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Abstract:

The charge form factors of elastic electron scattering for isotones with N = 20 and N = 28

are calculated using the phase-shift analysis method, with corresponding charge density distributions from

relativistic mean-field theory. The results show that there are sharp variations at the inner parts of charge

distributions with the proton number decreasing. The corresponding charge form factors are divided into two

groups because of the unique properties of the s-states wave functions, though the proton numbers change

uniformly in two isotonic chains. Meanwhile, the shift regularities of the minima are also discussed, and we

give a clear relation between the minima of the charge form factors and the corresponding charge radii. This

relation is caused by the diffraction effect of the electron. Under this conclusion, we calculate the charge density

distributions and the charge form factors of the A =44 nuclei chain. The results are also useful for studying

the central depression in light exotic nuclei.
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1 Introduction

High-energy electron scattering is a precise tool
for probing nuclear structure, in particular nuclear
charge densities [1, 2]. There are many advantages to
elastic electron-nucleus scattering because the elec-
tromagnetic interaction between them is clearly un-
derstood and the nuclear properties are not influenced
because the electron is a lepton. In the past few
decades there have been many studies in this field
and valuable and precise data have been obtained on
nuclear electromagnetic properties [3-5].
owing to the limitation of making nucleus targets,
electron scattering experiments were mainly carried
out in past for stable nuclei [6-8]. In order to get

However,

the precise nuclear properties of exotic nuclei, elastic
electron scattering experiments will be carried out in
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the near future at RIKEN and GSI [9-14]. So it is
necessary for us to study the electron scattering of
exotic nuclei theoretically in order to provide useful
instructions for future experiments [15-22].

Nuclear matter (proton and neutron) distribu-
tions are the basic properties of nuclei. In the liquid
drop model, nuclear charge distributions are regarded
as a rigid sphere with saturated central charge den-
sities and some modifications at its surface, approxi-
mately. With more and more electron scattering ex-
periments being carried out, it has been found that
there are central depressions in many nuclear charge
distributions, which can be described by the three-
parameter Fermi (3pF) model [23]. The w parame-
ter in the 3pF model is adjustable to illustrate how
the central density is depressed [24]. In some exotic
nuclei, as an extreme case of center-depressed nuclear
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density, the nuclear bubble has attracted great atten-
tion. The concept of bubble nuclei was first studied
by Wilson in 1946 [25] in order to explain equally
spaced nuclear levels. From then on, many models
have been used to investigate this phenomenon, such
as the liquid-drop model, the Thomas-Fermi model
and the Hartree-Fock-Bogoliubov method [26-28].

Though many different nuclear models have been
used to interpret the central depression, the quali-
tative explanations for this phenomenon are similar.
Because the s-states wave functions are the only ones
with a non-zero value at r = 0, the lack of s-state
nucleons will lead to a depletion of the density in the
center of nucleus. In the nuclei near the stability line,
the energy level of proton 2s;,, lies between those of
the 1ds,2 and 1ds,, states. However, with the proton
number decreasing, the spacing of the energy levels
will be changed. It has been shown in many calcula-
tions that the 2s, 5 and 1d3,» energy levels will inverse
[29-31], and this is the main reason for the formation
of the central depression in the s-d region.

As we know, electron-nucleus scattering is a pre-
cise tool to investigate nuclear charge distributions
from stable to exotic ones. In the past few decades,
much theoretical work has been devoted to the central
depression phenomena of exotic isotones, but few cal-
culations have been done on the corresponding elec-
tron scattering studies of these nuclei. In this article,
we will discuss how the charge densities and charge
form factors change along the N = 20, N = 28 and
A =44 nuclei with the proton number gradually de-
creasing. The charge distributions of these nuclei will
be calculated by relativistic mean field (RMF) the-
ory. Then the corresponding form factors of these
nuclei will be investigated by the phase-shift analysis
method. In the near future, the form factors could be
determined through elastic electron scattering exper-
iments. The results can be useful for future experi-
ments and will also provide new tests of RMF theory
for the unstable nuclei.

2 Theory

RMF theory has been very successful in describ-
ing nuclear properties. In this article, we calculate
the wave functions of nucleons with the following ef-
fective Lagrangian [32-35].
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with the tensor field
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Based on the no-sea approximation and the mean-
field approximation, the motion equations can be
solved iteratively with this Lagrangian. Then the nu-
clear charge distribution can be obtained. The charge
density distribution is assumed to be contributed en-
tirely by the protons, and can be obtained in the fol-
lowing way

pelr) = [ (7)o =) (5)

where pP(r) is the single proton charge distribution.

With the nuclear charge density obtained, the
electro-static potential between the electron and nu-
cleus can be determined as follows:

< J pe(r’) 4y (6)
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Once the V,(r), which is used to describe the interac-
tion between the electron and nucleus is known, the
Dirac equation

[a-p+Bm+V(r)¥(r) = E¥(r), (7)

can be decomposed into different partial waves with
definite orbital angular momentum and spin orien-
The phase shifts, which are characterized
into spin-up ones &;" and spin-down ones &; , can
be worked out by solving the Dirac equation with
a scattering boundary condition [36].
calculate the elastic electron-nucleus scattering cross
section by:

tation.

Then we can

= FOF+loO), )
with
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in which P, and P! are the Legendre function and
associated Legendre function, respectively.
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The charge form factor is defined as

_ do/df2

|F(Q)|2—ma (11)

where doy/df2 denotes the Mott cross section and ¢
denotes the transferred momentum.

3 Numerical results and discussion

In this section we present the numerical results of
the charge density distributions from the RMF model,
and the charge form factors from the phase-shift anal-
ysis method for the nuclei 348Si, 36S, 3¥Ar, 1°°Ca, 42Ti
and *Cr with neutron number N = 20; nuclei 2Si,
445 46 Ar, 48Ca, *°Ti and ®2Cr with neutron number
N =28, and *Si, S, **Ar, *4Ca, **Ti and **Cr with
nucleon number A = 44. A detailed discussion will
also be given with these results.

To Dbegin with, we give the root-mean-
square (rms) charge radii and binding energies
per nucleon for the considered nuclei in Ta-
ble 1, which are calculated in the RMF model
with the NL-SH force parameter set. Dur-
ing the calculation, the pairing interactions are
taken into consideration by the BCS treatment,

Table 1.
energies per nucleon (MeV) for the N = 20,
N = 28 and A = 44 nuclei. The theoretical
ones are calculated from the RMF model with

The rms charge radii (fm) and binding

the NL-SH parameter set. The experimental
data are taken from Ref. [37, 38].

nuclei Rc R.(Expt.) B B(Expt.)

N=20 3Si 3.217 8.346 8.336
365 3.347 3.298 8.520 8.575
38Ar  3.448 3.402 8.570 8.614

40Ca  3.568 3.476 8.539 8.551

2T 3.745 8.276 8.269
4“4cr  3.870 7.969 7.951
N=28 428i 3.224 7.413 7.372
445 3.323 7.984 7.994

46Ar  3.400 3.436 8.397 8.411
8Ca 3472 3.474 8.668 8.666
50T 3.545 3.570 8.742 8.756

52Ccr  3.611 3.642 8.753 8.775
A=44  *Si  3.232 7.049 7.076
48 3.324 7.981 7.994
4“Ar  3.388 8.487 8.493
“4Ca  3.459 3.515 8.668 8.658
44T 3.539 8.461 8.553
“Cr  3.622 7.950 7.951

and the pairing gaps are chosen to be A, = A, =
11.2/\/Z MeV. It can be seen in Table 1 that the
theoretical rms charge radii and binding energies co-
incide with the experimental ones well. So we can
conclude that RMF theory is reliable in predicting
the nuclear properties for both the stable and exotic
ones.

3.1 The isotonic chains with N = 20 and
N =28

The charge density distributions for the N = 20
and N = 28 isotonic nuclei are presented in Figs. 1
and 2, which are calculated using the NL-SH force
parameter set. It can be seen from Fig. 1 that the
variation in the charge density distributions can be
roughly divided into two groups. One group includes
40Ca, *2Ti and **Cr, and the other consists of 34Si,
36S and 3%Ar. In the first group there are obvious
peaks at the center of their charge distributions. For
the second group the charge distributions are quite
different and instead of the central peaks there are
central depressions for all these nuclei, and the cen-
tral nuclear charge densities are more depressed when
the nuclei become more proton-deficit.
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Fig. 1. Variations of charge density distribu-

tions for the N =20 (Z=14-24) isotonic nuclei
calculated with the RMF model.

This variation is caused by the inversion of the
proton 2s;,» and 1ds/, states with the proton number
decreasing. From the consequences of RMF theory,
the energy of the 2s,,, proton states is a little higher
than the 1ds/» states in the considered N = 20 nu-
clei. The energy difference of the two states is quite
small and both of them are much higher than the
1ds;o state. When Z = 14, the 1d;,, state is fully
filled and the 1d;/> and 2s,,, states are almost empty,
which causes the central charge density of 3!Si to be
more depressed. But when the proton number in-
creases, the probability for the new added proton to
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occupy the 1ds/, state or the 2s,,, state is almost
the same because the two proton energy states are
close enough. So the number of protons in the 1d;/,
and 2s;/, state grows simultaneously with the pro-
ton number increasing, which leads to the gradual
increase in the central charge densities in 4Si, %¢S
and *¥Ar. When the proton number is 20 or more
than 20, the 2s;,, states are fully filled, which leads
to the central peaks in “°Ca, 2Ti and *‘Cr.

Figure 2 shows the charge density distributions
for the N = 28 isotonic nuclei. It can be clearly seen
that these nuclear charge density distributions can
also be divided into two groups. The nuclei “¥Ca,
50Ti and 52Cr make up one group, which has cen-
tral peaks, and “2Si, 4*S and % Ar make up the other
one, which has obvious central depressions. Com-
pared to the isotonic nuclei with N = 20, the charge
density distributions for the N = 28 isotonic chain
have a more rapid vibration at the center. The effect
also results from the inversion of the proton 2s,,, and
1ds,, states in the isotones with N = 28. However,
unlike the situation in the N = 20 nuclei, the en-
ergies of the 2s;,, states are higher than the 1d;/,
states in the N = 28 nuclei. When Z = 14, the 1d5/,
state is fully filled, and the 1d;,» and 2s,,, states are
almost empty. With the proton number increasing,
the probabilities for new added protons to occupy the
1ds,, state are much higher than the 2s,,, state be-
cause the energy of the 1ds/» state is lower enough
than that of the 2s,,, state. During the process, the
2512 states are almost empty, which leads to serious
central depressions of charge distributions in *2Si, 1S
and “°Ar. When the proton number comes to 18, the
1ds,, state is fully filled, and the new protons will all
occupy the 2s;, state if the proton number increases
continually. The sharp increase in the proton number
of the 2s,,, state will lead to a sharp increase in the
central charge densities in the considered nuclei.

Taking the charge density distributions in Fig. 1
and Fig. 2 as inputs, the corresponding charge form
factors are further calculated with the phase-shift
analysis method. The variations in the form fac-
tors with the proton number changing can be studied.
The charge form factors for the IV = 20 isotopic chains
are presented in Fig. 3. It can be seen from Fig. 3
that the charge form factors have inward and upward
shifts as the proton number increases. The charge
form factors in the moderate momentum transfer can
also be divided into two groups. The first group in-
cludes “°Ca, *2Ti and 4*Cr, and the spacings between
their moment transfers of the second minimum are

0.05 fm~!. The nuclei 3*Si, 3°S and 38 Ar make up the
second group, and the spacings between their momen-
tum transfers of the second minimum are 0.11 fm~1.
We discussed that the charge density distributions
are divided into two groups in Fig. 1. The variations
in charge form factors are the same as the variations
in the corresponding charge densities of these nuclei.
This also indicates that electron nucleus scattering
is a precise tool that can be used to probe nuclear
charge densities.
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Fig. 2. Variations in charge density distribu-

tions for the N =28 (Z=14-24) isotonic nuclei
calculated with the RMF model.
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Fig. 3. Variations in the charge form factor

with the proton number for N =20 (Z=14-
24) isotonic nuclei.

In Fig. 4, we present the variation in charge form
factors for the N = 28 isotonic nuclei. It can also be
seen clearly in Fig. 4 that the form factors of these
nuclei can be divided into two groups in the moderate
momentum transfer. The nuclei “¥Ca, °Ti and 52Cr
make up one group whose spacings between their mo-
mentum transfers of the second minima are 0.05 fm=1.
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The nuclei 4Si, 3¢S and 2*Ar make up the other one,
whose spacings between their momentum transfers of
the second minima are 0.12 fm~!. The considered nu-
clei are grouped into two same types in Fig. 4, just
as in the corresponding charge density distributions
in Fig. 2. Meanwhile, compared to Fig. 3, the spac-
ing of the two groups in Fig. 4 is much larger. This
is because the corresponding charge densities change
sharply at the center in the N = 28 isotones but
change gradually at the center in the N = 20 isotones.
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Fig. 4. Variations in the charge form factor

with the proton number for N = 28 (Z=14-
24) isotonic nuclei.

In the present work, the theoretical charge form
factors are obtained using the RMF model with the
NL-SH parameter set. Calculations with other pa-
rameter sets such as NL3 and TM2 are similar to
the results in Figs. 3 and 4. But if we take a differ-
ent nuclear model such as the large-scale shell-model,
there will be a different description of the charge dis-
tribution, and the corresponding charge form factor
will also be different. As we know, elastic electron
scattering is a precise tool to detect charge distribu-
tions, so it can help us to check the validity of the
models and constrain their parameters. The results
in the present work can provide future experiments
with some useful instructions in advance, and mean-
while the future experiments will help us to check and
constrain the parameters of the RMF model.

3.2 The hard-sphere model nuclei and the
nuclei chain with A=44

It has been shown in many studies [19, 20, 22] that
the minima of charge form factors shift inwards and
upwards with the charge numbers and charge radii
of the target nuclei changing. The regularities of the
shifts of the minima will be studied in the follow-
ing. First, the regularities of the charge form factors

will be studied, whose corresponding charge density
distributions are described in the hard-sphere model.
Then we will analyze the scattering charge form fac-
tors, whose corresponding charge densities are calcu-
lated in the RMF model. During these calculations
we use the A = 44 nuclei chains as the considered
nuclei.

The charge form factors of the hard-sphere model
are presented in Fig. 5, and the momentum transfers
of the minima can be found in this graph. We can see
that the positions of the minima are not sensitive to
the charge numbers but very sensitive to the charge
radii, which are caused by the diffraction effect of
the electron. It can also be found in Fig. 5 that the
shapes and magnitudes of the form factors depend
on the charge numbers rather than the charge radii.
When the charge radii change, the positions of the
form factors shift inwards, however the magnitudes
do not change.

10°
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Fig. 5. Variations in the charge form factors

with charge number and charge radius. The
corresponding charge density distributions are
represented by the sphere-hard model, and
the charge form factors are calculated with
the phase-shift method. The charge number
chooses Z =8, 16, 24, respectively, and the
charge radii choose R =5 fm and R = 6 fm,
respectively.

Because the RMF model is more accurate in de-
scribing nuclear charge distributions, in the following
part we will discuss this problem in the RMF model.
We choose the nuclei #4Si, *4S, **Ar, *Ca, **Ti and
44Cr with the mass number A =44 as the considered
nuclei. They have the same mass number so will have
equal charge radii if they are described in the hard-
sphere model. From the analysis of these nuclei, we
can see the limitation of the hard-sphere model in de-
scribing the nucleus. Meanwhile, the proton numbers
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of these nuclei cross the 2s,,, and 1d;,, states and a
similar regularity of central depression will be given,
as in the discussed situation about the N = 20 and
N =28 isotonic chains.

The charge density distributions of the A =44 nu-
clei are presented in Fig. 6. It can be seen from Fig. 6
that the charge densities can also be divided into two
groups. One group includes the 4*Ca, *Ti and #*Cr
nuclei, which have central peaks in their charge distri-
butions, and the other includes the #4Si, 4*S and **Ar
nuclei, which have central depressions. The reason for
this is similar to that discussed for the N = 28 iso-
tonic chain. The effect also results from the inversion
of the proton 2s,,, and 1ds,» states in the considered
nuclei. The energy of the 2s;,, states is higher than
the 1d;,, states, and the new added protons prefer to
occupy the 1dsz/» states. At the beginning, the nu-
clei are lacking the s-state protons. However, when
the 1d3,, state is fully filled, there will be a sharp in-
crease in the number of s-state protons, so the central
charge density will also change rapidly from a central
depression to a central peak.

8
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Fig. 6. Variations in charge density distribu-

tions for the A =44 (Z=14-24) isotonic nuclei
calculated with the RMF model.

Taking the charge density distributions in Fig. 6
as inputs, the corresponding charge form factors are
calculated and presented in Fig. 7. We can also divide
the charge form factors into two groups, the 4*Ca,
4Ti and *Cr nuclei for one group, and the **Si, 1S
and **Ar nuclei for the other. In the first group, their
second minimum positions are almost the same and
only the magnitudes of the second minimum factors
are different. This situation is similar to the result
of the hard-sphere model. In the second group, the
minima are not at the same position. Both of these
nuclei groups have the same mass number, so their
charge radii should be the same if considered in the

hard-sphere model because nuclear radii are in pro-
portion to A'/? in the hard-sphere model. The min-
ima positions will also be the same as shown in Fig. 5.
However, it can be found in Fig. 7 that their minima
do not coincide with each other and can be divided
into two groups in the moderate momentum trans-
fer in the RMF model. If similar experimental data
could be obtained in the future, it will again prove
that the hard-sphere model is too crude to describe
nuclear charge distribution.
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Fig. 7. Variations in charge form factor with

the proton number for the A =44 (Z=14-24)
nuclei calculated with the RMF method.

4 Summary

In summary, the charge density distributions and
charge form factors for N = 20 and N = 28 isotonic
nuclei have been calculated. The variations in the
charge distributions and charge form factors are in-
vestigated. It was found that the charge distributions
of N =20 and N = 28 isotones have different varia-
tions at the center because of the different energy
level spacings of the proton states in two chains. The
charge distributions of the two isotonic chains can be
divided into two groups. One group has central peaks
and the other has central depressions. These effects
are caused by the inversion of the 2s,,, and 1ds/»
states in the considered nuclei. The variations in cen-
tral charge densities for N = 28 nuclei are more rapid
than those for N =20 nuclei. This is because the en-
ergy of the 2s; ,, proton state is much higher than the
1ds/o state in N = 28 isotones, but in N = 20 nuclei
the energy of the two levels is almost equal. The new
protons are more likely to occupy the 1ds,, state in
N = 28 isotones, so this leads to a sharp increase in
the number of s-state protons in the IV =28 isotones,
but in the N = 20 isotonic chains the number of s-
state protons increases gradually.
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It is well known that the elastic electron-nucleus
scattering form factor is directly related to its charge
density distribution. So variations in charge density
distributions will lead to similar variations in the cor-
responding charge form factors. From Figs. 3 and 4,
we can find that the charge form factors in the mod-
erate momentum transfer are also divided into two
groups, and this coincides with the conclusion that
the form factors in the moderate and high momentum
transfers are sensitive to the inner parts of the charge
density distributions. So the results obtained in this
paper can be used as references for future experiments
to explore nuclear central depression in exotic nuclei.
Meanwhile, future experiments will also help us to
check the model and constrain the parameters.

Finally we discuss the shift of charge form factors
with the charge number and charge radius changing
in the hard-sphere model. From the results we find
that the minima positions are not sensitive to the
charge numbers but very sensitive to the charge radii.
However, the magnitudes of the form factors depend
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