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Laser Compton scattering for a linearly polarized laser *
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Abstract: Laser Compton light sources are potential candidates for the next generation of high-brightness X

or γ-ray sources. When increasing the laser power to obtain intense X-ray laser, nonlinear Compton scattering

happens. Nonlinear Compton scattering of linearly polarized laser beam is discussed in this paper. A complete

transition probability formula is introduced and the polarization properties of final photons are discussed for

different conditions.
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1 Introduction

In the interaction process between electron and

laser beams, if the laser intensity parameter η in-

creases to a high value, nonlinear Compton scatter-

ing (NLCS) happens, i.e. an electron absorbs multi-

photons from the laser field and radiates a single pho-

ton. Through the Compton scattering of a polarized

laser and a relativistic electron beam, high energy and

polarized X (or γ)-rays can be obtained [1].

This new light emitted from linear or nonlinear

Compton scattering has lots of excellent properties:

ultrashort and tunable wavelength, wide energy spec-

trum, highly collimated, ultrahigh brightness, ultra-

short pulses and it is highly polarized [∼ 100%]. Due

to these excellent properties, laser Compton X-rays

can be used in wide research fields: providing a new

insight into natural (structural biology) and life sci-

ences; studying structural and electronic properties

of matter on an atomic scale; analysis of chemical

reactions at ultrafast time resolution; application in

high energy and particle physics (such as generation

of polarized positron sources, e+e− pair creation, γγ

collider, CP violation, etc. [2–4]).

The rest of this paper is organized as follows: In

Sec. 2, an analytical formula of the transition proba-

bility and the Monte-Carlo simulation of NLCS scat-

tered photons for a linearly polarized laser are given,

the energy and angle distributions are reported, then

the characteristics of final photon polarization are dis-

cussed. Finally, the conclusions are given in Sec. 3.

2 Strong laser Compton scattering

2.1 Compton scattering process

The intensity of a laser field is characterized by

a dimensionless invariant parameter η [5–7], which is

defined by the 4-vector-potential Aµ of the laser field

η≡ e
√

−〈AµAµ〉
mc2

=
λL

2σL

√

PL[GW ]/43 , (1)

where e and m are the charge and rest mass of the

electron, c is the light speed, PL, λL and σL are the

power, wavelength and minimum rms spot size of the

laser pulse, the brackets represent the local average

over the laser phase. Laser intensity parameter η char-

acterizes the nonlinear effect (nonlinear quantum ef-

fect) in the Compton scattering process. When the

laser parameter η is small, an electron absorbs only

one photon, this is normal Compton scattering, or

linear Compton scattering, which can be represented

as

e+γL → e′+γ , (2)

where γL represents the photon from the initial laser,

γ is the emitted high-energy photon, e(e′) is the initial
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(scattered) electron, as shown in Fig. 1(a). When in-

creasing the laser intensity η to obtain intense X-ray,

the nonlinear effect happens: an electron has a chance

to absorb multiple photons from the laser field and

radiate a single high energy photon, which is called

NLCS, i.e.

e+nγL → e′ +γ , (3)

where n > 1 indicates the number of absorbed pho-

tons, as shown in Fig. 1(b).

Fig. 1. (color online) Processes for linear

Compton scattering (a) and nonlinear Comp-

ton scattering (b).

2.2 Kinematics

When an electron moves in a strong laser field,

its kinematics process is affected by the laser field,

and its average momentum (which is called ‘quasi-

momentum’) is given by [8, 9]

qµ ≡〈ψ| p̂µ |ψ〉= pµ +
m2η2

2(kp)
kµ , (4)

where pµ, p̂µ and ψ are the 4-momentum, 4-

momentum operator and wavefunction of the elec-

tron, and kµ is the 4-wavenumber of the photon. The

conservation of energy and momentum of the electron

in a strong laser field is substituted by their relevant

4-quasi-momenta q and q′:

q+nk= q′+k′ . (5)

The quantum effect in a Compton process can

be characterized by an invariant parameter λ =

2k·p/m2 ≈ 4ωE/m2, where ω(E) is the energy of the

laser photon (initial electron), and ‘≈’ means the ap-

proximation for relativistic incident electron beam.

The final photon energy ω′ is expressed by a di-

mensionless Lorentz invariant parameter x:

x=
k·k′

k·p =
nλ

1+η2 +nλ+u2
≈ ω′

E
, (6)

where u≈ γθ and θ is the scattering polar angle.

As all colliding cases can be changed into ‘head-

on’ colliding through Lorentz transformation, we will

adopt ‘head-on’ framework throughout the present

paper for the simplicity of defining the azimuthal

scattering angle φ, which is shown in Fig. 2. For a

relativistic electron beam, the scattered photons are

limited in a narrow cone with a half-opening angle

of 1/γ. From Eq. (6), one can obtain the energy of

scattered photon for the head-on scattering case,

ω′

n =
n(1+β)ω

1−β cosθ+

[

n~ω

γmc2
+

η2

2(1+β)γ2

]

(1+cosθ)

,

(7)

where β is the normalized velocity of the initial elec-

tron, and θ is the backscattering polar angle of scat-

tered photons. The frequency ω′

n corresponds to the

nth harmonic of ω. The maximum energy of scat-

tered photons emitted from backward direction (i.e.

θ= 0) is given by

xn,max =nλ/(1+η2 +nλ) . (8)

Fig. 2. (color online) Head-on frame for scat-

tering process.

2.3 Transition probability

A collision process can be treated by the following

superposition [9]
∑

f

|f〉〈f S i〉 , (9)

where |i〉 denotes the initial states and |f〉 the final

states. The coefficient Sfi = 〈f S i〉 is called scat-

tering matrix or S-matrix. The S-matrix element for

a transition of the electron from the initial state ψp

to the final state ψp′ with emission of a high energy
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photon having 4-momentum k′µ = (ω′,k′) and polar-

ization 4-vector ε′ is expressed as [9]

Sfi =−ie

∫
ψ̄p′ γ·ε′∗ψp

eik′x

√
2ω′

d4x . (10)

Square |Sfi|2 gives the transition probability (inter-

action rate) per unit time by an electron of the scat-

tering from an initial state |i〉 into a final state |f〉,
i.e.

W |i→f = |Sfi|2 =

∞
∑

n=1

Wn , (11)

where Wn is the transition probability for n photons

absorbtion(nth harmonic). For a certain energy x

and azimuthal angle φ, Wn can be expressed by

Wn =

∫
Wn(x,φ)

dxdφ

2π
. (12)

After using Volkov’s solution and the polarization

density matrix of scattered photons, we finally obtain

the differential transition probability formula of nth

harmonic NLCS for linearly polarized lasers as [5–7]

Wn(x,φ) =
αm2η2

2q0
[f0n +f1nξ

′

1 +f3nξ
′

3] , (13)

where α is the fine structure constant, Stokes param-

eter ξ′ represents the polarization component to be

measured by the detector and functions f(x,φ) are

given by [5–7]

f0n = −|A(0)
n |2
η2

+

(

1−x+
1

1−x

)

×
[

|A(1)
n |2−A(0)

n A(2)
n

]

,

f1n =
|A(0)

n |2
η2

u2 sin2φ+2
√

2
u

η
sinφA(0)

n A(1)
n ,

f3n = −(1+2u2 sin2φ)
|A(0)

n |2
η2

+2
[

|A(1)
n |2−A(0)

n A(2)
n

]

.

(14)

Uing the exact polarization definition, a new po-

larization term f1n appears, f3n was given by Ref. [5]

and function A(s)
n is defined by

A(s)
n =

∮
dφ

2π
cossφei[nφ−α1 sinφ+(α2/2)sin(2φ)], s= 0,1,2.

with arguments

α1 =−2
√

2
η

λ

xu

1−x cosφ , and α2 =
η2

λ

x

1−x .

2.4 Energy and angle distributions

Using the transition probability formula Eq. (13),

one can give the energy spectrum of the laser Comp-

ton scattering X-ray, as shown in Fig. 3(a) for λ =

1.0×10−4 and η = 0.8. Sharp peaks are seen at the

high energy edge only for the odd harmonics.

Fig. 3(b) shows the energy spectrum of scattered pho-

tons whose polarization is parallel or perpendicular to

the laser polarization, where the upper (lower) lines

for parallel (perpendicular) for each harmonic.

Figure 4 shows the correlation between the en-

ergy and polar angle of the laser Compton X-ray(the

parameters of 2nd CO2 laser power stage in the BNL-

ATF Compton scattering experiment are used here

Fig. 3. (color online) Energy spectra for the

first 5th harmonic, where Wn is in units of

αm2/E. (b) shows spectrum of scattered pho-

tons with polarization.

Fig. 4. (color online) Energy via polar-angle

distribution.
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Fig. 5. (color online) Transverse profile of the first three harmonic scattered photons for linearly polarized

laser case, where Px, Py and Ps are the momentums of scattered photons.

Fig. 6. Final polarization in (γθx,γθy) plane.
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and the following simulations). Scattered photons

can be found in the backscattering region θ ≈ 0 for

the odd harmonic case. Fig. 5(a)–(c) show the trans-

verse profile of the laser Compton X-ray of the first

three harmonics. The pattern for the first harmonic

has one peak and a dumbbell form, which is the same

as the patterns of dipole radiation in the classical the-

ory. The patterns for the second and third harmonics

have two and three peaks.

2.5 Final photon polarization

The final photons are like an ensemble, to explain

the collective character, a local average polarization

ξ(x,φ) is used, which is the average polarization value

of lots of final photons at position (x,φ). In exper-

iment, the measured value is ξ rather than ξ′, and

its value covers the whole region [−1,+1] rather be-

ing a discrete value. Linear polarization of photons

(measured value) for the nth harmonic at (x,φ) can

be characterized by ξ3 = f3n/f0n, ξ1 = f1n/f0n [6, 7].

The degree of linear polarization ξL and the angle

φL of polarization plane (measured from the polar-

ization plane of the laser) are given by ξL =
√

ξ2
1 +ξ2

3 ,

ξ3 = ξL cos2φL and ξ1 = ξL sin2φL. Final polariza-

tion in the (γθx,γθy) plane is plotted in Fig. 6 for the

first three harmonics, where λ= 1, η= 0.01, 1.0. The

length and direction of the short lines indicate the de-

gree and direction of the polarization. The polariza-

tion degree is also shown by contours (the uppermost

contour means 80% and the lowermost 20%).

Fig. 7. (color online) ξL vs polar angle u(≈ γθ).

Final polarization ξ3 vs polar angle u≈ γθ is plot-

ted in Fig. 7, for the first four harmonics under con-

ditions φ = 0◦ (x-axis, ξ1 ≡ 0 on this plane), where

η = 1 and λ= 0.1, 1, 2, 5. One finds ξ3 > 0 anywhere

on the x-axis and there are [(n+ 1)/2] zero points.

The location of the zeroes is independent of λ as a

function of u (note that it depends on λ as a function

of x). The term of f1n in Eq. (13) is necessary for

calculating the final photon polarization, as ξ1 equals

zero only exactly on the φ= 0◦ and 90◦ planes. Fig. 8

shows ξ1 on φ = 45◦ plane. One finds the following

facts: Fig. 8. (color online) ξ1 vs energy x on φ= 45◦ plane.
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1) No final circular polarization appears.

2) When λ� 1, the degree of polarization is nearly

100% for any harmonic n and laser strength η,

except in the vicinity of a few points on the

x-axis.

3) Final polarization is parallel to the laser polar-

ization on the x-axis (φ = 0◦), but it is paral-

lel for odd harmonic case and perpendicular for

even harmonic case on the y-axis (φ= 90◦).

4) For a large polar angle θ, the polarization de-

gree is almost 100%.

5) For a small polar angle, the polarization de-

creases as λ increases, but increases as η in-

creases.

3 Conclusions

NLCS for a linearly polarized laser is dis-

cussed and a complete transition probability formula

Eq. (13) is introduced. Using both f1n and f3n, we

can exactly describe the degree and plane direction

of final polarization for laser Compton X-rays in dif-

ferent polar and azimuthal scattering angles. Finally,

the polarization properties of laser Compton X-rays

are discussed.
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