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Abstract: We study possible exotic J© € =0%" states using tetraquark interpolating currents with the QCD sum
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1 Introduction

Up until now, most of the hadrons observed exper-
imentally could be interpreted as qq/qqq states by the
quark model [1, 2]. Some evidence has been accumu-
lated of exotic states with JF¢ =1-* [3-5]. Such a
quantum number is not accessible for a conventional me-
son composed of a pair of quarks and anti-quarks in the
non-relativistic quark model. Sometimes these states are
named as exotic states, although all the J¥¢ quantum
numbers are allowed in QCD.

For a neutral quark model qq state, J =0 ensures
L=S, hence C = (—)L*5=+1. Therefore, two possible
exotic states with J¥¢ =077 and 0%~ exist. It is also
interesting to note that the J¥¢ quantum number of the
local operators composed of a pair of gluon field strength
tensors is either 0t or 0.

On the other hand, the tetraquark operators may
carry the 0~ and 0™~ quantum numbers. In fact,
the 07~ state was investigated systematically using
tetraquark currents with the QCD sum rule method
[6, 7]. As a byproduct, it was noted that no tetraquark
interpolating current without the derivative for the
JFPC=0%" case exists.

With a similar formalism, one may construct the pos-
sible 01~ tetraquark current by introducing derivatives.
There are two kinds of construction, either with the qq
basis or the qq basis: (qq)(qq) and (qq)(qq). However,
they can be related to each other by the Fierz transfor-
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mation [6]. In this work, we use the first set, and it is
important to note that the hybrid and three-gluon oper-
ators with JF¢=0%" exist. We focus on the tetraquark
operators with derivatives in the present investigation.
With these independent 0T~ currents, we perform QCD
sum rule analysis and extract the masses of the corre-
sponding currents.

This paper is organized as follows. In Section 2, we
construct the tetraquark currents with J7¢ =07~ using
the diquark (qq) and antidiquark (gq) fields. In Sec-
tion 3, we calculate the correlation functions and spectral
densities of the interpolating currents and collect them
in Appendix B. We perform the numerical analysis and
extract the masses in Section 4 for the light and heavy
systems, respectively, and the last section is a brief sum-
mary.

2 Tetraquark interpolating currents

It was shown that J¥¢ =07~ tetraquark interpolat-
ing currents without derivatives do not exist [6]. So in
this work we construct the 07~ currents with derivatives
following similar steps to those in Ref. [6]. We first con-
struct two independent tetraquark fields:

Aavea=(01,CY"421) (3e D, Clua),
(1)

Povea=(a1,Cv"*75q2) (@3 D, v:Cd4y),
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where ¢,_, represents the flavor of the quarks, and
<—> — — =
a—d stands for the color indices, D,=D,—D,, D, =

gﬂ—i—igsAzt“. It is understood that the index c is the
color index of ((fﬁu) . In Egs. (1) and (2) we have used

the shorthand notation to simply the expression.

To compose the color singlet tetraquark currents, the |

m(z)
n2()

diquark and antidiquark should have the same color and
spin symmetries. Therefore, the color structure of the
tetraquark is either 636 or 33, which is denoted by labels
6 and 3, respectively. Details can be found in Ref. [6].
Considering both the color and Lorentz structures, we
can obtain the currents with JP¢=0%":

= q1Ta Cv"gap ((?m D, Cli;rz)+lj1b D, C%Ta)—qlTaCDu q2p ((?m’}/“cng‘H?lb”Y“Oqga) )

= qlTa C’Y“Q?b (6111 DM CCjZTb _leb DM nga) _qlTaCDM q2p (qla/yMCQZTb _qlb’yHCQJa) )

03(2) =1, C7* Y5426 (G1a D V5 C 016 Dy Y5 Cla) =610 C Dy ¥5620 (G107 Y5 C @y + 016715 Cla ),

n4(x)

3 QCD sum rule

Consider the two-point correlation function in the
framework of QCD sum rule

@)=tz O Ty ), (3)

where 7 is an interpolating current. At the hadron level,
the correlation function I7(p?) is expressed via the dis-
persion relation:

M e

The polynomial terms to the right of Eq. (4) are the
subtraction terms, which will be removed by taking the
Borel transformation to I7(p?) in the numerical analysis.
The spectral density p(s) is defined as:

s)=_8(s—m3)(Olnln)(n|n'|0)

n

ds—i—z a,(p*)",  (4)

n=0

=f28(s—m3%)+continuum, (5)

where myx is the mass of the resonance X and fx is the
decay constant of the meson:

(0ln|X) = fx- (6)

The correlation function can also be calculated at the
quark-gluon level using the QCD operator product ex-
pansion (OPE) method. It is convenient to evaluate the
Wilson coefficient in the coordinate space for the light
quark systems and in the momentum space for the heavy
quark systems, respectively. In our calculation we con-
sider the first order perturbative and various condensate
contributions. In order to calculate the gluonic conden-
sate, it is convenient to work in the fixed-point gauge.
The massive quark propagator iS(x,y) in an external
field in the fixed-point gauge is listed in Appendix A. The

=01, 0" Y52 (@10 DuYsCa,—Go Dy v5Clig ) =410 C Dy ¥5 026 (G107 V5 C Gy — G167 15 C ) -

quark lines attached by gluon contain terms proportional
to y, which we can ignore in the current without deriva-
tives. We keep these terms throughout the evaluation
and let y go to zero only after finishing the derivatives.
I1(p?) can be written as:

OPE(, 2\ _ (, 2\N s pOrE(s)
1R = [ s

4(mq+m2)?

N—-1
+> an(p’), (7)
n=0
where m; and m, are the masses of the quark ¢; and ¢,
respectively. In order to suppress the higher state con-
tributions and remove the subtraction terms in Eqgs. (4)
and (7), we perform the Borel transformation to the cor-
relation function, which is defined as:

() 1. ®

After performing the Borel transformation and equating
the two representations of the correlation function with
quark-hadron duality, we obtain:

1
L]WB H(p2) = ;Hﬂ —'(
i

IT(ME) = f2em/Mh = J

4(my+mg)?

dse™*/ "3 % (5) (9)

where s is the threshold parameter, and My is the Borel
parameter. We can extract the meson mass mx:

S0
J dse—s/}%éspOPE(s)
4(m1+ma)? ] (10)

X7 so
J' dse=*/Mz pOPE(5)
4(my+mg)?

mzf

For all the tetraquark currents in Eq. (2), we col-
lect the spectral density p°F®(s) in Appendix B. The
quark condensate (qq) vanishes due to the special Lorenz
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structures of the currents. For q=u, d, we perform the
calculation in the chiral limit my = 0. Since the con-
tribution of the three gluon condensates (¢2fGGG) is
very small, we consider only the power corrections from
the following condensates: (¢?GG), (79,0-Gq), {(Gq)* and
(Ggso-Gq){Gq). We list several typical Feynman dia-
grams in Fig. 1. According to the expressions of spectral
density in Appendix B, both the perturbative and non-
perturbative terms contribute to the “continuum” term
in Eq. (5), except for part of the dimension eight con-
densate contribution IT¢0@D2(A2) in Eq. (B3).

Fig. 1. Some typical Feynman diagrams of the cor-
relation functions.

4 Numerical analysis

In the QCD sum rule analysis, we use the following
values of the quark masses, coupling constant and vari-
ous condensates [1, 8-10]:

me(m.)=(1.23£0.09) GeV,
my (my,) = (4.20£0.07) GeV,
(Gq)=—(0.23£0.03)* GeV?,
(dgs0-Gq)=—M;{qq), (11)
M2=(0.84+0.2) GeV,
(g?GG)=(0.88+0.13) GeV*,

a,(1.7 GeV)=0.328+0.03+0.025.

The Borel mass My and the threshold value s, are
two pivotal parameters. The working region of the Borel
mass is determined by the convergence of the OPE and
the pole contribution. The convergence requirement of
the OPE determines the lower bound Mg, of the Borel
mass, and the pole contribution determines the upper
bound Mg, ax-

In this work, there is no contribution from the quark
condensate (7q). We show the OPE convergence for the
currents 1y and 7¢ in Fig. 2. One notes that the non-
perturbative contributions are quite large for the low

value of the Borel parameter My because the perturba-
tive term has a higher power of s and M2. The starting
point of QCD sum rule formalism is the OPE, which re-
quires Mg to be reasonably large (at least > 1 GeV) so
that OPE does not break down. On the other hand, this
is highly suppressed for a high value of M. In order
to ensure the convergence of the OPE series, we should
study the correlation function in the suitable value of
Mg. In Fig. 2, the most important non-perturbative
correction is (gg.0-Gq){qq) for both the qqqg and qcqc
systems in the small value of My. We require the con-
tribution of (gg,0-Gq){dq) to be less than the ninth of
the perturbative term, which leads to the lower limits
of the Borel parameter at about 1.6 GeV for the qqqq
system and 1.8 GeV for the qcqc system of n;. It is in-
teresting to note that the four quark condensates (qq)?
in the qqqq system and the gluon condensate (g>?GG) in
the qcqc system become much more important for the
larger value of Mg.

3.0
25 0 . perturbatiove
L (g2GG)
| L
E L e
il & 3l SEEESS (qg0.Gq) {qq)
=
& 1.0
= 05
[ |
0 ;1;:_-__—_-__:_-:_;:,_;:_'_:_'i___:_:_____:_:_: _________
—0.5 '
1.3 1.5 1.7 1.9
2.8
------- perturbatiove
_ 24 + <gZGG>
TO 20 F - — — <quz>
T 16l — — @
= R [ (qg0.Gq) {qq)
& 1.2 r
L
9 08
= 04|
= O e I
0 ;—'-=~.-=..—;.--—;=_r—p=‘.z—:-—?.;::'—_:.;.—__:_.zl__—._:_.—:_.z._:
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M,,/GeV
Fig. 2. The OPE convergence for the currents n{ and 7.

The pole contribution (PC) is defined as

JSO dse—s/M]%pOPE(s)
PC=— 4(m1+mo)? (12)

r dse™ /M pOPE(5)
4(m1+m2)?

which depends on both the Borel mass My and the
threshold value sq. sg is chosen around the region where
the variation of myx with My is at its minimum. Requir-
ing the PC to be larger than 30%-50%, we get the upper
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bound Mg, of the Borel mass My and list the work-
ing region of the Borel parameters for the four currents
with different quark compositions in Table 1. For n§_,,
we get the upper bound of Borel parameter My from the
requirement that the PC be larger than 30%. For n®_,,
we need the PC to be larger than 40%. The masses are
extracted using the threshold values s, and Borel param-
eters My listed in Table 1. The last column is the pole
contribution with the corresponding s, and Mz.

For the light tetraquark systems, no working region
for the sum rules exists. Even in the extreme case where
the pole contribution is ~30% and the contribution of
the condensate (Gg,0:Gq){qq) is around the leading order
contribution, the lower bound Mg, is still much larger
than the upper bound Mpg,.x. In other words, there is
no working region for light quark systems. As shown

in Figs. 3 and 4, the extracted mass grows monotoni-
cally with sq, which implies that the 07~ state does not
exist below 2 GeV. We note that the light J7¢ =0~
state does not exist either [6]. The 07~ and 0~" chan-
nels are in strong contrast to the 07+ case, where stable
tetraquark QCD sum rules exist and the extracted scalar
meson masses agree with the experimental scalar spec-
trum nicely [11].

For the heavy systems, the variation in mx with s
and Mgy is presented in Figs. 5-12. All the sum rules
are very stable with reasonable variations of sq and Mp.
The presence of the two heavy quarks reduces the kinetic
energy of the tetraquark system, and hence helps to sta-
bilize the sum rules. Numerically, the masses of the 0+~
states are slightly larger than those of the 0=~ states [7].

Table 1. The threshold values, Borel window, and Borel parameters for the different tetraquark currents.
current so/GeV2 [MBmin, MBmax]/GeV Mg /GeV mx /GeV PC(%)
ara=ud oy — — = — —
ng 27 1.8-2.1 2.0 4.761+0.08 37.4
qi1=u,d 75 28 1.8-2.1 2.0 4.854+0.09 39.9
q2=c % 29 1.8-2.1 2.0 4.96+0.13 42.4
4 28 1.8-2.1 2.0 4.831+0.07 40.9
7]}1J 140 2.9-3.3 3.1 11.2440.17 52.2
qi1=u,d 7]‘5 142 2.9-3.3 3.1 11.2740.14 55.6
qz=Db n 142 2.9-3.3 3.1 11.3040.17 55.0
7]2 142 2.9-3.3 3.1 11.2740.09 55.5
3.0 2.5
2.5 2.0 r
20 ¢ eSS e
E LS b o T T
S 157 o
g N 1.0+ e 5,=5 GeV?
10t~ -——-M=12Gev | | 5,=6 GeV?
— — My=13GeV L B R p— 5,=7 GeV?
osrp - M=1.4 GeV
O L L L 0 L L L
1 3 5 7 9 11 13 1.10 1.15 1.20 1.25 1.30 1.35 1.40
5,/GeV? Mg/GeV
Fig. 3. The variation of mx with Mg (left) and so (right) for the current nj.
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1 S | & i P caesemsnumnsshsasssnss=r
> 15
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a o LEET -
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o |~ M2y L 46Gev?
T o AMyTloevV o =7 GeV?
o5+ o M,=1.4 GeV 0.5 S e
O L 1 L L 0 L i L L L
1 3 5 7 9 11 13 1.10 1.15 1.20 1.25 1.30 1.35 1.40
5,/GeV? M,/GeV
Fig. 4. The variation of mx with Mg (left) and so (right) for the current 3.
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Fig. 5. The variation of mx with Mg (left) and so (right) for the current 7nf.
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Fig. 6. The variation of mx with Mg (left) and so (right) for the current 5.
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Fig. 7. The variation of mx with Mg (left) and so (right) for the current 75.
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Fig. 8. The variation of mx with Mg (left) and so (right) for the current nj.
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5 Summary

The exotic state with J¥“=0%~ cannot be composed
of a pair of quarks and anti-quarks. In order to explore
these exotic states, we constructed four tetraquark in-
terpolating operators. We then created operator product
expansion and extracted the spectral density. Because of
the special Lorentz structures of the currents, the quark
condensate (Gq) vanishes.

For the light tetraquark systems, there is no working
region of the Borel parameter or threshold for all the de-
rived sum rules. It seems that none of these independent
interpolating currents supports a resonant signal below
2 GeV, which is consistent with the current experimen-
tal data [1]. The 07~ hybrid state had been studied
in Ref. [12], and the mass was about 2.3 GeV. In con-
trast, there are very stable QCD sum rules constructed
from the tetraquark interpolating operators in the scalar
channel. The extracted scalar spectrum agrees with the
experimental data nicely [11].

For the heavy quark systems, the 0%~ tetraquark
sum rules are quite stable. The extracted masses from
the four interpolating currents 7n{_, are around 4.76-

4.96 GeV for the charmonium-like states. For the
bottomonium-like 07~ states, their masses are about
11.2-11.3 GeV. It is very interesting to note that the
mass of the 07~ charmonium-like state extracted from
the tetraquark sum rules is numerically quite close to the
mass of the 07~ hybrid charmonium extracted on the lat-
tice [13, 14]. Moreover, the extracted 07~ charmonium-
like tetraquark mass is also very close to the 07~ glueball
mass around 4.78 GeV from the quenched lattice simu-
lation [15, 16].

Because of the special “exotic” quantum number, the
0"~ charmonium-like state does not decay into a pair of
particles (H) and anti-particles (H). There are two types
of 0%~ states with different isospin and G-parity: 1¢=0"
and I¢=1%. Only a few S-wave decay modes are allowed.
Some of the possible two-body decay modes are listed in
Table 2. Replacing the D meson with the B meson, one
gets the decay patterns of the bottomonium-like states
so long as the kinematics allow. The 0%~ state may
be searched for experimentally at facilities such as the
Super-B factory, PANDE, LHC and RHIC in the future,
especially at RHIC and LHC, where plenty of charm,
anti-charm and light quarks are produced.

Table 2. The possible decay modes of the 07~ charmonium-like state.
I¢ S-wave P-wave
DO(1865)D1 (2420)°+c.c., D*(2007)°D}(2400)%+c.c.,
0~ Xc1(1P)hy (1170). .. Me(15)h1 (1170),J /1 (15)fo (600),
J/ 0 (980),J/Wf1(1285),Xc0 (LP)w(782),Xc1 (1P)w(782),
P(25)fo (600),1(3770)f (600). ..
J /W (18)m1 (1400), DO(1865)D1 (2420)° +c.c.,D*(2007)° D (2400)° +c.c.,
1+ J/W(1S)7t1 (1600), D*(2007)°D1(2420)%+c.c.,
Xc1(1P)b1(1235)... Me(15)b1(1235),J /1 (1.5)ag (980),J /p(1S)as (1260),

XcO(lP)p(770)’Xcl (1P)p(770)“‘

Appendix A

The momentum space propagator

The fixed-point gauge is defined as:

(z—wo)* A}, (2)=0, (A1)

where x¢ is an arbitrary point in space which can be chosen
to be the origin. Then the potential A}, can be expressed in
terms of the field strength tensor

A"
G (GW = 7G,W)

17, 18]:
' 1
Au(z) = J tdtGl,M(tac):Eyzicc”Gw(O)
0

1 o vV
—|—§:c 2" DaGrp(0)+---.

Denote the massive quark propagator between positions x
and y in the coordinate space as iS(x,y). The massive quark
propagator in the momentum space is [17]:

15(p)=150(p)+iSy, (p)+1Sg.q. (P)+--+,

(A2)

(A3)
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where 15y (p) is the free-quark propagator:
i

1So(p)= A4
1 O(p) ﬁ_m7 ( )
where p=+*p,,, 1S, (p) is the quark propagator with one gluon leg attached:
. iAot (pEm)+(p+m)ot
15 () = 459G (aa):
A" 2ytp”(p+m)  y"y”
——g.G - . A5
+2 2 9 Hv (pQ_mQ)Q p2_m2 ( )
1Sy, 4. (p) is the quark propagator with two gluon legs attached
: 1 AG« Ab 2 va b ﬁ+m vo vpo vo
19,4, (P) = —ZgggsGﬂprW(ﬂw + [T frrer)
1A X, p+m
-~ a Gb o pnpv nrp p LUVO A6
17 29 Cu G [y (fror+ f0)+y? 0], (A6)

where frv - =t (p+m)y” (p+m)...y*(H+m)y° (p+m).

Appendix B

The spectral densities
In this appendix, we list the spectral densities of the tetraquark interpolating currents. For the light quark systems
(q1,92=u,d), the spectral densities are:

POPB()= S T s G)s® _(qa)?s”  799(dg.0-Ga)(qa)s
! 5120076 108 s 184327(6 672 76872 ’
POPE(g) =S s° Lo, (92GG)s*  (qa)*s”  245(q950-Ga)(Ga)s
2 10240076 54 7 184327t6 1272 76872 ’
(B1)
OB S ° (14 1T a0\ _(02GG)s*  (30)°s”  T{dg.0-Ga)(da)s
Pa 5120076 108 1 ) 18432n6 672 1272 ’
5 2 3 - \2.2 —_— _
POPE(g) = 1 L as  (9:GG)s”  (qa)"s” _ T{ags0-Ga)(qa)s
10240076 54 1 1843276 1272 2472
For the heavy systems (q1=u, d, q2=c, d), the spectral densities are:
_ _\2 _ _
POTE(8)=pP" ()47 (5)+p" 190 (5)+p" 10" (5)4p' TV (s). (B2)

For the condensate (Gq)(GGq), this contains two parts: one part could be written as p, and the other part couldn’t. We
perform the Borel transformation directly on this. Therefore

H(éGq)(qw(Mé):Jm dse—s/Mﬁp@qu)(Qq)l( )11 (aGq)(qq)2 (MB) (B3)

4m?2

For the interpolating current 7;:

er 384 ;
P (s) = {(16;}115( )+m2PIf14(5)—27”2/)5(14(3)4‘67”2%71114(5)—P?14(5)+2P11\I14(5)—4P1]14(3))
a (17 25
+; (€P1L15(5)—ﬂmzp{14(3))} ) (B4)

033104-8



Chinese Physics C  Vol. 37, No. 3 (2013) 033104

2 gele: 23 2 10 1 1 10
P9 (s) = GO gt ()42 o (5)— 2 o (5) = 2 i (5)+ =S () 2 pSha ()~ L G (5)
4
- 8 3 3 6 3 3
39 . 5
—§PI123(5)4‘11527”201134(5)—207”20;24(5)—167”2/)‘1]33(3)—7687712/)1]44(3)—gpzlzs(s)
95 5
+192m? (P11\I44(5)+P4Nl4(5))—96m2 (91044(5)4’!351)14(5))+1152m4f71144(5)—4_8/){(13(3)“‘6"12/)5(23(5)
10 5 5 91
—192m* (P¥44(3)+Pff14(3))+_m2P§13(5)_—P§14(5)_—m20§24(3)_24Om20§14(3)+_P1f13(5)
3 3 3 48
m? 29 31 8
—TPIfzs(5)—§P1f24(3)+160m2PIf34(5)+3072mZPIf45(5)+10mZPI524(5)—EP?24(3)—§P§)14(3)
—192m” pif54 (s)+192m" plua (s) |, (B5)
5 m{ggo-G
p§qu> (s) = _%(29p1112(s)+39m2p1122(s)—SpZle(s)—116p11v£3(s)—40p12v{3(3)+10m2p¥22(8)
521
+5m29£2(3)+?0¥12(8))7 (B6)
(@2, y_16,_ 12 q 41 B7
" (8)=3(a9)" (prio(s)=m"piro(9)), (B7)
. o 1 119 1 2 61 61
P10 (5) = (ga) (aGa) (Tgp?zo(s)_%m2pll1o(5)_1—8m4pllzo(3)—gpf10(5)+4—8P11\110(3)+4—8m2pll<10(5)> . (BY)
_ _ 2 _ B
Iy TS0 (ME) =2 (qa) (aGa) (m* IT' (M)~ 11" (M) (B9)

For the interpolating current 7s:

or 192
p(s) = — {(16&15(s)+m2p%14(s>—2m2pﬁ4(s)+6m2p£14(s)—p%4(s>+2p¥14(s>—4pi14(s>)

+% (gplf15(5)_%mzpln4(5)):|7 (B10)

7 2 2 7 1 1
—3P‘1]23(3)+—P11\123(5)+—P2N13(5)—§P§24(3)—gp?zs(s)—§P2013(5)—§P2024(5)

w2ca) . _ (9°GG)
pi799) (s) = 95C) : =

s

57 1
+ gmzpllzs (3)“‘5767”2/31134 (s) —4m2p§24 (s) —8m2p{33 (s) —3847”2%7{44 (s)— gmngzs (s)

17 1
+96m” (011\144 (8)+P4Nl4 (3)) —48m” (0944 (8)+P1044 (3)) +576m4pl144 (s)+ @053 (s)+ gm2pl1<23 (s)

10 1 1
—96m2p¥34 (s) —96m" (PEM (3)+P§14 (5)) - mngl?) (s)— —P§<14 (s)— ~m? P§24 (s)

3 3 3
47 3 35
- 120m2p§14 (s)+ 4_8pr13 (s)+ §m2prf23 (s)+ 30%24 (s)+80m2p1f34 (5)+96m4p1f44 (s)
1 8
+1536m2p1f45 (s)+2m2p1524(5)+Ep?z4(s)+§p§14(s) , (B11)
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g m(qgo-G y 73
19 () =ML CD) (npim<s>+p§'12<s>—44p%;3<s>+8p2€3<s>+9m2p£22<s>—gp&<s>+10m2p¥22(s)—m2p§12<s>) . (B12)

pétitﬁz (s)= % @q)z (p?lo(s)—m4p1110 (5)) )

17 q 79 5 29 N 9

o o 17 1 2
ps™ 19 (3)=(aq) (aGa) (l—gpm(@—%m pm(s>—1—8m4pizo<s>—gp‘flo<s>+4—8puo(s)+Emzp¥1o<s>) !

Hg‘?q”chﬂ(Mé):%(qu) (GGq) (m‘*HI(MS,)—H”(MS,)) :

For the interpolating current 7s:

or 384
5 t(5):? [(16P1f15(3)+m2PIf14(5)_2m2p¥14(3)+6m2pll14(5)_0914(5)+2P11\I14(3)_4Pi14(3))

a (17 25
+% (Ep%15(8)—ﬂm2p1114(8)):| ,

23 2 10 1 1 10
50523(5)+§P11\123(3)—502N13(5)—§P§24(3)+6P?23(3)+§on13(5)—§P§)24(3)

2 elel
709 ()= G

39 5
—§P1123(5)4‘11527”201134(5)—207”2!);24(3)—16"12/7%33(5)—7687”2!7%44(5)—51)323(3)
95 5
+192m? (Pll\l44 (3)+P4Nl4 (3)) —96m* (P?44 (3)+P4?14 (3)) +1152m4p1144 (s)— 4_8P¥13 (8)+ 6m2p¥23 (s)

10 5 5 91
-192m* (P¥44 (3)+P§14 (3)) + ?m2p§13 (s)— §P§14 (s)— §m2 P§24 (s) —24Om2p§14 (s)+ @0%13 (s)

2
m 29 31 8
5 Pras(s)— ?PIfzzl (8)+160m° a4 (s)+3072m> pTss (s)+10m> piay () — EP?M (s)— §P§)14 (s)

—192m2p¥34(s>+192m4p%44(s)] :

G m{qgo-G
péthv (5)2% (29p1112 (5)439m2 o (s)—5p3ia(s)—116p155(s)

521
—400%3 (5)+10m2p¥22 (s)+5m2p§12 (s)+ ?Pﬁz (8)) )

S \2 16 _
péqq) (s):?(qq>2 <p?10(5)—m4p1110(8)>7
o o 119 1 2 o "
pIDNTCN () (a0 (7Gq) (18p?20(8)— = m®piio(s)— 18m4p§20(s)—§P$1o(s)+48p11\110(8)+48m2p¥1o(s)

[T 60?2 (Mé)zg (G9)(qGq) (m4H1(M§)—HH(M§)) :

For the interpolating current 74:

" 192
oA t(5):? [(16P1f15(3)+m2PIf14(5)_2m20¥14(3)+6m2pll14(5)_0914(5)+2P11\I14(3)_4Pi14(3))

+

a7 5
; (gp%15(5)—ﬂm2pl114(8)):| s
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(B19)

(B20)
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2 °G 7 2 2 7 1 1
709 ()= LG 0 (51 (5) 2 B (5)— 2 0300 (9)— 2 2 (5) 5 S (5) 2 5 (5)

57 1
+ 3 M’ plag(8)+576m>plas(s)—4m? phos(s)—8m> plas(s)—384m” plaa(s)— gm%g% (s)

17 1
+96m? (P11\I44(5)+P§14(3)) —48m? (P1O44(5)+P?44(3)) +576m4f71144(5)+EPI1<13(3)+67”2P¥23 (s)

10 1 1
_96m2p11<34 (s) —96m" (P11<44 (5)+PAIL<14 (3)) - ?mnglS (s)— gpglél (s)— gmngzz; (s)

47 3 35
—120m? P§14 (s)+ 4—8P1f13 (s)+ §m201f23 (s)+ ?Prfzz; (5)+80m2pr34 (s)+96m4pr44 (s)

1 8
—|—1536m2p1f45 (3)+2m2PI524 (s)+ _PI{I24 (s)+ —Pglm (3):| )

12 3
) mlGao-C 73
placa) (8):_% (11p1112 (s)+p2N12(8)—44/111\/%3(8)4-8#2\%3(8)+9m2P1122(5)—§P¥12(8)
+10m2p¥22(5)—m2p§<12(8)> )
— N2 8, _
it (s)=7(aa)’ (p?lo(S)—m4plllo(5)) :

o AL 79 17 1 29 29
DGO () _zon (i) (Ep(l%o(s)_%meIllO(S)_Em4p1120(8)_ 505’10(8)4— Eplﬁw(S)-l-Em?prw(S)) ;
o 1,_.,_

Hﬁququ)Q(Mé):g(qq) (GGq) <m4nI(M§)—HH(M§,)> :
The functions P;’;;;KW(S) and IT""(MZ) in the above expressions are defined as:
4 4 _ 2-h—j+k
pI ‘ (S): (_1)k47k72 mdxda mdxdﬂ (O(+ﬁ—1)k 1 (m2(a+ﬂ)_aﬁs) I+
R DTG DINC o) N T |

. (~1)ka k2 o ap
phjk(8)_nzp(h)F(j)F(k)F(4_h_j+k) Cmin ¢ B

min

(a+B—1)F"" (m? (a+ﬁ)—aﬁs)27h7j+k (2m? (a+B)+aBs(h+j—k—5))
x al+h—h Glth—j ’

where h,j,k>0, h+j—k<2.

. B (—1)kg-2k=3
phjk(8)_ﬂzp(h)F(j)F(k)F(3—h_j+k)

max max - (q4-3—1)F71 (mQ(a—FB)—aﬁs)17h7j+’C (2m?(a+B)+aBs(h+j—k—4))
Ju daJ ds Qi TR gk g

min Bmin

where h,j,k>0, and h+j—k<1.

b (s)= ol " [ gplet =D T (0t 8) —aBs) M
”’””“(8)’n2r<h>r<j>r(k>r<3—h_j+k)r daJ 48 I

%min Bmin

X [6(m2 (oz—l—ﬁ)—aﬂs)Q—aﬂs (6(m2 (oz—i—ﬁ)—aﬂs)(2+k—h—j)—aﬂs(2+k—h—j)(l+k—h—j))] ,
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(B23)

(B24)

(B25)

(B26)

(B27)

(B28)

(B29)

(B30)

(B31)
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where, h,j,k>0, and h+j—k<O0.
3 max o max  (a+B—1)*(m?*(a+B)—2a8s) _omt [T do as? (7712—(1—00045)3 (B32)
@) ) =l

L
SN R— d
Piua($)= 5o . p ad 36864(m2—as)o

min min

N (s)= o max mex - (a4B—1)F " (m?(at-B)—afs) "I
phjk(8)_“Qr(h)r(j)F(k)F(4—h—j+k) sz daJ'B dp o1 ght1—]

X <2(6a—1) (aBs—m>(a+P))’ —aBs(3—h—j+k) (aBs(2a(h+j—k—8)+1)+(12a—1)m> (a+ﬂ))> : (B33)
where h,j,k>0, h+j—k<1.
o (_1)k+1272k—3 J‘O‘nlax daJ~ max a8 (Oc+ﬂ—1)k71 (m2 (Oc+ﬁ)—o¢ﬁs) —h—j+k
) an s

P = D TG DO T (4 h oF " Bk=g+1

x [6(8a—3) (mQ(a—l—ﬁ)—aﬂs)3—18(4a—1)aﬁs(3—h—j+k) (m2 (a+ﬂ)—aﬁs)2
+3(8a—1)a’B°s*(2—h—j+k)(3—h—j+k) (m2 (a+B)—aps)

—2a*s*(1—h—j+k)(2—h—j+k)(1—h—j+k)], (B34)
where h,j,k>0, h+j—k<1.

4 max o353 (m?—(1—a)as 3
piaa(s)=— 36;24712 Jﬂ da ((m?—as)6 )
1 max mex  (a+B—1)° ((8a—3)m* (a+3)>—4a(10a—3) Bm’ s(a+B)+10a> (da—1) 5°s7)
204872 1°(4)2 J:min do‘Lmin dg PER , (B35)
o B 1 max  3g3 (mz—(l—a)as)3
pina(8) = 35560 2 J:m do— S 2 —as)®
1 max mex  (a+B—1)° ((8a—3)m* (a+3)>—4a(10a—3) Bm’ s(a+B)+10a> (da—1) 5°s?)
T 208 (4)2 J:min dO‘Lmin s G . (B36)
- B (_1)k+1272k—3 max max (a_’_ﬁ_l)k—l(mQ(OH_ﬁ)_aﬁs)*h*j‘H@*l
Prik(8) = e Oy TG T T (B—h—j ) - do‘me b B (1—a)?
X <12(1—a)3(8a—1) (m2(a+ﬁ)—aﬂs)3—3 (48043—100(12—&—56(1—3) afs(—h—j+k+2) (aﬁs—mz (a+ﬂ))2
—2(a—1)%(24a—1)a’ Bs* (h+j—k—2)(h+j—k—1) (afs—m*(a+03))
+4(a—1)2a4ﬂ3s3(h+j—k—2)(h+j—k—1)(h+j—k)), (B37)
where h,7,k>0, h+j—k<—1.
2
Phio(s)=-1o3\/ 1o, (B35)
L)
p120(8)= 1672 s(s—4m2)7 (B39)
1 4m?
PRo(s)=—15= (5-m*) |/ 1- =, (B40)
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2)2
m

1 s
Q - (2_
Prao(8)= 1672 (2
K (8)__i __ 1
Prots/ == g | 4(1—s/dm2)

N 2 o2
prio(s)= 390 ((35 2m”~)

—83m°®—559m*s+326m?s>—53s>

Plfw(s):
120125

1 [ m?
HI(ME):—J dr——exp
4m? x> M3

0

1
1
HII(M]%):_S?J dx
0

The integration limits in the above expressions are:

1+4/1—-4m?/s

Omax = 5

2

ﬂmax :1_047

s(s—4m2)

6

[_

ELL——
x(1—z) M3 P

2
L (B41)
S
2
1- ﬂ) 7 (B42)
S
2 4
o Am___Am 7 (B43)
s s(s—4m?)
7 (B44)
2
m
e el (B45)
m2
- (346)
1—\/1=dm?
Oémin:fm/s7 (B47)
2
am
ﬂmin:—as_'rn2 . (B48)
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