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Symmetry energy from neutron-rich fragments in heavy-ion collisions,

and its dependence on incident energy, and impact parameters *
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Abstract: The yields of fragments produced in the 60Ni+12C reactions at 80 A and 140 A MeV, and with maximum

impact parameters of 1.5, 2 and 7.3 fm at 80 A MeV are calculated by the statistical abrasion-ablation model. The

yields of fragments are analyzed by the isobaric yield ratio (IYR) method to extract the coefficient of symmetry

energy to temperature (asym/T ). The incident energy is found to influence asym/T very little. It’s found that asym/T

of fragments with the same neutron-excess I =N−Z increases when A increases, while asym/T of isobars decreases

when A increases. The asym/T of prefragments is rather smaller than that of the final fragments, and the asym/T of

fragments in small impact parameters is smaller than that of the larger impact parameters, which both indicate that

asym/T decreases when the temperature increases. The choice of the reference IYRs is found to have influence on the

extracted asym/T of fragments, especially on the results of the more neutron-rich fragments. The surface-symmetry

energy coefficient (bs/T ) and the volume-symmetry energy coefficient (bv/T ) are also extracted, and the bs/bv is

found to coincide with the theoretical results.
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1 Introduction

Compared with the stable nucleus, the symmetry en-
ergy of the neutron-rich nucleus is less known, while it
is important not only in nuclear physics, but also in
some processes of astrophysics [1–5]. Depending on both
density and temperature, symmetry energy of nuclear
matter of super-saturation and sub-saturation density,
and non-zero temperature are unclear theoretically. One
main goal of developing radioactive nuclear beams is to
study the properties of isospin asymmetric matter [6].
More efforts have been stimulated to extract the symme-
try energies of hot emitting sources using the fragment
distribution in heavy-ion collisions (HIC) [7–13].

The symmetry energy of the isospin symmetric frag-
ment produced in the intermediate energy HIC has been
extracted using the isobaric yield ratio (IYR) method
[14–16] in the framework of a modified Fisher model
(MFM) [7, 17, 18]. In the isoscaling method [8], the free
energy of a fragment in reactions induced by the projec-
tile of different isospin cancels out and only the chem-
ical potentials of the proton and neutron are reserved.

While in the IYR method, the free energy (which can be
replaced by binding energy) of a fragment is kept and
the symmetry energy of the fragment can be analyzed
specifically.

In a previous work studying the isospin dependence
of fragment production in the intermediate energy HIC,
the 60Ni+12C reactions have been calculated using the
statistical abrasion-ablation (SAA) model [19]. Since the
SAA model can well reproduce the yields of fragments
in intermediate energies HIC [13, 20–23], the results of
60Ni+12C reactions in Ref. [19] will be analyzed using
the IYR method to extract the symmetry energy of a
neutron-rich fragment.

2 Model description

2.1 Isobaric yield ratio and symmetry energy in

modified Fisher model

In the modified Fisher model, the free energy of a
fragment produced in HIC is linked to its yield [17, 18].
For a fragment with mass A and neutron excess I=N−Z,
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its yield (Y (A,I)) is given by

Y (A,I) = CA−τ exp{[W (A,I)+µnN+µpZ]/T

+N ln(N/A)+Zln(Z/A)}, (1)

where C is a constant. The −τ are identical for all frag-
ments. µn and µp are the neutron and proton chemical
potential, respectively, and W (A,I) is the free energy of
the cluster at temperature T , which is equivalent to the
binding energy of a fragment [18]. Using the semiclas-
sical mass formula [24, 25] at given temperature T and
density ρ:

W (A,I) = −asym(ρ,T )I2/A−ac(ρ,T )Z(Z−1)/A1/3

+av(ρ,T )A−as(ρ,T )A2/3−δ(N,Z), (2)

where the indexes v, s, c and sym represent coefficients
of the volume-, surface-, Coulomb-, and symmetry- en-
ergy , respectively. The coefficients depend on T , which
has a contribution from entropy [18]. To simplify the
description, the density and temperature dependence of
the coefficients in Eq. (2) are written as ai=ai(ρ, T ) (i=
v, s, c, sym).

The isobaric yield ratio between the isobars differing
by 2 units in I is defined as,

R(I+2,I,A) = Y (A,I+2)/Y (A,I)

= exp{[W (I+2,A)−W (I,A)+(µn−µp)]/T

+Smix(I+2,A)−Smix(I,A)}, (3)

where Smix(I,A)=N ln(N/A)+Zln(Z/A).
Inserting Eq. (2) into Eq. (3), and taking the loga-

rithm of the resultant equation, one has,

ln[R(I+2,I,A)]−∆I = [(µn−µp)−4asym(I+1)/A

+2ac(Z−1)/A1/3

−(sgn)2ap/A
1/2]/T, (4)

where ∆I =Smix(I+2,A)−Smix(I,A). Eq. (4) takes the
assumption that as and av for isobars are the same. ap

has a form according to Ref. [26]. For odd-even nuclei
(sgn)=0.

For mirror nuclei, ∆
−1=0, one gets

ln[R(1,−1,A)]=[∆µ+2ac(Z−1)/A1/3]/T, (5)

µ/T and ac/T of mirror nuclei can be extracted from
Eq. (5).

Taking the mirror nuclei as the references, i.e., replac-
ing the [∆µ+2ac(Z−1)/A1/3]/T term for isobars with I by
the IYR of mirror nuclei, inserting Eq. (5) into Eq. (4),

asym

T
=

A

4(I+1)
{ln[R(1,−1,A)]−ln[R(I+2,I,A)]

−ac(I+1)/(A1/3T )+∆I}. (6)

Taking the IYR of the neighboring I−2 isobars as the

references, from Eq. (4) one obtains,

asym

T
=

A

8

{

ln[R(I,I−2,A)]−ln[R(I+2,I,A)]

−2ac/(A1/3T )−∆I−2+∆I

}

. (7)

Using Eqs. (6) and (7), and adopting ac/T of the mir-
ror nuclei, asym/T of neutron-rich fragments can be ex-
tracted.

2.2 The statistical abrasion-ablation model

The SAA model was developed by Brohm and
Schmidt to describe the relativistic energy HIC [27, 28]
and modified by Fang et al. to describe the intermediate
energy collisions [13, 20–23, 29–33]. In particular, the
140 A MeV 40,48Ca and 58,64Ni projectile fragmentation
reaction have been calculated and it is found that the
SAA model can well reproduce the yields both of the
small and large mass fragments [23]. Here only some
important formulae in SAA are listed since it is well de-
scribed in Refs. [22, 23, 27, 28, 32].

In the SAA model, the colliding nuclei are described
as being composed of parallel tubes orienting along the
beam direction. Neglecting the transverse motion, the
collision is described by independent interactions of tube
pairs. Assuming a binomial distribution for the ab-
sorbed projectile neutrons and protons in the interaction
of a specific pair of tubes, the distributions of the total
abraded neutrons and protons can be determined. For
an infinitesimal tube in the projectile, the transmission
probabilities for neutrons (protons) at a given impact

parameter ~b are calculated by

tk(~s−~b)=exp{−[DT
n (~s−~b)σnk+DP

n (~s−~b)σpk]}, (8)

where DT is the nuclear-density distribution of the tar-
get integrated along the beam direction and normalized

by

∫
d2sDT

n = NT and

∫
d2sDT

p = ZT. With NT and ZT

referring to the neutron and proton number in the tar-
get respectively, the vectors ~s and ~b are defined in the
plane perpendicular to the beam, and σk′k is the free
nucleon-nucleon reaction cross section [34]. The average
absorbed mass in the limit to infinitesimal tubes at a
given ~b is

〈∆A(b)〉 =

∫
d2sDT

n (~s)[1−tn(~s−~b)]

+

∫
d2sDP

p (~s)[1−tp(~s−~b)]. (9)

The cross section for a specific isotope can be calcu-
lated from

σ(∆N,∆Z)=

∫
d2bP (∆N,b)P (∆Z,b), (10)
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where P (∆N,b) and P (∆Z,b) are the probability distri-
butions for the abraded neutrons and protons at a given
impact parameter b, respectively.

The second stage of the reaction is characterized by
the evaporation of particles, which in the SAA model is
described by the conventional statistical model under the
assumption of thermal equilibrium in the excited prefrag-
ment. The excitation energy of the projectile spectator is
estimated by a simple relation of E∗=13.3〈∆A(b)〉MeV,
where 13.3 is the mean excitation energy due to an
abraded nucleon from the initial projectile [28]. After
the de-excitation process, the yield of fragment which is
comparable to the experimental result is obtained.

The secondary decay process greatly influences the
yields of fragments, thus it affects the IYR and the resul-
tant symmetry energy of fragment in the IYR methods
[14], which is similar to the symmetry energy extracted
by the isoscaling methods and other methods [12]. The
IYRs for the prefragments produced right after the first-
stage collisions will also be investigated.

3 Results and discussion

The cross sections of the prefragments (PFs) and fi-
nal fragments (FFs) produced in the 80 A and 140 A
MeV 60Ni+12C reactions calculated by the SAA model
are plotted in Fig. 1. When I <7, the cross sections of
PFs in the 80 A and 140 A MeV reactions have large

difference when A < 30. The cross sections of FFs in
the 80 A and 140 A MeV reactions are similar to the
PFs. The very neutron-rich PFs (I >9) no longer exist
in FFs, which decay to smaller I fragments. The large
difference between the cross sections of PFs and FFs sug-
gests that the neutron-rich PFs can hardly survive the
de-excitation process and decay to smaller A fragments
with less neutron-richness.

The IYRs in the form of [lnR(I+2,I,A)−∆I ] for the
PFs and FFs in the 80 A and 140 A MeV 60Ni reactions
are plotted in Fig. 2. The difference between the IYRs
for PFs of each I group in the 80 A and 140 A MeV reac-
tions are very small, but the difference increases when I
becomes larger. The same status happens in the FFs in
the 80 A and 140 A MeV reactions, and there are some
obvious fluctuations. The IYRs for PFs in each I group
form a plateau and the mean value of the plateau de-
creases very little when I increases. Generally, the IYRs
for FFs of each I group increase when A becomes larger.
But the IYRs for the isobars with different I decrease
when I increases.

The asym/T of PFs and FFs produced in the 80 A and
140 A MeV 60Ni+12C reactions are plotted in Fig. 3. The
labels (a) and (b) represent the results using Eq. (6) and
Eq. (7), respectively. The ln[R(1,−1,A)] of fragments in
the measured 40 A MeV 64Zn+112Sn reactions [14] are
plotted as stars, which are similar to the calculated re-
sults. Generally, the asym/T of PFs are rather smaller

Fig. 1. (color online) The cross sections (in mb) of prefragments and final fragments in the 80 A and 140 A MeV
60Ni+12C reactions. The full and open symbols are for the prefragments and final fragments, respectively. The
squares and circles are for the 140 A and 80 A MeV, respectively. The fragments are sorted as their neutron excess
I=N−Z. The lines are just for guiding the eyes.
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than those of the FFs, but the difference between asym/T
of PFs and FFs becomes smaller when I increases. In
the first collision stage when the PFs are produced, the
temperature is high. The large mass PFs are produced
in the peripheral reactions, which also correspond to low
temperature. But the FFs are finally formed at low tem-
perature from the de-excited PFs. This explains the de-
creasing difference between asym/T of the more neutron-

rich PFs and FFs. The results suggest that asym/T of a
fragment decreases when the T increases, which is coin-
cident with the conclusion in Ref. [35].

The asym/T of PFs and FFs generally increase as A
increases for each I group. For PFs, asym/T increases
very slowly when A<40 and then increases faster. For
FFs, asym/T increases from ∼5 to 20 very fast and satu-
rates. But for FFs, asym/T of isobars decrease when

Fig. 2. The isobaric yield ratios [in the form of lnR(I,I+2,A)−∆] for the PFs and FFs produced in the 80 A and
140 A MeV 60Ni+12C reactions. The different filling of symbols represents different I of fragments. The stars
represent the ln[R(1,−1,A)] of the measured 40 A MeV 64Zn+112Sn reactions [14].

Fig. 3. The asym/T of PFs and FFs produced in the 80 A and 140 A MeV 60Ni+12C reactions. (a) and (b)
represent the results using Eqs. (6) and (7), respectively. The stars represent the asym/T of the I=1 fragments in
the measured 40 A MeV 64Zn+112Sn reactions [14].
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Fig. 4. The cross sections (in mb) of the final fragments produced in the 80 A MeV 60Ni+12C reactions calculated
using the SAA model with different limitations on impact parameter (bmax). The results with bmax=1.5, 2.0 and
7.3 fm are plotted as squares, circles, and triangles, respectively. The fragments are sorted as their neutron excess
I. The lines are just for guiding the eyes.

the mass becomes larger. The incident energy differences
of 80 A and 140 A MeV have a larger influence on asym/T
of PFs than those of FFs. The difference between the
asym/T of PFs at 80 A and 140 A MeV is very little but
it increases when I becomes larger. But generally, the
incident energies of 80A and 140 A MeV do not influence
asym/T very much.

The asym/T of the I = 1 fragments in the 40 A
MeV 64Zn+124Sn reaction [14] are also plotted as stars in
Fig. 3. Though the incident energies of these reactions
are not the same, the difference between the experimen-
tal and SAA calculated asym/T of the I = 1 fragments
has very little difference. The temperature evolution in
the 26 A, 35 A, and 47 A MeV 64Zn and 92Mo reactions
simulated by the AMD model reveals that the cooling
and expansion periods for all three projectile energies are
very similar, which indicates that hot nuclei with similar
properties are produced [36]. The asym/T of fragments
in the 80 A and 140 A MeV reactions calculated by the
SAA model have very little difference, and very little dif-
ference between the 40 A MeV 64Zn+112Sn reactions is
found. It’s believable that in the fermi energy, asym/T of
fragments obtained from HIC may be very similar.

In studying the influence of impact parameters on
the yield of fragments, two limitations to the maximum
of impact parameter are adopted, i.e., bmax=1.5 and 2 fm,
which all correspond to the central collisions (which are
smaller than 30% of 1.17(A1/3

p +A1/3
t )≈7.3) [19]. In Fig. 4,

the cross sections of the FFs with different bmax in the
80 A MeV 60Ni+12C reactions are plotted. The cross sec-
tions of FFs increase as bmax increases from 1.5 to 7.3 fm.
It’s easy to see that the large A fragments and the very

neutron-rich fragments are produced in the peripheral
collisions, while the small A and the relatively n/p sym-
metric fragments are produced both in central and semi-
central collisions. In particular, the cross sections of FFs
first increase as A increases to a certain value and then
decrease for bmax=1.5 fm. The relatively small difference
between cross sections of A<25 fragments for bmax=2.0
and 7.3 fm suggests that they are mostly produced in the
central and semi-central collisions. Combing the message
from Fig. 1, the cross sections of A < 25 fragments are
greatly influenced by the de-excitation process.

The IYRs for FFs in the reactions with different bmax

are plotted in Fig. 5. For fragments of each I , the IYRs
for FFs of bmax=1.5, 2 and 7.3 fm overlap when A of
fragment is small. The difference is mainly between the
large A fragments, which corresponds to the low produc-
tion of large A fragments in central collisions. The values
for IYRs between isobars decrease as I increases.

The asym/T of FFs produced in the 80 A MeV
60Ni+12C reactions with bmax=1.5, 2 and 7.3 fm are plot-
ted in Fig. 6. For the I=1 fragments in reactions of dif-
ferent bmax, asym/T of the A<25 fragments has very lit-
tle difference, and increases from 8 to 15 almost linearly,
while asym/T of the A>25 fragments increases when bmax

increases. For the I =3 fragments, asym/T increases as
A increases, and the results are similar when A<35. For
I >3 fragments when bmax =7.3 fm, asym/T increases as
A increases tardily. As the impact parameter in some
sense represents temperature and the violence of the col-
lisions, the asym/T results indicate that it decreases when
the collisions are more violent and of higher temperature,
which also is coincident with the conclusion of Ref. [35].
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Fig. 5. The isobaric yield ratios (in the form of lnR(I,I+2,A)−∆) of the final fragments produced by the 80 A MeV
60Ni+12C reactions with different limitations on the impact parameter. The IYRs in reactions with bmax=1.5, 2.0
and 7.3 fm are plotted as squares, circles, and triangles, respectively.

Fig. 6. (color online) The asym/T of FFs produced in the 80 A MeV 60Ni+12C reactions with bmax=1.5, 2 and
7.3 fm. (a) and (b) represent the results using Eqs. (6) and (7), respectively.

Comparing the asym/T results of fragments in Figs. 3
and 6 using Eqs. (6) and (7), of which taking differ-
ent IYRs as the reference [represented by (a) and (b)
in the figures], either for PFs or FFs, the results of (b)
are lower than those of (a) except the I =1 fragments.
The difference between (a) and (b) becomes larger as
I increases, which indicates the reference IYR has no-
table influence on the resultant results. For the mir-
ror nuclei, the [(µn−µp)+2ac/A

1/3]/T terms are smaller
than those of the neutron-rich isobars. For the neutron-
rich fragments, the results of taking the IYRs of mirror
nuclei as reference are larger than those of the (I−2)
IYR.

It should be pointed out that the symmetry en-
ergy for neutron-rich nuclei should include a surface-

symmetry energy term, and the the symmetry-energy
coefficient is related to the surface-symmetry energy and
volume-symmetry energy by 4asym/A = bv/A−bs/A

4/3

[37, 38], where bv and bs are the volume-symmetry en-
ergy and the surface-symmetry energy coefficients, re-
spectively. Here the correlation is written as asym/T =
bv/(4T )−bs/(4A1/3T ). Using this correlation, the asym/T
of the I=1 and I=3 fragments are fitted. bv and bs are
obtained. The results are plotted in Fig. 7. For the I=1
fragments, Rs/v(≡ bs/Bv) is 1.887. While for the I = 3
fragments, Rs/v is 2.611. The extracted Rs/v for the I=1
and I=3 fragments is in the normal range of the results
of Refs. [37, 38]. For the more neutron-rich fragments,
bv and bs are unable to be extracted due to very little
data.

024102-6



Chinese Physics C Vol. 37, No. 2 (2013) 024102

Fig. 7. (color online) The fitting of asym/T of the
I = 1 and I = 3 fragments using a correlation
asym/(T )=bv/(4T )−bs/(4A1/3T ).

4 Summary

In summary, using the isobaric yield ratio method,

the cross sections of fragments produced in the 64Ni+12C
at 80 A and 140 A MeV and with different impact pa-
rameter at 80 A MeV, which are calculated using the
statistical abrasion-ablation model, are analyzed to ex-
tract the coefficient of symmetry energy of fragments.
The incident energy influences the asym/T of final frag-
ments very little. It’s found that asym/T of fragments
with the same I increases when A increases, while asym/T
of isobars decreases when A increases. The asym/T of
prefragments is smaller than that of the final fragments,
and the asym/T of fragments in small impact parameters
is smaller than that of the larger impact parameters in
reactions, which suggests that asym/T decreases as T
increases. The choice of the reference IYRs is found
to also have influence on the extracted asym/T of frag-
ments, especially the more neutron-rich fragments. The
surface-symmetry energy and the volume-symmetry en-
ergy coefficients are obtained from the extracted asym/T
of fragments, and Rs/v of the I =1 and I =3 fragments
agree with the theoretical results.

We wish to thank Dr. HUANG Mei-Rong, at Insti-
tute of Modern Physics (Chinese Academy of Sciences),
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ful discussion.
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