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Abstract:

We study the dynamics of entanglement and teleportation in Bell-diagonal states. Using the

concepts of concurrence and fidelity, the analytical expressions of the entanglement, the output entanglement

and the average fidelity with decoherence are obtained for this model. We discover a class of initial states

in which the output entanglement and the average fidelity are destroyed by decoherence. The quality of

teleportation depends on the system parameters and time.
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1 Introduction

Entanglement corresponds to global states of two
or more quantum systems that cannot be separated
into direct product states of individual subsystems
[1]. People did not realize that entanglement was not
merely a philosophical question until Bell proposed
the Bell inequality. We now know that any pure en-
tangled quantum state violates one of the Bell-like
inequalities [2]. Some PHC and realignment criteria
for pure states in infinite-dimensional bipartite quan-
tum systems are also given [3].

As is mentioned, the phenomenon of quantum en-
tanglement lies at the heart of quantum mechanics.
And what lies at the heart of quantum mechanics
may lie at the heart of future technology [4]. It is
well known that quantum entanglement plays an im-
portant role in quantum computation and communi-
cations. Quantum entanglement distribution is an es-
sential part of quantum communication and computa-
tion protocols [5]. Although entanglement is not nec-
essary in both quantum cryptography [6] and quan-
tum secure direct communication protocols using sin-
gle photons [7], it is helpful, such as in the theoreti-
cal quantum key distribution scheme using Einstein-
Podolsky-Rosen pairs [8] to enhance the capacity of
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the quantum communication protocol. The dynam-
ics of entanglement and quantum phase transition
(QPT) have been extensively studied. For instance,
Han [9] indicates that the pairwise entanglement be-
tween two independent locations may be transferred
into other multipartite forms which account for the
correlations between the two independent locations.
AT et al. [10] find that the occurrence of the QPT is
reflected by the quantum characteristics of the pho-
tonic fields.

As an important source of entanglement, thermal
entanglement and teleportation behaviors via ther-
mal entangled states have been a subject of very ac-
tive research over the past decade [11-14]. The Bell-
diagonal states are a three-parameter set, whose ge-
ometry, including the separable and classical subsets,
can be depicted in three dimensions. Level surfaces of
entanglement and nonclassical measures can be plot-
ted directly on this three-dimensional geometry [15].
Bell-diagonal states have been of interest in a variety
of contexts in the field. However, the quantification of
the entanglement, the output entanglement and the
teleportation of Bell-diagonal states under the phase
damping channel is still missing. That is the motiva-
tion of this paper.

In this paper, we focus on the dynamics of the
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output entanglement and the average fidelity for Bell- the four Bell states |B.,) = (|0,b)+(—=1)2[1,1®b))/v/2,

diagonal states by teleporting a two-qubit in an ar- with eigenvalues
bitrary pure state. In Section 2, the time-dependent 1 - .
behaviors of the quantum output entanglement are Aap = 1 [1+ (1) = (=1)"ea+(=1) CB] )

analytically and numerically investigated. In Section
3, the property of the average fidelity with phase flip
channel is analyzed. Finally, we give a brief conclu-

We consider the case of two qubits under the phase
flip (phase damping) channels. For the initial state
of Eq. (1), the time evolution of the total system is

sion in Section 4. given by [13]

2 The dynamics of the output entan- pas(t) = AG (O )@+ AL (1)@ (@ |
glement for Bell-diagonal states FAL )| ENDT |+ A5 (1)]D WD, (3)

The Bell-diagonal states of two qubits, A and B, where

have density operators of the form [15] NE(t) = i[l Lot Feat) o5 (b, ()
1 - Ao B
pro =] (”Z% ®”j> ’ @ = 1EabEan -abl, 6

where ¢; (j=1, 2, 3) is a real number and 0< |¢;| <1.  and [¥*) = (]00) +[11))/v/2, |®*) = (]01) £[10))/v2
We take this class of states with a maximally mixed are the four Bell states. The time dependent coeffi-
marginal as the initial state. This class of states in- cients in Eqs. (4)—(5) are ¢;(t) = ¢;(0)e 2", co(t) =
cludes the Werner states (|¢i| = |cz2| = |es] = ¢), and c2(0)e™7 ) ¢3(t) = ¢3(0) = ¢3, with v the phase damp-
the Bell states |¢;| = |ca| =|c3]=1. The eigenstates are | ing rate [16, 17].

1+Cg 0 0 C1 (t) —Co (t)
1 0 1 —C3 C1 (t)+02 (t) 0
pan(t) =~ (6)
4 O C1 (t)+02 (t) 1 —C3 O
C1 (t) —Cy (t) 0 0 1+C3
Then by the standard procedure, the correspond- | The output replica state can be obtained by ap-
ing concurrence [18] quantifying the entanglement of plying a joint measurement and local unitary trans-
these two qubits is readily obtained as formation to the input state [20]
1
Can(t) = §max{0,|01(t)—cz(t)|—1+cg, pout:Zpij(oi(g)aj)pin(oi@aj)? (8)
lea(t) +ea(t)| —1—cs}- (7) v
Now we take Lee and Kim’s [19] two-qubit telepor- where o; (i=0, z, y, z) signify the unit matrix
tation protocol using two copies of the above state I and three components of the Pauli matrix, re-

pa(t) ® parp/(t) as the resource. We consider in- spectively, pi; = tr[Eip(T)]tr[Eip(T)], > pi; =1 and
putting a two-qubit state in the special pure state Pin = [)in (| Here E° = |[@=)(D|, E' = [¥~ }(¥~|,
[1h)in = cos(0/2)|10) + e#sin(0/2)[01)(0< 0 < 7w, 0<  E*=[@H)(@T|, B3 =|oF)(T|.

© < 27). And thus one can obtain pou(t) as
pout (t) =
g 0 0 Cinl2 ()~ 3(8))
in(Cy,) 1
) 0 1+ ey ( #—5) Culé3(t) + (1) 0
4 in(C,) 1
0 Cin[(t)+c3(t)] 14c3—4c;3 (6082 %(') — 5) 0
| Cu(@(t)-&) 0 0 1-a
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Then by the standard procedure, the correspond-
ing concurrence [18] quantifying the entanglement of
two qubits is readily obtained as

Cout) = émax{a|cm[c%<t>—c§<t>n

. 2
—\/(1—1-0%)2 162 <% _ cos? arcs1r21(0m))

IC‘m[Cf(tHCE(t)]I—(l—63)}- (10)

The properties of the output entanglement are
shown in Fig. 1. In Fig. 1(a), it is shown that the
values of the output entanglement decrease and are
infinitely close to 0 with time. There exists a critical
point ~t., above which the entanglement vanishes.
Different values of c¢; have different «t., for which
the vyt.~0.4 in this case. The linear increase of C,y
with Cj, also exists in this model, corresponding to
Ref. [12] in the system they considered. In Fig. 1(b)

(a)

1.0 1.0

]010 0.5 €3
Fig. 1.
glement Coyt as a function of vyt and Ci, for
c1(0)=1, c2(0)=—cs, c3=0.8; (b) the dynamics
of the output entanglement Coyu¢ as a function

(a) The dynamics of the output entan-

of vt and c3 for ¢1(0)=1, c2(0)=—cs.

we plot the time evolution of the output entangle-
ment with the different parameter c;. The maximum
values of C,y; exist in ¢;(0)=1, ¢z = £1, ¢3(0)=—cs,
which is a Bell state. We find that the entangle-
ment decreases with the increase in the parameter
c3, and the entanglement is symmetrical concerning
c3=0. The concurrence of the initial input state is
Cin = 2|e'? cos(0/2)sin(6/2)| = sin(0).

3 The fidelity dynamics for the Bell-
diagonal states

The fidelity between p;, and po.; characterizes the
quality of the teleported state pou;. When the input
is a pure state, we can apply the concept of fidelity
as a useful indicator of the teleportation performance
of a quantum channel. The fidelity of p;, and poy; is
defined to be [21]

Flpuaspo) = {or [V oo |} (1)

The average fidelity F is another useful concept for
characterizing the quality of teleportation. The aver-
age fidelity Fs can be obtained by averaging F' over
all possible input states

27T
J d(pJ/nFsiHHdG
Fy==2 0 . 12
A 4am (12)
For this model, Fy can be written as
Fo— (er(t)+ea(t))® —2es 1+c§' (13)

12 4

The dependence of the average fidelity on the time

~t is shown in Fig. 2. We choose the parameters as
¢1(0)=1, c2(0)=1, c3 = —1. The decay in average fi-
delity occurs when the time ~t increases. In order to
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Fig. 2.
Fa as a function of ~t for ¢1(0)=1, c2(0)=1,

The dynamics of the average fidelity
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transmit a quantum state better than any classical
communication protocol, Fy must be greater than
2/3, which is the best fidelity in the classical world
[22].

The average fidelity Fy as a function of parameter

y
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Fig. 3.
Fa as a function of 4t and ¢z for ¢1(0)=1,
62(0)2—03.

The dynamics of the average fidelity

c3 and ~t is plotted in Fig. 3. The average fidelity
increases linearly as c3 increases. For finite time, the
values of average fidelity are always nonzero. We find
that the minimum value of the average fidelity is ob-
tained at c3=0.32, but not at the zero point. In order
to get an average fidelity better than 0.667, we must
set proper parameters for this model.

4 Conclusions

In summary, we evaluated quantum entangle-
ment and teleportation for a class of two-qubit Bell-
diagonal states with decoherence effect. The analyti-
cal formulas for the entanglement, the output entan-
glement and the average fidelity in this model were
obtained. The influences of parameters and decoher-
ence on the entanglement dynamics were addressed
in detail. These generalized results will be useful for
a large class of two-qubit states.
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