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Abstract: Emittance is an important characteristic of describing charged particle beams. In hadron accelera-

tors, we often meet irregular beam distributions that are not appropriately described by a single rms emittance

or 95% emittance or total emittance. In this paper, it is pointed out that in many cases a beam halo should

be described with very different Courant-Snyder parameters from the ones used for the beam core. A new

method — the Courant-Snyder invariant density screening method — is introduced for analyzing emittance data

clearly and accurately. The method treats the emittance data from both measurements and numerical simu-

lations. The method uses the statistical distribution of the beam around each particle in phase space to mark

its local density parameter, and then uses the density distribution to calculate the beam parameters such as

the Courant-Snyder parameters and emittance for different beam boundary definitions. The method has been

used in the calculations for beams from different sources, and shows its advantages over other methods. An

application code based on the method including the graphic interface has also been designed.
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1 Introduction

The emittance and its shape of a beam are impor-
tant physical parameters that express the beam qual-
ity and matching to the beam line it will pass through.
They are important in designing and commissioning
accelerators and beam transport lines. Generally the
emittance of a particle beam is defined as the occu-
pied volume in six-dimensional phase space, but is
usually expressed in the occupied areas of three two-
dimensional projection phase planes, especially when
the beam is decoupled in the phase planes. In electron
accelerators where the beam distribution is almost
Gaussian, one usually uses rms emittance that repre-
sents the occupied area of the rms particle. However,
in hadron accelerators where beam distributions are
often irregular, one uses different definitions to bet-
ter represent the beam distribution in different appli-
cations, for example, rms emittance, 95% emittance
and total emittance. In this paper, we introduce a
new method to evaluate all kinds of beam distribu-

Received 10 March 2011

DOI: 10.1088,/1674-1137/35/11/015

tions for both simulated and measured distribution
data.

2 Emittance expression of a beam dis-
tribution

In decoupled linear beam transport systems, each
particle follows tracks along ellipses in the phase
planes, which can be expressed by the following for-
mula (taking the horizontal phase plane as an exam-
ple):

yr?+2axx’ + Bz =1, (1)

where «, (3, v are the Courant-Snyder parameters
(hereafter referred to as the C-S parameters), and
there is a relationship between them: Sy —a?=1; I
is the Courant-Snyder invariant (hereafter referred to
as the C-S invariant) which is constant during beam
transporting without acceleration. The emittance €
is defined as the area of the boundary ellipse, which
is usually defined as the area divided by 7 and with
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a unit of mmm-mrad. The emittance can be the rms
emittance that represents the second-moment of all
particles, 95% emittance that contains 95% particles
or 100% emittance that contains all particles. A sim-
ulated beam by most simulation codes is a distri-
bution of macro-particles in phase planes or a six-
dimensional phase space. One can calculate the rms
emittance directly from the phase points by using a
statistical method. For example, in the horizontal
phase plane, the rms emittance can be calculated by
the following formulae [1]:

€=/ fla0to2— 11, (2)

where
prao = (x—T)? =22 -7,
Ho2 = (x/_f/)Qzﬁ_?2a
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For a measured beam, the distribution is usually
discrete. One obtains a density distribution c(z;,)

*). Thus, the rms emit-

for a discrete phase point (;, 2/

tance is defined as [2]:
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The C-S parameters for the rms ellipse can be calcu-
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As mentioned in Section 1, the rms emittance is
good to describe beam distributions of a Gaussian
type which one often sees in electron accelerators.
However, the rms emittance does not give sufficient
information about the beam distribution that is ir-
regular as one often sees in hadron accelerators. For
high-intensity hadron accelerators, one has to deal
with the sparse part of a beam (or beam halo) very
carefully to avoid significant beam losses, as beam
losses will have a very important impact on equip-
ment safety and machine maintenance.

Halo particles with large C-S invariants have a
great influence on calculating the rms emittance us-
ing the statistical method. If the halo particles are
irregularly populated, the calculated rms emittance
and the C-S parameters do not reflect the distribu-
tion of the beam core. In addition, sometimes we are
more concerned with the emittance of different beam
fractions. In this case, it is not appropriate to simply
scale the rms emittance. Therefore, it is better to use
a more general expression of emittance that can give
more detailed information on a beam distribution. In
the next section, a new method is introduced to give
different C-S parameters and emittance for different
beam fractions or boundaries.

3 Methods of evaluating beam emit-
tance

There are usually different methods to evaluate
the emittance for either a simulated beam or a mea-
sured beam. A simulated beam means a beam distri-
bution generated by applying a multi-particle simula-
tion code in a section or sometimes end-to-end of an
accelerator. It usually has a continuous distribution
in spite of limited particles. The emittance of such
a beam can be coupled or decoupled in the projec-
tion phase planes. Although a usual emittance anal-
ysis in the phase planes shows only the geometrical
emittance, it is possible to derive the decoupled emit-
tance. For a measured beam, either from a double-slit
system or a pepper-pot system or other methods, the
measured data of beam distribution is discrete or rep-
resented by signals in meshes. It usually contains only
the geometrical emittance information. In addition,
the measurement noise and a typically small bias are
contained in the measured signals. Depending on the
measurement device and the beam quality, a mea-
sured beam distribution is usually less reproducible
and rough due to the mesh size.

3.1 Simulated beams

For a simulated beam, the particle distribution
in the phase space is given from simulation codes and
the rms emittance can be calculated by Eq. (2) within
or outside the codes. This statistical method of cal-
culating the rms emittance is widely used in acceler-
ator simulation software, for instance PARMILA [3],
TRACE 3-D [4] and ORBIT [5]. For different parti-
cle distributions, emittance with different beam frac-
tions can be calculated through the rms emittance by
zooming in/out and keeping the same C-S parameters
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that are calculated together with the rms emittance.
In TRACE 3-D, the total emittance in each phase
plane is five times the rms emittance in that plane. In
most hadron accelerators, 95% beam emittance that
contains 95% of the total particles is used. However,
for high beam power hadron accelerators it is better
to use total beam emittance as halo particles are also
important in the operation [6].

3.2 Measured beams

As mentioned above, the measurement noise and
a typically small bias are contained in the measured
signals. Thus, the contribution from the background
must be minimized before calculating the rms emit-
tance by Eq. (3).
calculate the rms emittance of a measured beam dis-
tribution are described and commented on.

1) Threshold analysis method

Applying a threshold commonly means that all
values of a distribution above the threshold remain

Here two influential methods to

unchanged while all values below the threshold are
set to zero [7]. Various methods have been developed
to select the most appropriate threshold. For exam-
ple, a given percentage of the maximum peak signal,
a given percentage of the summed beam current and
so on can be used for the threshold definition.

In addition, the small biases contained in the mea-
surement data need to be subtracted to obtain a bet-
ter calculation accuracy. Usually, bias estimates can
be obtained using a frequency-weighted average of the
small measured signals that are far from the beam
core.

2) SCUBEEXx analysis method

For the self-consistent unbiased elliptical exclusion
(SCUBEEXx) [8, 9] method, the C-S parameters are
calculated first from the data after thresholding them
at a high percentage of the peak signal (20% for in-
stance) to exclude all background signals. These C-S
parameters define the shape of the exclusion ellipse,
and then zoom into the exclusion ellipse starting at
zero. The average of the signals measured outside the
exclusion ellipse is taken as the bias and needs to be
subtracted from the raw data. The rms emittance
can be evaluated from the data within the ellipse af-
ter subtracting the average current signal found out-
side the ellipse. As the exclusion ellipse’s area is in-
creased, both the average outside current and the in-
side rms emittance form plateaus when all data con-
taining part of the particle beam are inside the bound-
ary. These plateau edges mark the smallest accept-
able exclusion ellipse and provide unbiased estimates
for the average background and rms emittance (as

Fig. 7 in Ref. [9] shows).

3.3 C-S invariant density screening method

The methods discussed above are good to evalu-
ate the rms emittance of regular beam distributions
that are symmetric and have the same contour shape
for the inner and outer parts. In these cases, when
calculating the emittance of different beam fractions,
one can zoom in/out of the rms ellipse. However, for
some beams with irregular distributions simple rms
emittance calculation methods are not appropriate.
For example, for a beam with a large halo that may
be non-symmetric or incomplete due to the accep-
tance limit, errors can arise in calculating the rms
emittance, because the halo particles with large C-S
invariants have very important weights to the calcu-
lations. Another example is for a beam that has dif-
ferent orientations for the beam core and the beam
halo in the phase plane. In this case, it is better to
use different C-S parameters to express the emittance
shapes of the beam core and the beam halo. In ad-
dition, to better evaluate the importance of a macro-
particle or a signal by minimizing the statistical errors
or noise, one can use its neighboring particles or sig-
nals. This can be done by counting the particles or
signals in a small phase ellipse defined by a given C-S
invariant, namely, the C-S invariant density is used to
mark the particle or signal. The emittance of different
beam fractions can be calculated by including parti-
cles or signals with different density thresholds. This
is called the C-S invariant density screening method.
More details about the method are described below.

Usually a beam distribution has a denser core and
sparser halo, and this is the case to be dealt with
by the new method. Certainly it is possible to see
beams with irregular distributions of poor symmetry,
e.g. those having several islands, and they cannot be
dealt with by the method very effectively.

Before the C-S parameters have been calculated,
an initial set of C-S parameters (=1 m, «=0) that
are quite arbitrary are given. In order to determine
the C-S invariant density for each particle, one can
count the number of macro-particles within a small
ellipse that is centered on the particle with a pre-set
ellipse size and uses the initial C-S parameters. Then
after, all the particles are labeled by their C-S invari-
ant densities. There are two ways to use the density
distribution: 1) Calculate the rms emittance by rul-
ing out the outermost halo particles. One just needs
to set a threshold on density to rule out sparse the
irregular halo particles, and takes the usual statisti-
cal method to obtain the rms emittance and the C-S
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parameters. This part is similar to the two meth-
ods discussed above. 2) Calculate the C-S invariant
boundary and the C-S parameters for any given beam
fraction. Or one can calculate the beam fraction for a
given C-S invariant boundary. For the latter, by set-
ting a density and a narrow window, one can calculate
the fit ellipse for the selected particles and the beam
fraction with all the particles within the ellipse. In
this way, one can obtain the beam fraction and the C-
S parameters for the beam core, the beam halo or any
given C-S invariant boundary. One needs to repeat
the above procedures again by replacing the initially-
set C-S parameters with the calculated ones so that
the orientation of the small ellipse for calculating the
C-S invariant density can be better presented. The
test experience shows that the calculation results are

not susceptible to the definition of the small ellipse; |

therefore, repeating once is usually good enough to
obtain a good definition of the ellipse. In addition,
the size of the small ellipse is chosen by input tests ac-
cording to the total emittance size to balance between
the statistical effect and the fine contour definition.

With the C-S invariant density screening method
one can describe the emittance and the C-S parame-
ters for different beam fractions more accurately, and
it can be applied to both the simulated and mea-
sured data. To some extent, the C-S invariant den-
sity method is similar to the threshold method and
the SCUBEEx method, but it is applicable to both
the simulated beam distributions and the measured
beam distributions whereas the other two are applica-
ble only to the measured beam distributions. Fig. 1
shows the procedures in applying the C-S invariant
density screening method.

parameters and |«
emittance

b O A calculate C-S LS denisit
input distribution p| ¥ 8 b}?;"dm" % L3 density for cach p - o dt\:uy
arotrary particle/mesh fndo
calculate C-S o fit ellipse for = select particles within|
.

selected particles

the window

first

calculation? Y-

calculate C-5 density

with new C-S
parameters

N— end

Fig. 1.

4 Practical applications of the C-S in-
variant density screening method

4.1 For a simulated beam distribution

A simulated beam with a normal beam core and
a halo part is used for the study of the effectiveness
of different emittance evaluation methods. It comes
from the study of the scattering effect of the proton
beam crossing through a PBW (Proton Beam Win-
dow) in the RTBT beam transport line at CSNS [10,
11]. Fig. 2 shows the calculated 95% emittance el-
lipse of the simulated beam at the CSNS target by
using the rms ellipse zooming method and the C-S
invariant density screening method. The parameters
of the ellipses from the two methods are compared in
Table 1. One can find that there is a large difference

Procedures of the C-S invariant density screening method for emittance analysis.
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100 - zooming rms emittance
C-5 invariant density
50
E
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—200 =100 0 100 200
x/mm
Fig. 2. Comparison of the 95% emittance

ellipses between the rms ellipse zooming
method and the C-S invariant density screen-
ing method for a scattered beam through a
PBW.
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Table 1. Parameters of the 95% emittance ellipse by the rms ellipse zooming method and the C-S invariant
density screening method.
method emittance/(7-mm-mrad) alpha beta/m
RMS ellipse zooming 1075.4 —1.82 5.10
C-S invariant density screening 191.5 —1.86 14.15

between the two methods in evaluating the C-S pa-
With
the C-S invariant density method, one can define the
phase ellipse shape much more accurately than the

rameters when the distribution is irregular.

rms zooming method. This is important when one
designs a transverse matching system in a beam line
to a beam with an irregular distribution; or one can
estimate the maximum accepted portion for a given
acceptance in the same situation.

4.2 For a measured beam distribution

A set of measured emittance data from ISIS,
Rutherford Appleton Lab (RAL) is also used to eval-
uate the C-S invariant density method. These data
were obtained by applying a double-slit emittance
measurement system to a 65 keV H~ beam extracted
from a PIG H™ ion source. Fig. 3 shows the contours
of the raw data in the vertical phase plane. Fig. 4
shows the C-S invariant density contours for the same
data. One can find that the two contours are differ-
ent, as the C-S invariant density contour shows more
hiberarchy. This is because the density at each mesh
point is calculated with the intensities in the neigh-
boring meshes defined by a given C-S invariant ellipse
having the C-S parameters fit to the distribution.
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Fig. 3.

of the measured emittance data for a beam

Contour plot in the vertical phase plane

extracted from a PIG H™ ion source in ISIS,
RAL.

By applying the threshold method, the SCUBEEx
method and the C-S invariant density screening
method to the same data, one can make a compari-

son. Fig. 5 shows the emittance as a function of beam
fraction by applying the three methods. The dashed
and dotted lines are obtained by zooming the rms
emittance ellipse, and the solid line is obtained by
the data fitting with different C-S invariant densities.
One can find that the three methods give almost the
same result for the beam core and quite different ones
for the halo part that has a beam fraction larger than
0.85. This can be explained by the fact that they are
equally effective in dealing with a regular distribution
such as the beam core in the data, but the hiberar-
chy with the C-S invariant density method has the
advantage in clarifying the beam halo.
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Fig. 4. C-S invariant density contour plot for
the same data as shown in Fig. 3.
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Figure 6 shows the C-S parameters calculated
It
shows clearly that the C-S parameters change from
the beam core to the beam halo, while they are sup-
posed to be constant in the other two methods. This
shows the important advantage of the C-S invariant
density screening method in calculating the shapes of

by the C-S invariant density screening method.

the emittance ellipses for different beam fractions.
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Fig. 6. C-S parameters evaluated by applying

the C-S invariant density screening method to
the data shown in Fig. 3 as a function of beam
fraction.
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The imitated data are used for further testing
to evaluate the C-S invariant density method. The
imitated beam is obtained by applying a double-slit
measurement system to a simulated distribution that
is from a simulation study on the beam halo devel-
opment after RFQ acceleration using the PARMILA
code [12], and small random data are also added as
noise background as shown in Fig. 7. The top left and
right plots are the contours of the imitated beam and
the C-S invariant density. In the top right plot one
can see more details of the beam distribution such as
the beam halo as well as the noise, as the contours
can be made in smaller steps.

The bottom left plot in Fig. 7 shows emittance as
a function of beam fraction by applying the threshold
method, the SCUBEEx method and the C-S invari-
ant density screening method to the imitated data.
Smaller emittance for a given beam faction means
that the method is more effective, and this means the
C-S invariant density screening method is the most
effective one among the three methods. It should be
pointed out that for a selected density window situ-
ated at a peak, the selected particles populate a filled
ellipse instead of a ring-type ellipse, thus it is better
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Fig. 7. The contours of the imitated data and some analysis results.
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to use a selected density slightly lower than the peak
density and zoom out from the ellipse when a smaller
beam fraction is needed.

The bottom right plot in Fig. 7 shows the C-S
parameters calculated by the C-S invariant density
screening method. The beam fraction of about 0.7
separating the beam core and the beam halo can be
seen in the curves related to the C-S invariant density
screening method in the bottom left plot. Here, one
can see a large difference between the C-S parame-
ters for the beam core and the beam halo. However,
the halo definition using the abrupt change in the C-
S parameters is perhaps useful in many applications,
although it is quite different from the usual one using
a beam fraction greater than 0.95.

These results evaluate the C-S invariant den-
sity screening method further and indicate that this
method is effective.

4.3 IDMEA code

An emittance analysis code - IDMEA (Invariant
Density Method for Emittance Analysis) based on the
C-S invariant density screening method including the
graphic interface has been developed by using Matlab
[13]. With this code, one can perform the emittance
analysis intuitively.

The three examples mentioned above show that
the C-S invariant density screening method is effec-
tive in analyzing the emittance for most beam dis-
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