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Space- and time-like kaon electromagnetic form

factors in perturbative QCD *
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Abstract: We present a phenomenological analysis of the space- and time-like charged kaon electromagnetic

form factors in factorized perturbative QCD (pQCD) by employing an analytic model for αs(Q
2) and an

infrared (IR) finite gluon propagator. In the space-like region, due to the lack of available experimental data

above Q2
∼ 0.2 GeV2, we only give our results for intermediate energies and make no comparison. In the

time-like region, our results agree reasonably well with the available experimental data at moderate energies,

including the CLEO data and the J/ψ result.
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1 Introduction

The electromagnetic form factors of hadrons pro-

vide useful information concerning the internal struc-

tures of the hadrons, and they also provide useful

grounds to check the correctness of the perturbative

QCD (pQCD) theory. During the past few decades,

there have been extensive experimental and theo-

retical studies of pion electromagnetic form factors

from various approaches. In comparison, there are

fewer studies of kaon electromagnetic form factors.

Experimentally, the kaon electromagnetic form fac-

tor in the space-like region is very poorly known

and only measured at very low energies, as low as

Q2 = −q2 6 0.2 GeV2 [1–4]. In the time-like re-

gion, there are more data up to several GeV2, how-

ever is suffers from very large uncertainties, a com-

pilation of previously extracted kaon form factors for

Q2 = q2 < 10 GeV2 is given in Ref. [5]. Theoreti-

cally, to our knowledge, there are very few theoret-

ical efforts made for the kaon electromagnetic form

factors, for example, the space-like kaon form factor

has been studied in Refs. [6–12] based on different

approaches. Following [12], the authors in Ref. [13]

present a combined investigation of the space- and

time-like kaon electromagnetic form factors in light-

cone perturbative QCD with transverse momentum

dependence and Sudakov suppression. Since there is

a total absence of experimental data for the space-

like kaon form factor, and the precision of the exist-

ing time-like data is extremely poor, it is not pos-

sible to determine which approach describes the na-

ture of the kaon form factor well. Recently, a high

precision measurement of the kaon electromagnetic

form factor has been made for a time-like momentum

transfer of Q2 = 13.48 GeV2 by the CLEO collabora-

tion [14], and their result is: Q2
∣

∣F tl
K (13.48 GeV2)

∣

∣ =

0.85±0.05(stat)±0.02(syst) GeV2, providing the first

opportunity to critically test the theoretical predic-

tions. Based on the phenomenological analysis of J/ψ

decays, the time-like kaon form factor was estimated

in Ref. [15] and the result is in excellent agreement

with the CLEO data.

The purpose of this work is try to give a phe-

nomenological study of the kaon form factors using

the framework of perturbative factorization [16–18],

in this way, we hope to give some meaningful predic-

tions in the intermediate energy region. However, the
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Landau pole of the usual QCD running coupling tends

to spoil the application of perturbative QCD (pQCD)

at low and moderate momentum transfers. Hence, in

this paper, we use an analytic prescription for the

QCD running coupling (as proposed in Refs. [19, 20])

to eliminate the Landau pole. An important feature

of such an analytic scheme is that it provides the pos-

sibility of simultaneously defining an analytical run-

ning coupling both in the space- and time-like region

in a self-consistent way. In contradiction to the sin-

gular growth of the usual QCD running coupling in

the infrared (IR) domain, the analytical running cou-

plings have an IR fixed point, which is believed to

enlarge the application of pQCD at low and interme-

diate energies and has been successfully applied to

many hadronic processes, for example, to pion form

factors [21–25].

The asymptotic pQCD prediction for the kaon

electromagnetic form factors with only the twist-2

effects [18] completely fails to explain the currently

available form factor data. In this paper, we empha-

size the importance of including the twist-3 contribu-

tion to kaon form factors for obtaining good agree-

ment with experimental data at moderate energies.

In fact, the recent studies [11–13] show large twist-3

corrections to the kaon form factors, this is also con-

firmed in our analysis. However, the calculation of

the twist-3 contribution always suffers from the end-

point divergence in collinear factorization approach.

Hence, in our calculation of the hard scattering ker-

nel, we will use the Cornwall [26] prescription of a

gluon propagator with a dynamical mass to avoid en-

hancements in the soft end point. The use of this

infrared (IR) finite gluon propagator is not only sup-

ported by the field theoretical studies [27–29], but

also supported by the recent lattice QCD simulations

[30].

2 Factorized pQCD

The approach for describing the kaon form factor

is based on the so-called collinear factorization theo-

rem [16–18] which is given by a convolution:

F hard
K (Q2) =

∫1

0

dx

∫1

0

dy φin
K (x,µ2

F)

×TH(x,y,Q2,µ2
F,µ2

R) φout
K (y,µ2

F), (1)

where x and y are the longitudinal momentum frac-

tions of the nearly on-shell valence quarks, µR is

the re-normalization scale and µF is the factorization

scale. The basic ingredients are: (a) a scattering ker-

nel TH describing short-distance interactions at the

parton level above µF and can be calculated perturba-

tively in the form of an expansion in the QCD running

coupling, and (b) the kaon DA φ which encodes the

long-distance information below µF and has to be de-

termined by non-perturbative methods or extracted

from relevant experimental data.

The dominant contributions to the kaon form fac-

tor come entirely from the leading Fock states, i.e.,

a qq̄ valence quark configuration with interaction of

one hard gluon between the two valence quarks. One

of the four diagrams contributing to each of the Born

amplitudes, Kγ∗ → K and γ∗ → K+K−, is shown in

Fig. 1. The other diagrams correspond to allowing

the gluon to interact on the other side of the pho-

ton vertex and allowing the photon also to couple to

the other valence quark. The higher Fock state con-

tributions are neglected, being suppressed by higher

powers of 1/Q2.

Fig. 1. Leading order Feynman diagrams in

pQCD for hard contributions to the charged

kaon electromagnetic form factors. Left:

space-like region with q2 = (P ′
−P )2 = t =

−Q2 < 0. Right: time-like region with q2 =

(P ′ +P )2 = s =Q2 > 0.

To obtain the kaon form factors, we use the fol-

lowing light-cone projection operator of kaon in mo-

mentum space [31] (see Refs. [32–34] for a review):

MK
αβ =

ifK

4

(

/Pγ5φ2;K(x,µ)

−µKγ5

/k2/k1

k2 ·k1

φp
3;K(x,µ)

)

αβ

, (2)

where fK ≈ 1.22fπ ≈ 160 MeV [35] is the kaon decay

constant defined by

〈

0|ū(0)γµγ5s(0)|K−(P )
〉

= ifKPµ, (3)

and µK ≡M 2
K/(mu+ms) is the chiral-enhancement pa-

rameter arising from the standard definitions of the

twist-3 collinear DAs. k1 and k2 are respectively the

quark and anti-quark momenta in kaon with momen-
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tum P ,

k1 = xP +k⊥+

−→
k⊥

2

2xP · P̄
P̄ ,

k2 = x̄P −k⊥+

−→
k⊥

2

2x̄P · P̄
P̄ ,

(4)

where x is the collinear momentum fraction carried

by the individual valence quarks (x for the s quark

and x̄ ≡ 1−x for the anti-quark ū), k⊥ is the trans-

verse momentum of quark and anti-quark. P̄ is a

light-like vector whose 3-components point into the

opposite direction of
−→
P , in this work, if we set P to

be the initial kaon momentum, then P̄ corresponds

to the final kaon momentum. As stressed in Ref. [34],

the collinear approximation for the parton momen-

tum (e.g. k1 = xP and k2 = x̄P ) can be taken only

after the light-cone projection has been applied.

φ2;K(x,µ) and φp
3;K(x,µ) in Eq. (2) are the kaon

twist-2 and twist-3 DAs, respectively. They can be

derived from the light-cone QCD sum rules (LCSR)

and are usually expressed as truncated conformal se-

ries expansion over Gagenbauer polynomials [36–38],

e.g., the twist-2 DA is given by the following expres-

sion, in terms of Gagenbauer polynomials C3/2
n (2x−1):

φ2;K(x,µ) = 6x(1−x)

∞
∑

n=0,1,2

C3/2
n (2x−1)

×aK
n (µ2

0)

(

αs(µ
2)

αs(µ2
0)

)γ
(0)
n

/β0

, (5)

where αs is the standard QCD running coupling, aK
n

are the Gegenbauer moments representing the non-

perturbative inputs, γ(0)
n are the corresponding lowest

order anomalous dimensions, and β0 = 11−
2

3
nf is the

one-loop β-function coefficient. Note that the higher-

order moments are extremely difficult to determine

in their present determination. Hence, for practical

calculations, the series expansion of the DAs is trun-

cated only to the first few moments. In this paper, we

adopt a model for the kaon twist-2 DA in truncating

up to the second moment, as was done by Ball et al.

in Ref. [38], the results at µ0 = 1 GeV are

aK
1 = 0.06 ± 0.03,

aK
2 = 0.25 ± 0.15.

(6)

As for the twist-3 kaon DAs, in this paper, we neglect

the 3-particle components. Furthermore, we use the

asymptotic form, i.e.,

φp
3;K(x) = 1 (7)

for our analysis. The explicit formulas for the twist-

3 non-asymptotic collinear DAs can be found in

Ref. [37].

Convolving the projection operator for the kaon

DAs with the hard kernels using the factorization for-

mula, (symbolically, M+
K;P ′ ⊗T LO

H ⊗MK;P ), we have:

(

P
′

±P
)

µ

{

F sl,F tl
}

K
(Q2)

=

∫1

0

dx

∫1

0

dy

(

16παs(k
2)ef

9

)

×Tr

[

M+
K;P ′γα/lγµMK;Pγα

(l2 +iε)(k2 +iε)

+3 other diagrams

]

, (8)

where ef is the electric charge of the quarks, l and

k are the internal quark and gluon momenta, respec-

tively, as shown in Fig. 1. Computing the above equa-

tion carefully, we obtain the LO hard kernels:

{

T sl
H ,T tl

H

}LO

K

(

x,y,Q2
)

=
8πf 2

Kαs(k
2)

9

×

{

±xQ2

(xQ2 +iε)(xyQ2 +iε)

+
4µ2

Kx

(xQ2 +iε)(xyQ2 +iε)

}

.

(9)

As mentioned in the introduction, in this paper, in

order to avoid the end-point divergence, we add two

improvements into our calculations.

1) Firstly, we adopt the analytical running cou-

plings [19, 20], which are believed to ensure the per-

turbative QCD calculation is reliable in the end-point

region:

αs(k
2)⇒{αs}1;2(k

2)

with

{αs}1(k
2) =

4π

β0

(

1

ln(k2/Λ2)
+

Λ2

Λ2−k2

)

, (10)

for the space-like region and

{αs}2(k
2) =

4π

β0

(

1

2
−

1

π
arctan

[

lnk2/Λ2

π

])

, (11)

for the time-like region. Note that these analyti-

cal couplings freeze in the IR region: {αs}1(0) =

{αs}2(0) = 4π/β0 with the Landau pole being com-

pletely absent.

2) Secondly, we use the gluon propagator derived

by Cornwall [26], to regulate the end-point divergent
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integrals encountered within the pQCD formalism:

1

k2
⇒

1

k2−M 2
g (k2)+iε

,

where k is the gluon momentum. The dynamical

gluon mass M 2
g (k2) is obtained as:

M 2
g (k2) = m2

g

[

ln(k2 +4m2
g)/Λ2

ln(4m2
g/Λ2)

]−12/11

, (12)

where mg is the effective gluon mass, with a typical

value mg = 500±200 MeV.

With the above two improvements, the LO hard

kernels are then changed into:
{

T sl
H ,T tl

H

}LO

K

(

x,y,Q2
)

=
8πf 2

K{αs}1;2(k
2)

9

×

{

±xQ2

(xQ2 +iε)(xyQ2±M 2
g (k2)+iε)

+
4µ2

Kx

(xQ2 +iε)(xyQ2±M 2
g (k2)+iε)

}

. (13)

After convolving the hard kernels with the kaon DAs,

we obtain the final LO expresses up to twist-3 accu-

racy for the kaon electromagnetic form factors. Note

that in this paper, we shall use the symbol F tl
K for the

time-like kaon form factor to distinguish it from the

space-like counterpart F sl
K :

{

F sl,F tl
}LO

K
(Q2)

=
8πf 2

K

9Q2

∫1

0

dx

∫1

0

dy{αs}1;2(k
2)

×

{

±1

xy± t2 +iε
φ2;K(x)φ2;K(y)

+
4µ2

K

Q2

1

xy± t2 +iε
φp

3;K(x)φp
3;K(y)

}

, (14)

where {αs}1(k
2) is defined by Eq. (10) and the + signs

correspond to the space-like case, while {αs}2(k
2) is

defined by Eq. (11) and the − signs correspond to the

time-like case. The parameter t2 =
M 2

g (k2)

Q2
with the

dynamical gluon mass M 2
g (k2) given in Eq. (12). It

is observed that with respect to the space-like region,

the integration in the above equation develops poles

when xy−t2+iε = 0 in the time-like region. Thus, in

general |F tl
K | should be larger than F sl

K .

3 Numerical results and discussion

In this work, we calculate the factorizable hard

contributions to the kaon form factors and give re-

sults at moderate momentum transfers. The be-

havior of FK(Q2) at low momentum is dominated

by the non-factorizable soft part. In Refs. [12,

13], the total charged kaon form factors can be

written as {F sl,F tl}K(Q2) = {F sl,F tl}soft
K (Q2) +

{F sl,F tl}hard
K (Q2), to ensure a smooth matching of

the different power-law Q2 behavior between the soft

and the hard parts, the authors introduce appropri-

ate power correcting pre-factors to correct the hard

parts in the low Q2 region. This technique was orig-

inally done by Bakulev et al. in Ref. [25] for the

pion form factor. Then the total form factors sat-

isfied the Ward identity {F sl,F tl}K(Q2 = 0) = 1. In

this work, we only plot the results at Q2 > 2 GeV2. In

Refs. [36–38], the chiral parameter µK ≈ 1.7 GeV was

used. However, in the context of the intermediate en-

ergies, µK is usually taken to be slightly lower ≈ 1.3–

1.5 GeV. We therefore use µK = 1.5 GeV for our

analysis. Using the kaon DAs given in Eqs. (5), (6)

and (7), we evaluated the kaon electromagnetic form

factors Eq. (14) by varying the effective gluon mass

from 0.3 to 0.7 GeV. Our final results are summa-

rized in Fig. 2, along with the existing experimental

kaon world data [1–5, 14] and the J/ψ result [15].

The solid, dashed-dotted and dashed lines represent

mg = 0.3, 0.5 and 0.7 GeV, respectively.

Fig. 2. PQCD predictions for the kaon electro-

magnetic form factors. The diamonds with er-

ror bars are the space-like word data [1–4], the

solid points with error bars are the time-like

word data [5], the box with error bar is the

CLEO data [14] and the triangle with error

bar is the J/ψ result [15] which is shown for

comparison.
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1) Space-like form factor: The space-like kaon

form factor F sl
K is shown in the left panel of Fig. 2. It

is clear that the presently available kaon data in the

space-like region are too limited and restricted only to

the very low Q2 region, below 0.2 GeV2. Due to this

complete absence of the experimental data at inter-

mediate energies, we are unable to make any mean-

ingful phenomenological comparison. Hopefully, with

the availability of better quality experimental data in

the future, there could be a better testing ground for

theoretical predictions.

2) Time-like form factor The time-like kaon form

factor F tl
K is displayed in the right panel of Fig. 2. In

the time-like region, we plot the modulus of the kaon

form factor since both the twist-2 and twist-3 correc-

tions are complex. It is notable that the general en-

hancement of the time-like kaon form factor relative

to the space-like one can be attributed to the time-like

gluon propagator developing poles that are absent in

the space-like region. Interestingly, it is found that

the time-like kaon data below Q2 ∼ 6 GeV2 seem to

reconcile reasonably with our predictions by choosing

an appropriate gluon mass. Moreover, it is somewhat

surprising to see that in combination with the twist-

3 contributions, our predictions with mg = 0.3 and

0.5 GeV show quite good agreement with the CLEO

data [14] and the J/ψ→K+K− result [15]. However,

whether such agreement is merely accidental is mat-

ter of debate. There may still be some theoretical un-

certainties, e.g., from the chiral parameter µK, from

the kaon DAs which are model dependent; the sub-

leading contributions, e.g., from the NLO calculation

in the strong running coupling, from the higher twists

(e.g., twist-4, twist-5 or twist-6) or from the higher

Fock state and the higher helicity components in the

light-cone DAs. Moreover, the available data them-

selves have very poor statistics at intermediate energy

and suffer from very large uncertainties. To this end,

note that a full systematic theoretical NLO calcula-

tion for kaon form factors including the sub-leading

twists is still missing. The higher helicity compo-

nents’ contributions to the kaon form factor are small

in comparison with those of the usual helicity compo-

nents [11]. The twist-4 contributions to the kaon form

factor obtained in Ref. [13] are shown to be about a

third of the magnitude of the twist-2 terms.

3) Twist-3 contributions The twist-2, twist-3 and

the total contributions are summarized in Fig. 3. We

fix the gluon mass mg = 0.3 GeV and take both the

space- and time-like kaon form factors for investi-

gation. The dotted and dashed curves are twist-3

and twist-2 contributions, respectively, and the solid

curve is the sum. From Eq. (14), we can see the

twist-2 contributions to the kaon form factors are

suppressed by 1/Q2 and the twist-3 contributions are

suppressed by 1/Q4, therefore, the twist-3 contribu-

tions are expected to be power suppressed in the high

Q2 region. However, in the low Q2 region, the power

suppression is not so tough and complemented by the

chiral enhancement by a factor of MK/(ms+md) and

the large contributions near the end point since the

twist-3 distribution function φp
3;K(x) does not fall off

when x → 0,1, so that the twist-3 contributions are

found to be dominate in the low Q2 region. Simi-

lar behavior can also be observed in the case with

the mg = 0.5 or 0.7 GeV, although we have not dis-

played them. As evident from the figure, the total

scaled kaon time-like form factor up to twist-3 correc-

tions displays an obvious improvement of the overall

agreement with experimental data compared with the

twist-2 scaled form factor. In this work, we neglect

the 3-particle twist-3 DA, however, the contributions

from the 3-particle twist-3 DA, being proportional to

the non-perturbative parameter f3K ' 0.0045 GeV2,

are strongly suppressed by comparing with the 2-

particle twist-3 DA parameter µK ' 1.5 GeV.

Fig. 3. The LO twist-2, twist-3 and total con-

tributions to the kaon form factors. The solid,

dotted and dashed curves are the total, twist-3

and twist-2 contributions, respectively.

4 Summary and conclusions

A precise knowledge of the meson form factor

plays a key role in understanding the interplay be-

tween perturbative and non-perturbative physics at

intermediate energies. In this paper, motivated by

the recent CLEO data [14], we present a combined

study on the kaon form factors for a broad Q2 range

by a combination of modeling and pQCD calculation.

We have added two improvements: (a) replacing the
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αs(Q
2) by the analytic model, with the help of

which, one can successfully enlarge the applicability

of pQCD to the low and moderate range of energies,

and (b) taking into account the power-suppressed

twist-3 correction, which indeed helps explain the

existing kaon data at experimentally accessible mo-

mentum transfers. However, when we calculate the

twist-3 contributions, we meet the end-point diver-

gence, hence, a non-perturbative gluon propagator

was adopted to prevent such enhancement in the end-

point region. This Cornwall propagator involves a

dynamical gluon mass M 2
g (k2) to regulate its infrared

behavior. In summary, our predictions for the time-

like kaon form factor are in good agreement with the

available experimental kaon data, to be specific, the

CLEO data [14] and J/ψ result [15] can be well de-

scribed by choosing the gluon mass mg = 0.3 and

0.5 GeV, respectively.
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