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Study of ππ final state interactions in

ψ(2S)→π+π−J/ψ*
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Abstract The π+π− transition of heavy quarkonia in decay ψ(2S)→π+π−J/ψ is studied. With the BESII

data on the decay ψ(2S)→π+π−J/ψ, we update the values of coupling constants (gi) and chromopolarizability

(αψ(2S)J/ψ) in this process.
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1 Introduction

The transition ψ(2S) → π+π−J/ψ has been a

unique laboratory for studying the strong interac-

tion between the heavy quarks and the low energy

di-pion system. In recent years, with more and more

data accumulation many analyses of this transition

have been performed. One commonly used method,

the QCD multipole expansion, based on QCD the-

ory for such a study was developed[1]. Recently, the

transition of ψ(2S) → π+π−J/ψ was suggested as

a laboratory to extract the value of the chromopo-

larizability αψ(2S)J/ψ, which appears when describing

the interaction of J/ψ with soft gluons in the QCD

multipole expansion[2]. This transition was also stud-

ied by using phenomenological models, like effective

Lagrangian based on the chiral perturbation theory

(ChPT)[3]. In the ChPT method, the matrix elements

of the decay amplitude are determined by using the

mass spectrum of the low energy di-pion system. In

recent studies[4, 5], it was found that the final state

interaction (FSI) in the di-pion system plays an im-

portant role in extracting the value of chromopolariz-

ability αψ(2S)J/ψ and the ChPT matrix elements. As

studied in Ref. [5], it was found that when consider-

ing S-wave ππ FSI, the value of chromopolarizability

was reduced to about 1/3 of those without ππ FSI.

Similarly, in the ChPT model[4], it was also found

that the fit to the di-pion mass spectrum is improved

when considering the FSI in the di-pion system, and

the coupling constant g is reduced to about 1/3 of the

ChPT model without FSI.

Recently, the BES collaboration analyzed the

transition of ψ(2S) → π+π−J/ψ with a 14 M ψ(2S)

sample and published the results for the π+π− invari-

ant mass spectrum[6]. In this work, we adopt the same

amplitude as used in Refs. [4, 5], and update our pre-

vious values of coupling constants gi and chromopo-

larizability αψ(2S)J/ψ extracted from fitting to the

data and the decay width of the ψ(2S)→π+π−J/ψ.

2 Brief formalism

2.1 Chiral effective Lagriangian

In the π+π− transition process, the Lagrangian

in the lowest order based on ChPT constructed by

Mannel et al. can be written as[3]

L = L0 +LS.B., (1)

L0 = gA(ν)
µ B(ν)µ∗Tr

[

(∂ν U)(∂ν
U)†

]

+

g1A
(ν)
µ B(ν)µ∗Tr

[

(υ ·∂U)(υ ·∂U)†
]

+

g2A
(ν)
µ B(ν)µ∗Tr

[

(∂µ
U)(∂ν

U)†+

(∂µ
U)†(∂ν

U)
]

+h.c., (2)
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LS.B. = g3A
(ν)
µ B(ν)µ∗Tr

[

M (U +U †−2)]+

ig′εµναβ
[

υµA(υ)
ν ∂α B(υ)∗

β

]

−

(∂µ A(υ)
ν )υαB(υ)∗

β ]Tr[M (U −U †)]+h.c., (3)

where Tr denotes the taking the trace, L0 is the lead-

ing term obeying chiral symmetry, LS.B. is the leading

term caused by chiral symmetry breaking. U is a uni-

tary 3×3 matrix that contains the Goldstone fields,

Aν
µ and Bν

µ are the fields of the initial and final 1−

states of heavy quarkonia, respectively, and υ is the

velocity vector of A. M = diag{mu, md, ms} is the

quark mass matrix, and gi denotes the coupling con-

stants. Then the tree diagram amplitude for decay

ψ(2S) → π+π−J/ψ in the rest frame of ψ(2S) has

the form

A(ψ(2S)→π+π−J/ψ) =−
4

f 2
π

{[

g

2
(m2

ππ−2M 2
π)+

g1(υ ·pπ+)(υ ·pπ−)+g3M
2
π

]

ε∗
J/ψ ·εψ(2S)+

g2[pπ+µpπ−ν +pπ+νpπ−µ]ε∗µ
J/ψεν

ψ(2S)

}

, (4)

where m2
ππ = (pπ+ + pπ−)2, εJ/ψ and εψ(2S) are the

polarization vectors of the heavy spin-1 quarkonia,

and fπ = 93 MeV is the decay constant of pion. In

the rest frame of decaying particle ψ(2S), υµ = (1,0),

then (υ ·pπ+)(υ ·pπ−) = p0
π+p0

π−
, p0

π+ and p0
π−

are the

energy of π+ and π− in the lab frame, respectively. It

is found that the last term in Eq. (4) is strongly sup-

pressed experimentally in the charmonium decay[3],

thus we can set g2 = 0, and then the amplitude can

be written as

A(ψ(2S)→π+π−J/ψ) =−
4

f 2
π

[

g

2
(m2

ππ−2M 2
π)+

g1p
0
π+p0

π− +g3M
2
π

]

ε∗
J/ψ ·εψ(2S) . (5)

It is easy to see that the g1-term contains a D wave

component, under Lorentz transformation, p0
π+p0

π−

can be expressed as[7]

p0
π+p0

π− = A(q2)P0(cosθ∗
π)+B(q2)P2(cosθ∗

π), (6)

with

A(q2) =
1

4
q2 +

1

6
|pJ/ψ|

2

(

1+
2m2

π

q2

)

,

B(q2) = −
1

2
|pJ/ψ|

2

(

1−
4m2

π

q2

)

,

where q is the total four-momentum of the di-pion

system. P0(cosθ∗
π) = 1, P2(cosθ∗

π) =
1

2

(

cos2 θ∗
π−

1

3

)

are the Legendre functions.

On the other hand, the S-wave ππ FSI plays an

important role in π+π− transition, and should be in-

cluded in the calculation. Because ChPT amplitudes

in the O(p2) order are adopted as the kernel of the

coupled-channel Bethe-Salpeter equations (BSE), the

D-wave ππ FSI cannot be included[4].

Considering the S-wave ππ FSI in the ChUT ap-

proach, the S-wave ππ phase shift data can be de-

scribed with one parameter which is a 3-momentum

cut off in the di-pion loop integral qmax = 1.03 GeV[8].

The full amplitude of the progress ππ→π+π− can be

expressed as

〈π+π−|T |π+π−+π−π+ +π0π0〉= 2T I=0
ππ,ππ, (7)

where T I=0
ππ,ππ is the full S wave ππ → ππ coupled-

channel amplitude for I = 0. Then the decay ampli-

tude of ψ(2S)→π+π−J/ψ is modified to

A(ψ(2S)→π+π−J/ψ) =A0+A0s
•Gπ(q

2) • 2T I=0
ππ,ππ(q

2),

(8)

where A0 is the amplitude of the tree diagram, A0s

is the S wave component of A0. Gπ(q
2) is the di-pion

loop integral

Gπ(q
2) = i

∫
d4q′

(2π)4
1

q′2−m2
π+iε

1

(p′−p−q′)2−m2
π+iε

,

where q = p′ − p, p′ and p denote the momenta of

the initial and the final states, respectively. The loop

integral can be calculated by introducing the cutoff

qmax = 1.03 GeV.

The differential width for the A → Bπ+π− decay

reads

dΓ =
1

(2π)3
1

8M 2
A

∑∑

|A|2|p∗
π||pB|dmππdcosθ∗

π,

(9)

where
∑∑

represent the average over the polar-

izations of A and sum over the polarizations of B.

p∗
π is the momentum of pion in the rest frame of the

ππ system, and pB is the momentum of B in the rest

frame of the decaying particle.

|p∗
π|=

√

m2
ππ

4
−m2

π ,

|pB|=
1

2MA

×

√

(M 2
A−(mππ+MB)2)(M 2

A−(mππ−MB)2).

Then the differential decay width for ψ(2S) →

π+π−J/ψ can be written as:
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dΓ (ψ(2S)→π+π−J/ψ) =



























































1

(2π)3
2

M 2
ψ(2S)f

4
π

∣

∣

∣

g

2
(m2

ππ−2m2
π)+g1(A(q2)P0(cosθ∗

π)+B(q2)P2(cosθ∗
π))+

g3m
2
π|

2|p∗
π||pJ/ψ|dmππdcosθ∗

π, without ππ FSI

1

(2π)3
2

M 2
ψ(2S)f

4
π

∣

∣

∣

(

g

2
(m2

ππ−2m2
π)+g1A(q2)P0(cosθ∗

π)+g3m
2
π

)

×

(1+2Gπ(q
2) • T I=0

ππ,ππ(q
2))+

g1B(q2)P2(cosθ∗
π)|

2|p∗
π||pJ/ψ|dmππdcosθ∗

π . with ππ FSI.

(10)

2.2 Chromopolarizability

By using the QCD multipole expansion method,

we can measure the chromopolarizability which is the

diagonal amplitude of the E1-E1 chromo electric in-

teraction with soft gluon fields. The amplitude for

the π+π− transition can be written as[2]

A(ψ(2S)→π+π−J/ψ) = 2
√

Mψ(2S)MJ/ψ ×

αψ(2S)J/ψ

〈

π+π−

∣

∣

∣

∣

1

2
Ea ·Ea

∣

∣

∣

∣

0

〉

≈

√

Mψ(2S)MJ/ψαψ(2S)J/ψ

8π2

b
(q2−C), (11)

where αψ(2S)J/ψ is the chromopolarizability we want

to measure, the factor 2
√

Mψ(2S)MJ/ψ is the normal-

ization constant of the decay amplitude.
8π2

b
(q2 −C)

is the dominant part of the di-pion production am-

plitude by the gluonic operate Ea ·Ea determined by

the trace anomaly and chiral algebra, where b is the

first coefficient in the QCD β function with three light

flavors, and C is a constant which denotes approxi-

mately the contributions of subleading terms and de-

pends on the total energy of the pion pair[5].

When the S-wave ππ FSI is taken into account,

the amplitude is modified to

A(ψ(2S)→π+π−J/ψ) =
8π2

b

√

Mψ(2S)MJ/ψ ×

αψ(2S)J/ψ(q2−C)×(1+2Gπ(q
2)T I=0

ππ,ππ(q
2)), (12)

where Gπ(q
2) and T I=0

ππ,ππ(q
2) are the same as in

Eq. (8). Then in terms of Eqs. (9), (11) and (12),

the differential width for ψ(2S) → π+π−J/ψ can be

written as:

dΓ (ψ(2S)→π+π−J/ψ) =































2πMJ/ψ

b2Mψ(2S)

|αψ(2S)J/ψ|
2(q2−C)2|p∗

π||pJ/ψ|dmππ , without ππ FSI

2πMJ/ψ

b2Mψ(2S)

|αψ(2S)J/ψ|
2(q2−C)2×|1+2Gπ(q

2)T I=0
ππ,ππ(q

2)|2|p∗
π||pJ/ψ|dmππ .

with ππ FSI

(13)

The parameters in the amplitudes, g, g1, g3 and

αψ(2S)J/ψ, will be determined by fitting the ampli-

tudes to the BES/ data[6], together with the decay

width of Γ (ψ(2S)→π+π−J/ψ) = 107.166±6.156 keV

from PDG[9].

3 Results and discussion

The fit method is similar to the one used in

Ref. [6]: the detection efficiency is considered in the

definition of likelihood function, and the free parame-

ters are optimized by using MINUIT[10] in the CERN

library, and the χ2 definition used to check the good-

ness of fit has the same definition as in Ref. [6].

The fitted π+π− invariant mass spectra are shown

in Fig. 1, and the resultant parameters through the

best fitting are listed in Table 1 and Table 2, respec-

tively. If we ignore g3 in fitting and without inclusion

of ππ FSI as suggested in Ref. [3], the value of g1/g

will be almost the same one as in Ref. [3], while the

value of g is reduced to about 2/3 of the value given

in Ref. [3]. In the case of with ππ FSI, the fitting

result shows that the the value of g3 is so small that

we can take g3 = 0, which is consistent with the result

in Ref. [4]. The value of g1/g is almost the same as

in Ref. [3]. It should be noted that the unit of the

value of g in Ref. [3] is GeV, so we cannot compare

the value we get with the value in Ref. [3] directly,

however, this value is consistent with the one given

in the Doctoral dissertation[11] of the Ref. [3] author.

The values of αψ(2S)J/ψ and C are slightly different
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Fig. 1. The fitting result of the π+π− invari-

ant mass spectrum for the ψ(2S)→π+π−J/ψ

decay using the decay amplitude Eqs. (5), (8).

The solid and dashed curves are fitted without

and with S-wave ππ FSI, respectively. The

points with error bar are data
[6]

. The fit using

amplitudes Eqs. (11), (12) have similar distri-

bution.

from the values given in Ref. [5]. The χ2 value/ num-

ber of degrees of freedom (ndf) is almost the same in

the two sets of the fit with or without π+π− FSI. It

should be mentioned that the errors in Table 1 and

Table 2 not only include the statistical errors, but

also include the experimental uncertainties of the to-

tal decay width. That is why the errors are larger

than the ones given in Ref. [5].

Table 1. Resultant coupling constants gi for

ψ(2S) → π+π−J/ψ decay without and with

ππ S-wave FSI.

FSI g g1/g g3 χ2/ndf

without ππ FSI 0.219±0.007 −0.336±0.005 0 1.2

with ππ FSI 0.081±0.003 −0.327±0.006 0 1.3

Table 2. Resultant parameters αψ(2S)J/ψ and

C for ψ(2S) → π+π−J/ψ decay without and

with ππ S-wave FSI.

FSI αψ(2S)J/ψ/GeV−3 C(m2
ππ) χ2/ndf

without ππ FSI 2.53±0.09 4.49±0.04 1.2

with ππ FSI 0.92±0.03 4.36±0.05 1.2

4 Summary

With the published BESII data on the ψ(2S) →

π+π−J/ψ, we re-analyze the matrix elements of the

decay amplitudes, and the coupling constants gi and

chromopolarizability αψ(2S)J/ψ are obtained. From

the fitting results we can see that the ππ FSI does

not modify the value of g1/g and C significantly,

but causes about
2

3
decrease of the value of g and

αψ(2S)J/ψ. This indicates that the S-wave ππ FSI

plays an important role in extracting the value of

chromopolarizability αψ(2S)J/ψ and the ChPT matrix

elements.

We are very grateful to Feng-Kun Guo for useful

discussions and comments.
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