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Abstract: The space-time evolution of the (1+1)-dimensional viscous hydrodynamics with an initial quark-

gluon plasma (QGP) produced in ultrarelativistic heavy ion collisions is studied numerically. The particle-

emitting sources undergo a crossover transition from the QGP to hadronic gas. We take into account a usual

shear viscosity for the strongly coupled QGP as well as the bulk viscosity which increases significantly in the

crossover region. The two-pion Hanbury-Brown-Twiss (HBT) interferometry for the viscous hydrodynamic

sources is performed. The HBT analyses indicate that the viscosity effect on the two-pion HBT results is small

if only the shear viscosity is taken into consideration in the calculations. The bulk viscosity leads to a larger

transverse freeze-out configuration of the pion-emitting sources, and thus increases the transverse HBT radii.

The results of the longitudinal HBT radius for the source with Bjorken longitudinal scaling are consistent with

the experimental data.
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1 Introduction

The experimental results of the Relativistic Heavy
Ton Collider (RHIC) at Brookhaven National Labo-
ratory (BNL) indicate that the matter produced in
the central collisions of Au+Au at \/syy =130 and
200 GeV is a strongly coupled quark-gluon plasma
(sQGP), and behaves like a perfect liquid [1]. Re-
cently, the studies of the dissipative fluid dynamics
have become a very hot topic in high energy heavy
ion collisions [2-19], because people want to know
why the sQGP exhibits an almost perfect fluid prop-
erty and how to probe the viscosity effects on exper-
imental observables.

The relativistic formulism of dissipative fluids was
originally derived by Eckart [20] and Landau and Lif-
shitz [21]. Their theories contain only the first-order
terms of the dissipative quantities and therefore are
referred to as the first-order theories of dissipative
fluids. The theories of dissipative fluids which in-
clude the terms up to the second order of the dis-
sipative quantities were developed by Miiller (non-
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relativistic) [22] and Israel and Stewart (relativistic)
[23]. These second-order theories can avoid the prob-
lem that sometimes the first-order theories may not
satisfy causality. So they are also called the causal
theories of dissipative fluids dynamics.

Although the Israel-Stewart second-order formal-
ism for relativistic dissipative fluids [23] was estab-
lished thirty years ago (in the 1970s), its numeri-
cal implementation in high energy heavy ion colli-
sions begins in the 21st century. In Ref. [24], the
viscous hydrodynamics based on the second-order
theory is first used to study the system expansion
in relativistic heavy ion collisions with the Bjorken
scaling hypothesis [25]. Recently, the causal dissi-
pative fluid dynamics has been used in high heavy
ion collisions for investigations of the effects of shear
viscosity [4-7, 10-15] and both shear and bulk vis-
cosities [16-19] on the transverse momentum distri-
bution [4-6, 11, 15-19], elliptic flow [5, 7, 10-18],
and Hanbury-Brown-Twiss (HBT) interferometry
[6, 18, 19].

As is well known, a dissipative fluid has not only
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shear viscosity but also bulk viscosity. Recent re-
search [16, 17] indicates that the effects of the shear
and bulk viscosities on the elliptic flow are completely
different in the RHIC heavy ion collisions. The shear
viscosity suppresses the v, at larger transverse mo-
menta but the bulk viscosity increases it [16, 17].
Unlike elliptic flow, which reflects the anisotropic
pressure of the system, HBT correlations are related
to the space-time structure of the particle-emitting
source. Investigations of the shear and bulk viscosity
effects on HBT interferometry may provide informa-
tion about the shear and bulk viscosities from another
point of view.

In the present work, we begin with the equations
based on the Israel-Stewart theory for the net baryon
free system formed in ultrarelativistic heavy ion col-
lisions. For the central collisions, it is assumed that
the system has Bjorken cylinder geometry (expanding
isotropically in transverse and satisfying longitudinal
boost-invariance) [26-28] and undergoes the crossover
transition from the QGP to hadronic gas. We shall
take into account both the shear and bulk viscosities
and solve the viscous hydrodynamic equations by the
relativistic Harten-Lax-Leer-Einfeldt (RHLLE) algo-
rithm [28-31]. By applying a simulated analysis of
two-pion HBT interferometry [31, 32] to the (1+1)-
dimensional viscous hydrodynamic sources, we inves-
tigate the effects of the shear and bulk viscosities on
the HBT radii Rou, Rside; and Riong [33, 34]. The
HBT analyses indicate that the viscosity effect on the
HBT results is small if one considers only the shear
viscosity. The bulk viscosity leads to a larger trans-
verse freeze-out configuration of the pion sources, and
thus increases the transverse HBT radii. The results
of the longitudinal HBT radius for the source with
Bjorken longitudinal scaling are consistent with the
experimental data.

This paper is organized as follows. In Sec. 2, we
review briefly the evolution equations of the relativis-
tic dissipative fluid dynamics for the net baryon free
system with Bjorken cylinder geometry. We present
the expressions of the relaxation equations for the
shear tensor and bulk pressure for the system consid-
ered. The detailed derivations are given in Appendix
A. In Sec. 3, we discuss the numerical algorithm for
solving the viscous hydrodynamics. The equations of
state and initial conditions used in our calculations
are outlined. We present our numerical results of the
viscous and ideal fluid evolutions. In Sec. 4, we per-
form the two-pion HBT interferometry for the viscous
hydrodynamic sources. We investigate the viscosity

effects on the HBT radii for the viscous hydrodynamic
sources with only shear viscosity and with both shear
and bulk viscosities. We also investigate the HBT
results for the viscous sources with lower and higher
freeze-out temperatures and initial energy densities.
Finally, a conclusion is given in Sec. 5.

2 Equations of relativistic dissipative
fluid dynamics

First, we briefly review the evolution equations
of relativistic dissipative fluid dynamics for a system
with Bjorken-cylinder geometry and zero net baryon
density. The basic equations can be referred to [2—
4, 8, 35].

The evolution equations of hydrodynamics come
from physics conservations. For the baryon free sys-
tem, we consider only the energy-momentum conser-
vation in the hydrodynamics. It is convenient to de-
scribe the Bjorken-cylinder system with the coordi-
nates (7, p, ¢, n), where 7 = \/t2—22 is the longitu-
dinal proper time, p and ¢ are the polar coordinates
in the plane transverse to the beam direction z, and

1
n=3 In[(t+2)/(t—%)] is the space-time rapidity. The
metric tensors g** and g, are expressed in the frame
of these curvilinear space-time coordinates as

g,ul/ = dlag (17_17_1//025_1/7—2)5
(1)
9w = diag (1,—1,—p*, —77).
Some notations used in this paper are

dyou” = d,u”+T%,u”, (2)

1
Il = §9W(aa9ﬁa+aﬁgm_aagaﬁ)v (3)

O =d,u", D=utd,, (4)

VH = A¥d,, (5)
AW = g —uru”, (6)
Vi) = V(“u”)—%A“”dAuA, (7)
AP = (AP 4 AP) /2, (8)

were d, denotes the covariant derivative, d, =9 /dz
and u* = (1, v) are the 4-derivative and 4-velocity
(v =1/vV1—v?), I}, is the Christoffel symbol, and
AP denotes the symmetrization of the quantity
AeB,

We adopt the Landau and Lifshitz frame [21] in
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which the local energy flow is zero. The energy- 0, M +9,(Muv,+P,) = —M(&—i—l)
momentum tensor of a fluid cell in relativistic dis- pT
sipative hydrodynamics is (P, —P,)
_ T T (21)
T =eutu” — (p+ IT) A" + 7 (9) p

where, € is the energy density, p is the local isotropic
pressure, I is the bulk viscosity pressure, and 7t is
the shear stress tensor. Using the covariant deriva-
tive form, the energy-momentum conservation can be
reexpressed as

d, T =0, T" +T\T"+T"\ Iy, =0.  (10)

For the Bjorken cylinder, the longitudinal veloc-
ity is given by v* = 2/t and the hydrodynamical so-
lution at an arbitrary longitudinal coordinate z can
be obtained by the Lorentz boost with the rapidity
n = tanh~'(z/t) from the system’s transverse evolu-
tion at z =0 [26-28, 36]. So we need only solve the
hydrodynamical equations at z = 0 (n = 0) in this
case. Considering u” = 0 at z = 0 and assuming
u? =0, Eq. (10) becomes

0, T +0,T°7+ I T+ I T™ + T3 T =0,

9. T™+0,T7 + 5, T+ 5T+ 17T =0.
(11)

Introducing the quantities

P, = p+H+7r"/v, (12)
P, = p+ 1 +7%%p°, (13)
P, = p+II+7"72% (14)
E = (e+P, )V =P, (15)
M = (E+P,)v,, (16)

the non zero components of the energy-momentum
tensor T*” can be expressed as

T =E, T"=T"=M, (17)

T°° = Mv,+P,, (18)
P P,

T9¢ = p_j, "=, (19)

and, Eq. (11) can be rewritten as

0, E+9,[(E+P,)v,] = —(E-|—’Pp)(v_;+l)

+ (Pﬂ _Pn)

— @)

The coupled Egs. (20) and (21) are the evolution
equations of the dissipative hydrodynamics for the
Bjorken cylinder system, which can be numerically
solved by the RHLLE algorithms [28-31]. The quan-
tities P,, P,, and P, include the effects of dissipation
and they reduce to the isotropic pressure p for perfect
fluids.

Next, we present the relaxation equations that the
dissipation quantities (7** and IT) are satisfied for
our system. The detailed derivations of the relaxation
equations are given in Appendix A. In order to obtain
the system evolution we need to solve the Egs. (20)
and (21) together with the relaxation equations.

In the Landau and Lifshitz frame and for the
baryon free system, the dissipative effect from the
heat conduction can be neglected [2, 3, 5, 10, 11].
On the other hand, one can also ignore the effect
of vorticity because it is small for the longitudinally
boost-invariant system [7, 12, 13].
relaxation equations for the shear tensor 7t and bulk
pressure IT can be written as [2—4, 8, 35]

In this case, the

T AP AP Dt g+ 1o
1 L
9l _EﬂWﬁTdA(Tﬁ; ) (22)
ruDII+11
— Cd, u“-—H(TdA(Tg; ) (23)

where, 77 and E denote the shear and bulk viscous coef-
ficients, 7, = 20,1 and 7;; = ﬂoz are the corresponding
relaxation times, 3, and B, are the relaxation coef-
ficients for the expansion of entropy flow up to the
second-order of the dissipative quantities, and T is
the temperature.

For the symmetric Bjorken cylinder and at z=0
(u? =u" =0), Egs. (22) and (23) can be written in
forms that are suitable for solving numerically as for
(detailed derivations, see Appendix A)

d aTrr -
- pp —  (— PP LT PP
a7 v *dp 77,[( T 200)

5 o+ To(F)]) e
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9 ooy, oT%? i(—T¢¢+2ﬁ(f¢¢) ideal hadronic gas, (/7 ~ —k(v2 —1/3) [17, 40-42].
a7 " ap VT Based on the calculations of the A/ = 2* gauge the-

o0 - ory, the value of & is between 3.142 and 4.935 [41]. In
—7—2 [9-1— n—D(Z—”T)}, (25) our calculations we take 77/s =2C,(1/4m) (Cs =1,2)
T K and k =4.75. The relaxation times for the shear and
. " n
) o7 bulk viscosities are taken as 7, = — and 7,7 =7, as
—7" 4 v, T _ — (=727 0) . sT H
oT ap VT in Refs. [6, 10, 12, 15, 17, 18, 23] for simplicity.
T nT Tr . . .
2y {94' T_D(ﬁ_T):|, (26) 3 Numerical solution of viscous hy-
drodynamics
d oIl 1 ~
— I+ = —(-II-¢0O)

a7 Upa_P B YT N
—%{@+§—:D(g—;)}, (27)

where 777, 79, and 7" are three introduced quanti-
ties with relations to the nonzero components of 7
as

721}37"3’3 Y0, 0 0
Y — ,szprp 72Tpp 0 0 (28)
0 0 p2r% 0 ’
0 0 0 72%m
where
TP 479 471 =0, (29)
from the traceless condition 7% = 0 [4, 24]. In
Eas. (24)-(27),
dy d(yv,) v, 1
O=d uy'=—"L4 22" "° (_P _)
T dp T P +7’
1
= 0+9(2+-), (30)
p T
1
oPr = (—9+§9), (31)
oo — (T 1(9) 32
0% = (2 +30), (32)
— 1
oM = (l+—@), (33)
T 3

and D =u*d, reduce to y(9.+v,0,).

When performing numerical calculations we need
to solve the evolution Eqs. (20) and (21) and the
relaxation Eqs. (24)—(27) simultaneously. For the
sQGP, the ratio of the shear viscosity to the entropy
density satisfies 77/s>1/47 [37-39], and the ratio of
the bulk-to-shear viscosities is proportional to the de-
viation of the sound velocity square from that of the

When solving the viscous hydrodynamic equa-
tions numerically, we encounter the following two
types of equations:

0, U+9,F(U)=G(U) (34)
and
0, U+v,d,F(U)=G(U). (35)

For the evolution Egs. (20) and (21), U in Eq. (34)
can be replaced by E or M, and for the relaxation
Egs. (24)-(27), U in Eq. (35) can be replaced by 777,
79 7 or II. Eq. (34) can be solved directly by
the RHLLE algorithm [28-31]. For Eq. (35) we can
change it to the type of Eq. (34) by adding the term
F(U)d,v, to both sides of the equation, and then
solve it with the RHLLE algorithm. In the calcula-
tions, we solve simultaneously the six coupled equa-
tions of (20), (21), and (24)—(27) for the quantities
(E,M,7"" 7% 77 [T) at each time step. The width
of a time step is taken to be A7=0.04 fm/c and the
width of a space step is taken to be 0.99A7 fm. The
set of the coupled Egs. (20), (21), and (24)—(27) is
closed by the equation of state (EOS), and the trans-
verse velocity and local energy density satisfy

M M

== =F- . 36
vP E+Pp’ € E+Pp ( )

The EOS used in the calculations is the paramet-
ric EOS which combines a hadron resonance gas at
low temperatures with lattice QCD at high tempera-
tures [43]. Fig. 1(a) shows the energy density ¢ and
pressure p as functions of temperature. Fig. 1(b)
shows the square of sound velocity v? and the dif-
ference between £ and 3p, A =¢—3p, as functions of
temperature. The transition temperature T, is taken
to be 170 MeV.
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Fig. 1.
and pressure p as functions of temperature.

(color online) (a) The energy density

(b) The square of sound velocity v2 and the
difference A =¢e— 3p as functions of tempera-
ture.

On the basis of the Bjorken picture [25], the sys-
tem evolves hydrodynamically after a proper time
To- In our calculations, we take the initial time
7o = 0.6 fm/c, and use a Gaussian initial transverse
distribution of energy density at z =0,

E(p,Z:O) :€oeXP(—Pz/200)a (37)

where ¢, is taken to be 30 GeV/fm® and o, is taken
to be 3.3 fm. The initial shear tensor components are
taken to be

and

as in Ref. [2]. We find that the system evolution is
almost independent of the initial value of the bulk
pressure because it is almost zero at the initial tem-
perature, which is much higher than T.. So we take
the initial bulk pressure to be zero in the calculations.

Figures 2(a) and (b) show the temperature and
transverse velocity profiles in the z =0 plane for the
viscous fluid with only shear viscosity (C, =2). Cor-
respondingly, Figs. 2(c) and (d) show the temperature
and transverse velocity profiles in the z =0 plane for
the fluid with shear and bulk viscosities. In Fig. 2,
the dashed lines are for the ideal fluid for comparison,
and the time ty =79, t, =70 +2"(20A7) (n=1,2,3,4,
A7 =0.04 fm/c). For the only shear viscosity case,
the viscous fluids cool a little more slowly than the
ideal fluid for small time, and the transverse velocities
of the viscous fluid are higher than the correspond-
ing velocities of ideal fluid. Once the bulk viscosity
is taken into account, one can see that the viscous
fluid cools more slowly and its transverse velocities
are lower than the corresponding velocities of ideal
fluid. This is because the bulk viscosity decreases the
system pressure (see Eq. (9) and notice IT < 0) and
therefore decreases the gradient of the pressures in
and out of the system.

In Fig. 3, we show the ratios of the viscosity quan-
tities 777, 7¢¢ 77 and IT to the central initial energy
density €, as functions of the transverse coordinate
and time for the viscous fluid (C, = 2). In Fig. 4,
we draw the isotherms for the viscous (C, = 2) and
ideal fluids in the z =0 plane. It can be seen that the
contours for the shear-only viscous fluid are slightly
larger than those of the ideal fluid, and the bulk vis-
cosity lets the contours of the viscous fluid be much
larger than those of the ideal fluid. This is consistent
with the results in Fig. 2.

After knowing the transverse evolution at z =
0 (t = 7), we can obtain the temperature and ve-
locity at arbitrary z for the Bjorken cylinder system
by [26-28, 36]

T(t,p,z) = T(7,p,0), (38)
T z
v,(t,p,2) = vp(T,p7O)?, v = (39)

Then, we can calculate the two-pion HBT correlation
functions by a simulation [31, 32].
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Fig. 2. (color online) The temperatures and transverse velocities of the viscous fluids with only shear viscosity

(Cs =2) and with the shear and bulk viscosities, in the z =0 plane. The labeled time is respectively to = 70,
tn =70+2"(20AT) (n=1,2,3,4, AT=0.04 fm/c).
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6 particles, @(k;,kq; X1, X5) is simply
C Q(kl,kz;Xth)
S ee———— 0.7T,
TS 1 . )
s = 5 Ak X0 Ak, X)elhs it
___________ Ay, Xo) A(ky, X, et Xtk Xa) - (49)
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Fig. 4.
0.8 T¢ in z=0 plane.

(color online) The isotherms for 0.7 and

4 Pion interferometry analysis

The two-pion HBT correlation function is defined
as the ratio of the two-pion momentum distribution
P(k1,k,) to the product of the single-pion momentum
distribution P(k;)P(k.). For a chaotic pion-emitting
source, P(k;) (i=1,2), and P(ki,k2) can be expressed
as [44]

P(kz) = ZA2(kiin)v (40)

2
Plhiks) = > [k i X0, Xa)|[, - (41)
X1,X2
where A(k;, X;) is the magnitude of the amplitude for
emitting a pion with 4-momentum k; = (k;, E;) at X;
and @(ky, kq;X,,X5) is the two-pion wave function.

For a set of variables of the relative momentum,
{¢;} (g = |k1—k>];), the two-pion correlation function
can be expressed as [32]

O{g}) = —oraid) (43)

= Uncor({g,})’
where
COY({%}) = Jdk1dk2p(klak2) H5(|k1 - k2|j —q;)
J (44)
and
Uncor({g,}) = jdkldePm)P(kz)Haqkl—kzb—qj)
(45)

are the correlated and uncorrelated pion pair distri-
butions with {g;}.

In our simulated calculations, we first generate
the pion momentum k on the freeze-out hypersurface
¥(X) with temperature T}, according to the proba-
bility of the Cooper-Frye formula [45]

P(k) x Jk“dEuf(k“;fu). (46)

For the viscous fluid, the distribution f = fy+df. We
take fo for the ideal fluid as the Boltzmann distribu-
tion, and take J f for the shear and bulk viscosities as

[9]

_ o [ Rt pHp 2
5f—fo( . )2(E+p)T2 <mw—gzmw>. (47)

In Cartesian frame, 7" can be expressed in terms of

Assuming that the emitted pions propagate as free | the cylindrical variables as [2]

IT*" cosh®n— 77" 7PPy2v, cospcoshn T7P~%v,sinpcoshn

TPPy?v, cospcoshn  I1°? cos®p+ 7%

TPP~y2y, sin g coshn

11°% cos gsin ¢

11°" coshnsinhn
117? cos ¢sin ¢ TPP~?y, cos psinhn
, (48)
II°?sin*g+71%¢  7PP~%0,sin¢sinhy

II°"coshnsinhy  7°772v, cosgpsinhn 77°y%v, singsinhny I1°7 cosh®n —17°72v?

where p,v = t,x,y,2, II’" = 77702 + 77", and
IIP® = 70072 _ 799,

After obtaining the momenta k; (i = 1,2) of the
pions emitted on the freeze-out hypersurface, we can
construct the correlation functions for the variables

‘ Gouts Gside) a‘nd qlong [337 34]7 O(qouta (side; qlong)7 based

on Egs. (40)—(45), by summing over k; and k, for
each (Gout, Gside, Giong) bin. Then, we extract the HBT
radii Rout, Rside, and Ry, by fitting the correlation
function with the parametrized formula
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C(qout7 qsideaqlong)
=1 _|_)\efqguthut7q52ideR§ideiq120ngR120ng_ (49)

Figure 5 shows the HBT radii Rous, fsides Riong)
and \ parameter as functions of the transverse mo-
mentum of the pion pair, kv = |kir + kar|/2, for
the viscous and ideal hydrodynamic sources with the
freeze-out temperatures 0.7 and 0.8 T.. For the vis-
cous sources, the parameter C, is taken to be 2. For
comparison, the RHIC experimental HBT results [46,
47] are also shown in the figure. It can be seen that
the HBT radii for the lower freeze-out temperature
are larger than those for the higher 7. The vis-
cosity increases the transverse HBT radii R,,, and
R4 for the the source with the lower freeze-out
temperature.
results, we find that the results of the longitudinal
HBT radius R,y for the hydrodynamic sources with

By comparing with the experimental
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Fig. 6. (color online) The two-pion HBT re-

sults for the viscous (Cs =2) and ideal hydro-
dynamic sources with g9 = 20 Ge\//fm3 and
€0 =40 GeV /fm®. The freeze-out temperature
is 0.87¢. The experimental data are from the
PHENIX [46] and STAR [47] collaborations.

T; = 0.8T, agree well with the experimental data.
It indicates that the Bjorken scaling hypothesis is
suitable in the description of the source longitudi-
nal evolution. In our calculations, the width of the
Bjorken rapidity plateau is taken to be 1.3. On can
also see that the transverse HBT radii R, and Rgqe
as functions of kr are flat for both of the two freeze-
out temperatures. However, the ratio Rou/Rsqe de-
creases to about one for the higher T;. We did not
consider the source coherence and the Coulomb in-
teraction between the pions, so the A results of the
hydrodynamical sources are about unit.

In Table 1 we list the HBT results for the ideal
and viscous hydrodynamical sources with T = 0.87.
Here the results of the ‘visc fluid 1’ and ‘visc fluid 2’
are for the viscous sources with only shear viscosity
for C;, =1 and C, =2. The results of the ‘visc fluid
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Table 1. The HBT results for the ideal and viscous hydrodynamic sources with Ty =0.87¢ .
kr/(GeV/c) sources Rout/fm Rgige/fm Riong/fm Rout/Rside A

0.24 ideal fluid 4.69 £+ 0.04 5.01 £ 0.04 5.89 + 0.06 0.94 £+ 0.02 0.91 £+ 0.01
visc fluid 1 4.72 £+ 0.04 4.95 + 0.04 5.96 £+ 0.06 0.95 £ 0.02 0.92 £+ 0.01

visc fluid 2 4.80 + 0.04 4.99 £+ 0.04 5.98 £+ 0.06 0.96 £ 0.02 0.93 £+ 0.01

visc fluid 3 4.82 + 0.04 4.96 £+ 0.05 6.00 £ 0.06 0.97 £+ 0.02 0.92 £+ 0.01

visc fluid 4 4.89 4+ 0.04 5.02 £ 0.05 6.16 + 0.06 0.97 + 0.02 0.93 + 0.01

0.39 ideal fluid 4.68 £+ 0.06 4.73 £ 0.07 5.06 + 0.08 0.99 £+ 0.03 0.93 £ 0.02
visc fluid 1 4.63 £+ 0.06 4.77 £ 0.07 4.91 + 0.08 0.97 £+ 0.03 0.92 £+ 0.02

visc fluid 2 4.66 + 0.06 4.76 £+ 0.06 4.85 + 0.07 0.98 £+ 0.03 0.91 £ 0.02

visc fluid 3 4.67 4+ 0.06 4.79 £+ 0.07 4.95 £ 0.08 0.97 + 0.03 0.91 &+ 0.02

visc fluid 4 4.77 + 0.07 4.81 4+ 0.07 5.09 &+ 0.08 0.99 + 0.03 0.90 &+ 0.02

0.55 ideal fluid 4.46 £+ 0.08 4.51 4+ 0.08 4.38 + 0.08 0.99 £+ 0.03 0.95 £ 0.02
visc fluid 1 4.45 4+ 0.08 4.48 4+ 0.08 4.28 4+ 0.08 0.99 + 0.04 0.95 &+ 0.02

visc fluid 2 4.49 4+ 0.08 4.52 4+ 0.08 4.17 4+ 0.08 0.99 + 0.04 0.94 + 0.02

visc fluid 3 4.49 4+ 0.08 4.63 £+ 0.09 4.40 £ 0.09 0.97 + 0.04 0.90 &+ 0.03

visc fluid 4 4.52 4+ 0.08 4.60 £ 0.09 4.48 4+ 0.09 0.98 + 0.04 0.92 4+ 0.03

0.70 ideal fluid 4.25 4+ 0.09 4.51 4+ 0.10 3.88 £ 0.09 0.94 + 0.04 0.98 + 0.03
visc fluid 1 4.23 4+ 0.09 4.56 4+ 0.10 3.92 + 0.09 0.93 + 0.04 0.99 + 0.03

visc fluid 2 4.23 4+ 0.09 4.59 4+ 0.10 3.78 & 0.09 0.92 + 0.04 0.95 + 0.03

visc fluid 3 4.26 4+ 0.10 4.56 4+ 0.11 3.91 £ 0.10 0.93 + 0.04 0.95 + 0.03

visc fluid 4 4.30 4+ 0.10 4.67 + 0.11 3.89 £ 0.10 0.92 + 0.04 0.94 + 0.03

0.84 ideal fluid 4.23 + 0.12 4.42 4+ 0.13 3.37 £ 0.10 0.96 + 0.05 0.97 + 0.04
visc fluid 1 4.24 4+ 0.12 4.46 £+ 0.12 3.43 £ 0.10 0.95 + 0.05 0.97 + 0.04

visc fluid 2 4.32 + 0.12 4.40 £+ 0.12 3.59 £ 0.10 0.98 + 0.05 1.01 £ 0.04

visc fluid 3 4.44 4+ 0.13 4.48 4+ 0.13 3.60 £ 0.11 0.99 &+ 0.06 1.02 £ 0.04

visc fluid 4 4.77 + 0.14 4.85 + 0.15 3.67 £ 0.12 0.98 + 0.06 1.05 £ 0.05

3’ and ‘visc fluid 4’ are for the viscous sources with
both the shear and bulk viscosities for C, = 1 and
C, = 2. One can see that for the higher freeze-out
temperature, the viscosity effect on the HBT results
for the only shear viscous sources are negligible, and
the viscosity effect for the source with both the shear
and bulk viscosities may let the HBT radii be a little
larger than those of the ideal fluid source.

Further, we examine the HBT radii for the vis-
cous hydrodynamical sources with lower initial energy
density (g9 =20 GeV/fm?) and higher initial energy
density (g0 =40 GeV/fm?). The results are shown in
Fig. 6, where the freeze-out temperature is 0.87,. It
can be seen that the results of the transverse HBT
radius R4, for the higher initial energy density are
larger than those for the lower initial energy density.
This leads to the smaller values of the ratio Rou/ Rside
for the source with higher ;. The longitudinal HBT
radius Ryone also increases with the initial energy den-
sity. However, the transverse HBT radii as functions
of the transverse momentum kr are more flat than
those of the experimental data, both for the lower
and higher initial energy density sources.

5 Conclusion

Based on the Israel-Stewart second-order theory
of relativistic dissipative fluid dynamics [23], we inves-
tigate the space-time evolution of the viscous hydro-
dynamics with the Bjorken cylinder geometry. The
EOS used in the hydrodynamic calculations combines
hadron resonance gas at low temperatures with lat-
tice QCD at high temperatures [43]. We consider
both the shear and bulk viscosities in the hydrody-
namic evolution of the dissipative fluids. By perform-
ing the two-pion HBT interferometry to the viscous
and ideal hydrodynamic sources, we investigate the
effects of the viscosities on the two-pion HBT inter-
ferometry results.

For a dissipative fluid there is not only shear vis-
cosity but also bulk viscosity. For the sQGP pro-
duced in relativistic heavy ion collisions [1], the ratio
of the shear viscosity to the entropy density satisfies
n/s>1/4m [37-39], and the bulk viscosity ¢ is pro-
portional to 7j(vZ—1/3) [17, 40-42]. Our calculations
indicate that the viscosity effect on the two-pion HBT
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results is small if only the shear viscosity is con-
sidered. The bulk viscosity leads to a larger trans-
verse freeze-out configuration of the pion sources, and
therefore increases the transverse HBT radii. This ef-
fect is larger if the source has a lower freeze-out tem-
perature. In the present paper we took the relaxation
6—; [6, 10, 12, 15, 23] and 77 =7, [17, 18],
and used an uniform formula of the shear viscosities

for both the QGP and hadronic phases. We find that
there are not observable influences on the viscosity ef-

time 7, =

fects on HBT results for the 7. and 7 values within
reasonable ranges. In Ref. [18] different viscosities for
the QGP and hadronic phases are taken into account
in the analyses of transverse momentum spectra, el-
liptic flow, and HBT interferometry. Further inves-
tigations of the effects of shear and bulk viscosities
on the HBT interferometry for more realistic viscous
pion-emitting sources in relativistic heavy ion colli-
sions are of great interest in the future.

In our model the Bjorken longitudinal scaling hy-

Appendix A

Derivation for relaxation equations

pothesis [25] is adopted, which is an approximation
for the heavy ion collisions at very high energies.
Our results indicate that the longitudinal HBT ra-
dius for the Bjorken cylinder hydrodynamic source
agrees well with the RHIC HBT results. However, the
transverse HBT radii as functions of the pair trans-
verse momentum for our Bjorken cylinder sources are
flatter than those of the experimental data. In order
to explain the RHIC HBT results, various models
without viscosity were proposed [48-53]. Recently,
the hydrodynamic source model including the ini-
tial collective flow, a stiffer EOS, and viscosity was
proposed [54] to explain the RHIC HBT results. A
comprehensive examination of the effects in these
models on HBT interferometry and other observables
(e.g. particle momentum distributions, elliptic flow,
etc.) requires considerable effort.

The authors would like to thank Dr. S. Khakshur-
nia for helpful discussions.

Here we give the derivations of Eqgs. (24)—(26) from Eq. (22) in detail. For the Bjorken cylinder and at z =0, we

have

721157'”” 7211,)7"’” 0 0
w 721),37'”” 727'”” 0 0
o= 0 0 p 2% 0 ' (A1)
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and
10 0 0 YPo2TPP —%u,TPP 0 0
2 2
ﬂg—g”aﬂaﬁ _ 0-1 o0 0 —y v, PP TP 0 0
00 —1/p> 0 0 0 p2r®® 0
00 0 —1/72 0 0 0 73rm
y UZTPP —’y v 0 0
vaTPP 2P 0
_ | e VT (A3)
0 0 -7 0
0 0 0 —rm
A.1 The first term of Eq. (22) where
The first term of Eq. (22) can be expanded as
I’ = ¢**u?(Du )ﬂa5+gpﬁup(Dua)7{a5

i v

TR AP AP Drty s = 1(g"® — ufu®) (9" —u’u?) Dy

Tng’w‘g”ﬁDTtaﬁ—Tng“au"uﬁDnaﬁ
vB u o«

—7rg "u"u" Dmag

+TﬂuuUaUVUﬁD7Taﬁ.

(A4)

With the relations Dg,.g = Dg"® =0 and the orthogonal-
ity u,m" =utm,,, =0, we have

9" 9" Drtoap = " (Dg"*Mag) = g*° Dty (A5)
g"uu’ Drgs = g"*u[(DuPmtag) — (Du”) 10 5)
= —g""u"(Du”) mag, (A6)
g”ﬁu“uaDTcag = g”ﬁu“[(Duaﬂag) — (Du®) mtag)
= —g" u" (Du®) mag, (A7)
u'u"uu’ Dras = utu’ [u® (Dulrag)
—(DuP)umap5) =0 (A8)
So, the first term of Eq. (22) can be expressed as
A" AP Drtop =1x( 9" Dty + 1), (A9)
where
1" = g"*u” (DU ) mtap + g% u" (Du®) . (A10)

For the azimuth-symmetric Bjorken cylinder, 4 =0 and
u"=0at z=0, so I*?=1""=0.
Therefore, for 4 =v =p we have

AP AP Drtog = ¢°°Dnfy + 177 = Dy r?

9"*u’ (Du’) Map + g"u” (Du”) mga
29" u’ (Du”) 7o = 29" u” (Du)m,
—2u”[(DY)7pr + (Dyvp) 0]

—290p [ — (D)7 0o + (Dyv, )y 77"

= —27"0,7°"(Dv,). (A12)
With the relations,
1 d(yvp) _ 9y 9d(yvp) _ 9y
— s :—7 ==, A13
V= Y Tar Car Y ap op A
we have

17 = _273 ””[vp(nyv,))—v?,(ny)]

_ _273 pp vp’y<a(g:}_ﬂ)+vﬂa(gzﬂ)> —v?,(D’y)]
= 297" w(gwwpg )—vz(Dv)]
= —2v77" Dn, (A14)
and
AP AYP Dty =2 (ai#uvpaiﬂ’ﬁ) . (A15)
T P
for uy=v=p.

For y=v=¢ and p=v =mn, we have

0 % 4o, ;TM)’
p

(A16)
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A.2 The third term of Eq. (22)
For the third term of Eq. (22), we have d~w2
V" =~y 3—74- gvp =030,  (A27)
Vi = vty — 1A“l'dm/\ T P
3
Y Yut T T 1 TT
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0 d 0 10
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or ot dp Vo dp
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Py :’72(—94‘19) — A2t (A21) A.3 The last term of Eq. (22)
3 )
The last term of Eq. (22) can be written as
where
0y . d(yv,) A
0=="+—=L2. (A22) ST T = 57 T g i ds [ T
or dp ndax 7 n 5T AUT FUuTdN 5T
Similarly, we have
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TPy — 1 (=, l@ low (A24) Now, one can obtain Eqgs. (24)—(26) from the above
o p2 P 3 o p? ’ derivations.
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