextupole integral strengths,
and it can be used in a simple lattice with one or
two harmonic sextupole families, such as ASP" and
ELETTRA™. The second one is a step-by-step ap-
proach, in which the best pair of focusing and defo-
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cusing sextupoles is used to compensate small chro-
maticities released by chromatic sextupoles and en-
large the dynamic aperture step-by-step. It has been
applied in the SSRF storage ring, and acceptable so-
lutions were derived”®. The third one is an analytic
approach based on the perturbation theory. In this
method, the Hamiltonian of the particle, impacted by
the quadrupoles and the sextupoles, is decomposed to
a series of driving terms of different orders. Suppres-
sion of the most dangerous terms is expected to result
in large dynamic acceptances. At present, it is ex-
tensively applied in the storage rings of the modern
third generation light source, such as DIAMOND!®!
and NSLS-TI'".

Although these methods can be used to obtain
large dynamic acceptance for a given lattice and op-
tical functions, details in the dynamic acceptance and
mechanism of the beam loss are ambiguous. The Fre-
quency Map Analysis (FMA) builds one-to-one maps
between orbits and frequencies!®™. Tune shifts with
amplitudes and tune diffusions with times are used to
reveal the fine structures of the nonlinear resonances.
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With the detailed information, it is easy to compre-
hend the mechanism of the beam loss. After the first
application in ALS by J. Laskar in 19905’ many
circular accelerators all over the world applied FMA
to investigate the nonlinear behaviors of the surviv-
ing particle and tend to re-optimize the nonlinearity
of the ring. One can find the details in Refs. [10—15].

FMA is usually regarded as a qualitative analytic
tool. This fact leads to redoing the optimization al-
gorithm more frequently, and sometimes, it is still
difficult to obtain a good solution.
we particularly discuss two benefits of FMA, and use

In this paper,

them to improve step-by-step the optimum solution
resulting from the optimization algorithm, without
frequently revisiting the algorithm. The first benefit
is the tune shifts with amplitudes reveled by FMA. It
can be used to qualitatively investigate effects of the
tune shifts, including not only the linear tune shifts
but also the high order tune shifts. If there are two so-
lutions with different tune shifts (opposite direction),
we can obtain an improved one with the tradeoff be-
tween them. The second benefit is the tune scanning
carried out by the footprint of the tune shift with dif-
ferent diffusion, and it can be used to select a quiet
tune avoiding dangerous nonlinear resonances. With
the two stratagems, we optimize the nonlinearity of
the SSRF storage ring. Optimization process as well
as optimum solution are presented in details in fol-
lowing sections.

2 Descriptions of frequency map anal-
ysis

Considering an integrable system with n degrees
of freedom, the motion in phase space takes place on
tori, which are described at constant frequency v;(I).
If the system is non-degenerate, the frequency map'®

I—v (1)

is a one-to-one smooth map on its image, and the
tori are as well described by the action variables (I)
or by the frequency vector (v). For a non-degenerate
system with perturbation, KAM theorem™®
serts that for sufficiently small values of ¢, there ex-
ists a Cantor set of values of v, satisfying a Diophan-
tine condition, for which the perturbed system still

still as-

possesses smooth invariant tori with linear flow (the
KAM tori).

In a storage ring, the motions of the particles are
perturbed by sextupoles. And thus, in the phase
space, the smooth invariant tori construct the dy-
namic aperture. And the out of the dynamic aper-

ture is chaotic, where the particles will lose. In the
dynamic aperture, there are still some broken tori,
which are random layers, and characterize nonlinear
resonances.

If we track some test surviving particles with
different initial conditions, and the variables are
recorded for each turn for the time span T' (or the
turn number N), we can search for a quasi-periodic
approximation of particle motion of the form, as for-
mula (2), by using a numerical algorithm based on
a refined Fourier technique (numerical analysis of the

[17]

fundamental frequency)" ", which provides a tune ac-

curacy of 1/T® (or 1/N3).

N
20(t) = awe“’wt—i-zakei(m’“'")t ; (2)
k=1
where w =1z, y, v=(v,, v, 1) is the fundamental fre-
quency vector, my = (Mg, Myg, May,) is a multi-index
and the complex amplitude «;, is ordered by decreas-
ing magnitudes. If the motion of the particle is close
to integrable, its fundamental frequency vector can
be accurately identified and with small diffusion, and
this indicates a stable motion. If the motion of the
particle is in the random layer or on the resonance,
the calculated frequency vector has large diffusion,
and this indicates an instable motion.

In this paper, each particle is tracked over 1000
turns and for the surviving particle the transverse
tunes (vV, v{") and (v, v{?)) are computed with
FMA over two consecutive samples of 500 turns. The
diffusion rate D is then calculated as

2 2
D_lg\/<1/§1)—1/§2)) +(V751)—V152)) ) (3)

and is used as a stability index. The diffusion rate
is coded by grey shadings from white for very stable
orbits to black for unstable or chaotic ones.

With the footprint and the tune diffusion rate re-
vealed by FMA, it is easy to understand the mecha-
nism of beam loss, and the nonlinear resonances can
be easily characterized qualitatively in the aspects of
strengths and stopbands. Commonly, together with

the reduction of nonlinear driving terms, the mini-
mization of tune shifts with amplitude is an impor-
tant issue for nonlinear optimization. With nonlinear
perturbation, the high order tune shifts with ampli-
tude are remarkable to affect the global dynamics of
the lattice. The footprint of the frequency map is
available to investigate the high order tune shifts with
amplitude and improve the nonlinear optimum solu-
tion. Moreover, a quiet tune can be found by the
tune scanning carried out by footprint of the tune
shift with different diffusion. More details are pre-
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sented in Section 4.

3 Descriptions of the nonlinear opti-
mization algorithm

In this paper, we achieve the first solutions with
an analytic optimization algorithm based on the per-
turbation theory, and then improve these solutions
with the information revealed by FMA. This ana-
lytic algorithm decomposes the Hamiltonian of the
particle, impacted by the quadrupoles and the sex-
tupoles, to a series of driving terms of different or-
ders, and supposes these terms generate relevant res-
onances that degrade the lattice acceptances. The
lower order terms are usually considered to be the
most dangerous ones. A penalty function consisting
of low order terms is converged to a valley that is ex-
pected to provide large dynamic acceptances!'®. For
a convenient condition and fast calculating speed, the
geometric terms of the first order and linear tune shift
terms of the second order are introduced in our em-
ployed penalty function. It is envisaged that the so-
lution of the sextupole depend strongly on the weight
setting for the driving terms and starting values for
the sextupole strengths.

There are several facts that should be noted. The
first one is that the solution resulting from this ana-
lytic optimization algorithm can obtain small consid-
ered driving terms, which is necessary to better non-
linear behaviors of the particles. The second one is
that the higher order terms, which haven’t considered
in the algorithm, may have strong effects on the non-
linear behaviors, especially the high order tune shift
terms. The third one is that FMA can reveal more
information about the nonlinear behaviors, especially
the tune shift with amplitude, containing the high or-
der tune shift, and it can be applied to improve the
solution of the algorithm.

4 Nonlinear optimizations in the
SSRF storage ring

4.1 SSRF storage ring

The accelerators of the SSRF project™® 2* were
installed in ten months from November 2006, and
were successfully tested and commissioned in the
past several months. The storage ring consisting
of 20 Double Bend Achromatic (DBA) cells with
four super-periods is designed with low emittance of
3.9 nm-rad to provide high photon brightness. Each
super-period contains three standard cells and two
matching cells. There are 200 quadrupoles classed in
ten families and 140 sextupoles classed in 8 families
in the storage ring. Each quadrupole is excited by a
separate power supply, for restoring periods of the op-
tical functions with presence of magnetic errors and
insertion devices. Each family of the sextupoles is ex-
cited by one power supply, in which S1, 52, ---, and
56 are the harmonic sextupoles. The main parame-
ters of the storage ring are summarized in Table 1.
Fig. 1 depicts the lattice layout and the typical linear
optical functions of one super-period?".

Table 1. Main parameters of the SSRF storage ring.

parameters value
energy/GeV 3.5
circumference/m 432
cell 20(DBA)
super-period 4
tune Qz, Qy 22.92, 11.32
Bz, By,nz/m in the centers of 10, 6.0, 0.15
straight sections 3.6, 2.5, 0.10
natural emittance/(nm-rad) 3.92
natural chromaticity £z,&y —55.64, —17.94
momentum compactor 4.2118x10~4
damping partitions Jz, Jy, Js 0.9968, 1, 2.0032
damping times 74,7y, Ts/ms 6.97, 6.95, 3.47
natural energy spread/rms 9.8958x 104

Fig. 1. Typical linear functions of one super-period in the SSRF storage ring.

s/m
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4.2 Solutions resulting from the analytic op-
timization algorithm

With the application of the analytic optimization
algorithm, many solutions of the sextupoles can be
obtained. Detailed information inside the dynamic
aperture can be revealed by FMA, and then, we
can recognize which resonance degrades the dynamic
aperture, and get the knowledge of the reason for
small dynamic aperture. Two solutions with different
footprints of the tune shift with amplitude are quoted
in Fig. 2 and Table 2. From Fig. 2, it is envisaged that
the main reason of a small dynamic aperture is not

some single resonance, but may be integrated effects |

of a series of resonances and the large tune shift. Ex-
cept for the nonlinear resonances and small dynamic
aperture, one can find that the two frequency maps
have different directions. It has been realized that big
dynamic aperture can be achieved by small geometric
terms and tune shift terms. With the analytic opti-
mization algorithm, small low-order geometric terms
and linear tune shift terms can be reached by a fast
convergent method, so the main part of the large tune
shift is the high order tune shift terms. A small tune
shift can be reached by a tradeoff between the two so-
lutions without frequently revisiting the optimization
algorithm or introducing high order tune shift term
to the penalty function.

30 b 30 - 12
£ 20
£ -10
>~
10
0
11.45 11.35
11.40 11.30
X 11.35 11.25
11.30 1120 [
11.25 ; 11.15
22.20 22.25 22.30 22.35 22.40 22.05 22.10 22.15 22.20 22.25
VX V.\’
Fig. 2. Frequency maps and dynamic apertures of the two solutions, where the tunes are 22.22, 11.32.
Table 2. Two solutions resulting from the op- . . .
.. . & P Table 3. Solution ¢ combined with a and b.
timization algorithm.
- - sextu. fam. integral strength (1/m?)
sfextu, 1 ef‘fe;t. solutlo: a Solutlozn b S1, 3. 55 1.5403, 2.7016, 3.7402
- ength/m (1/m?) (1/m?) S2, $4, S6 —3.1527, —2.9035, —4.6982
S1 0.213 1.5722 1.5243
S2 0.253 —3.7515 —2.8533 30 Lk
S3 0.213 2.7755 2.6646 c
s4 0.253 —2.8616 —2.9244 £
S5 0.213 4.3110 3.4548 - 10
S6 0.253 —4.9822 —4.5561 0
SF 0.253 3.2618 3.5497
SD 0.213 —2.3042 —2.4488 1135
. . 11.30
4.3 The combined solutions -
. . ) 11.25
Table 3 lists the integral strengths of the harmonic
sextupoles of the tradeoff between the solution (a) “'222 s ' 22,20 2225
and (b). It is done by a simple linear addition, i. e. ' v, '
1/3xa + 2/3xb. The chromaticities are corrected to Fig. 3. Frequency map and dynamic aperture

zero for both transverse planes. The dynamic aper-
ture and the frequency map are showed in Fig. 3.

of the combined solution at the tune of 22.22,
11.32.
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With this combined solution, a small tune shift map
is obtained, and thus a larger dynamic aperture is
reached.

Table 4. Values of the driving terms of the
three solutions.

term effect No HS a b c
|h10110] Ve 31.040 5.1533 2.5557 3.4209
|h10200] v+ 2uy 5.8363 5.6772 2.4361 3.5162
|h10020] v — 2uy 113.35 4.8316 4.7616 4.7817
|h21000] Ve 48.595 7.1529 2.5877 0.6612
|h30000] 3vp 5.4816 1.8778 1.3743 1.5421
|h20001| 2wa 520 11.453  10.944 11.743 11.477
|hoo201| 2uy |50 0.8994 1.1018 1.6411 1.4614
|hazooo|  Ovz/0J. 171940 1078.9 301.81 1466.9
|hi1110] Ovp,y/0Jy. 135120 27287 272.61 1483.8
|lhoo22o|  Ovy/0Jy,  472.33 53.822 1040.1 682.10

Table 4 lists the low order driving terms of the
three solutions and the case without harmonic com-
pensation. When there is no harmonic sextupole, the
driving term is very large, especially the linear tune
shift term, and it is impossible to get an ample dy-
namic aperture. The analytic optimization algorithm
can result in some solutions with low driving terms,
however, it is difficult to obtain an acceptable dy-
namic aperture without frequently revisiting the algo-
rithm or attempting a variety of weight settings of the
driving terms and starting values of the harmonic sex-
tupoles. With the application of FMA, an improved
solution resulting in large dynamic aperture can be
achieved by a simple tradeoff between two solutions
with opposite tune shifts. The geometric terms are

not enlarged. Although some terms of the linear tune
shift of the solution (a) and (b) are smaller than the
ones of solution (c), it is expected that the solution
(¢) can suppress the high order tune shift terms more
sufficiently.

4.4 Choosing a quiet tune with FMA

As the former discussions, a better solution of the
harmonic sextupoles is reached, but for the tunes of
22.22, 11.32, there is still a serious nonlinear reso-
nance (3Q, —2@Q, = 44) in the dynamic aperture.
As a structure resonance, it may lead the injected
beam to loss, and thus reduce the injection efficiency.
It is difficult to control the tune shift to keep away
from this resonance by readjusting the strengths of
the harmonic sextupoles without reduction of the dy-
namic aperture, so new tune should be chose in order
to get a better frequency map. In a small tune zone,
the FMA is a good method of tune scan by using
the diffusion rate. We select two tunes close to the
referent one (Q,, Q, =22.22, 11.32), and avoid new
serious nonlinear resonance affecting the injection by
considering elaborately the tune diffusion rate shown
in the bottom figure of Fig. 3, where the two new
tunes are denoted by ‘0’. The dynamic apertures and
frequency maps of the two new tunes are showed in
Fig. 4, in which the left two figures are for the tune
of 22.22, 11.29, and the right two figures are for the
tune of 22.233, 11.294. The most remarkable nonlin-
ear resonance is 2Q), +2Q, = 67 in both frequency
maps. The inter parts of the dynamic apertures are
resonance-free, and this is helpful to increase the in-
jection efficiency.

F 2042067 ~12
~10
-3
-6
11.35
1130 —4
= 1125
-
11.20
1115 0
22.15 2220 2225 22.15 2220 2225
VX VX

Fig. 4. Frequency maps and dynamic apertures at the tunes of 22.22, 11.29 (the left two figures) and 22.233,

11.294 (the right two figures).
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Table 5. The driving term values of 22.22,
11.29 and 22.233, 11.294, as well as the cases
without harmonic sextupoles.

without HS solution ¢ without HS solution ¢
eI 9 99.11.29 22.22,11.29 22.233,11.294 22.233,11.294
lh1o110]  31.093 3.6365 32.479 3.4880
|h10200]  8.6553 5.2876 7.7165 4.5917
lh1oo20|  125.12 5.1990 126.49 5.2393
|h21000| ~ 48.533 0.6427 50.918 0.3449
lhsoooo|  5.4683 1.5424 4.8889 1.4827
lhoooot|  11.449 11.472 11.245 11.278
lhoozo1|  1.0654 1.6802 1.0447 1.6545
|hozooo| 171630 1414.2 173060 1442.3
lhi1110] 144440 1340.5 146170 1325.9
|hoozzo|  4900.7 654.35 5542.5 688.98

Table 5 lists the values of the first order driving
terms and linear tune shift terms, including the two
new tunes and the cases without harmonic sextupole
compensation. All the considered terms have been
suppressed sufficiently in both two tunes with the |

same solution of harmonic sextupoles.

5 Investigation of the nonlinear be-
haviors of off-momentum particles

Figure 5 depicts the dynamic apertures of the hor-
izontal plane and the longitudinal plane, in which the
left two figures are for the tune of 22.22, 11.29, and
the right two figures are for the tune of 22.233, 11.294.
We don’t consider the radiation and the energy com-
pensation of cavity here. When there is no transverse
amplitude, the first resonance of off-momentum par-
ticle occurs at 6 = —3% and 3% for the tune of 22.22,
11.29, and at —5% and 4.5% for the tune of 22.233,
11.294. Fig. 6 shows the working points as a function
of momentum deviation, where the difference reso-
nance @, — @, = 11 occurs at about 4.5% of the
momentum deviation for both the two tunes. With
the large resonance-free momentum acceptances, it is
easy to increase the beam lifetime.

22.0 22.1 222

Fig. 5.
figures are for 22.233, 11.294.

0.30 —
028 |- o5 N ,
i [p— L @2222/11.29 N,
- 026 o @ e
o ——— - v, @22.233/11.294 Y
0.24 R
0.22

Fig. 6. The working points as a function of mo-
mentum deviation.

22.5 22.0

22.1

Frequency map with momentum deviations, the left two figures are for 22.22, 11.29, and the right two

Asymmetry of the  function is the main reason
for asymmetry of the dynamic aperture with respect

2 and it strongly de-
[23]

to the momentum deviation!
pends on the correctional effect of the sextupoles
For a better nonlinear solution of the sextupoles, the
B function should vary smoothly with momentum
deviation, and avoid large (-beating, in order that
symmetric dynamic aperture with respect to momen-
tum deviation can be achieved. Fig. 7 plots § as a
function of momentum deviation. In fact, the 8 func-
tions of two tunes have the same variation. These
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results are acceptable, because the square roots of
the 3 functions have small range, which is from 2.8
for momentum deviation of 3% to 3.5 for momentum
deviation of —3% in the horizontal plane, and from
2.4 to 2.6 in the vertical plane approximately. The
common optical mode of the SSRF storage ring has
little dispersion in the long straight section (0.15 m),

so the centre of the off-momentum dynamic aperture
moves from —4.5 mm for —3% momentum deviation
to 4.5 for 3% momentum deviation in the horizon-
tal plane. It is even impossible to get a symmetric
dynamic aperture with a consist g-function with mo-
mentum deviation.

Figure 8 depicts the dynamic apertures of off- and
on-momentum particles for the two tunes, which are
obtained by tracking for 1000 turns. The symme-
tries are good, and the acceptances are ample to get
high injection and long beam lifetime. The size of the
physical chamber in the SSRF storage ring is 32 mm
in the horizontal plane, and 16 mm in the vertical
plane without insertion device. The max S-function
along the ring is about 25 m in the horizontal plane
and 15 m in the vertical plane, shown as Fig. 1, so the

4 ' 1
—0.06 —0.04 —0.02 0 0.02 0.04 0.06 max aperture in the centre of the long straight sec-
tion, scraped by the vessel, is about 20, 10 mm (hori-
Fig. 7. 3 functions as a function of momentum zontal, vertical), which are smaller than the dynamic
deviation. apertures resulting from the optimum solutions.
40
—— =0
b =3 wm
30 F— = —8=3% -
£ 20 - . A L
~ . - L.
."‘/‘// ‘\.\\
- A P L
10 / , AN
7 *
i~
O A 1 1 | | | & - > »
-30 -20 —-10 0 10 20 30 -30 -20 —10 0 10 20 30
x/mm x/mm
Fig. 8. Dynamic apertures of off- and on-momentum particles, tracking for 1000 turns, the left figure is for

Qz,Qy = 22.22, 11.29, and the right one is for Q.,Q, = 22.233, 11.294.

6 Conclusions

With the application of FMA to the SSRF storage
ring, the fine structure of the nonlinear resonance is
revealed, and it shows that the restriction of dynamic
aperture is not some single resonance but the inte-
grated effect of nonlinear driving force in the modern
third generation light source. With the information
about the tune shift of FMA, nonlinear optimum solu-
tions resulting from optimization algorithm have been
improved. Some quiet tunes close to the referent ones

| can be found with the tune scanning carried out by

frequency maps. The two benefits of FMA, i. e. tune
shift with amplitude and tune diffusion rate, are ap-
plied to the nonlinear optimization process, and bet-
ter solutions are obtained without ambiguously find-
ing a better tune in the tune diagram or frequently
revisiting the optimization algorithm. It is claimed
that this optimization method or process can be ap-
plied in the other third generation light source storage
ring, and can reach large dynamic acceptance, which
avoids serious nonlinear resonance.
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