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Astrophysical S-factor of the d(p,γ)3He process

by effective field theory
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Abstract: We summarize the recent effective field theory (EFT) studies of low-energy electroweak reactions of

astrophysical interest, relevant to big-bang nucleosynthesis. The zero energy astrophysical S(0) factor for the thermal

proton radiative capture by deuteron is calculated with pionless EFT. The astrophysical S(0) factor is accurately

determined to be S(0) = 0.243 eV·b up to the leading order (LO). At zero energies, magnetic transition M1 gives

the dominant contribution. The M1 amplitude is calculated up to the LO. A good, quantitative agreement between

theoretical and experimental results is found for all observables. The demonstrations of cutoff independent calculation

have also been presented.
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1 Introduction

Very low-energy radiative capture and weak capture
reactions involving few-nucleon systems have consider-
able astrophysical relevance for the studies of stellar
structure evolution and big-bang nucleosynthesis. The
radiative capture of neutrons and protons by deuterons,
the inverse reactions, and the photodisintegration of
3H and 3He, have been investigated experimentally and
theoretically over the last decades with some interest.
The low-energy behavior of the cross section for the reac-
tion d(p,γ)3He has important astrophysical implications.
This reaction is an essential part of the deuterium burn-
ing phase of proto-stellar evolution [1]. It is Step two
in the proton-proton chain for burning hydrogen into
helium at higher temperatures. Due to the Coulomb
barrier of the entrance channel, the cross section drops
nearly exponentially with a decrease in the center-of-
mass energy, thus becoming increasingly difficult to mea-
sure it at the relevant energy at which the reaction takes
place in astrophysics. Instead, one was forced to extrap-
olate high energy cross section data to stellar energies
using the astrophysical S(E) factor. The NACRE Col-
laboration [2] obtained S(0) to be (0.20±0.07) eV·b and
the LUNA Collaboration [3] obtained the cross sections
and S-factors for energies below about 20 keV. An analy-
sis of the existing data reported a value of (0.162±0.019)
eV·b for S(0) [4]. Low-energy cross sections, S-factors
and thermonuclear reaction rates are also reported and

compared with other measurements and theory [5].
The theoretical description of proton-deuteron radia-

tive capture at low-energies is complicated by the pre-
sence of the Coulomb interaction. Only relatively re-
cently has the S-wave capture contribution to the zero-
energy S-factor of this reaction been calculated with nu-
merically converged Faddeev wave functions, obtained
from the realistic Hamiltonian including the Coulomb in-
teraction. A calculation of the M1 contribution to S(0)
is reported to be (0.108±0.004) eV·b where the given un-
certainty is somewhat subjective [6]. By R-matrix analy-
sis S(0) is found to be (0.223±0.010) eV·b. The R-matrix
analysis has the M1 multipole slightly larger than the E1
multipole for Ecm less than 10 keV and with E1 being
dominant for energies above 10 keV. The M1 contribu-
tion to S(E) is nearly flat from zero energy to around
100 keV [7]. In a study of the electromagnetic properties
of two- and three-nucleon nuclei, the pair-correlated hy-
perspherical harmonics method was used with modern
two- and three-body interactions and currents to cal-
culate among other things the S-factor for low-energy
proton-deuteron radiative capture [8]. The results are in
agreement with the LUNA data as well as some older
data. The obtained value of S(0) is 0.219 eV·b.

The nuclear effective field theory (EFT) has been
applied to two-, three-, and four-nucleon systems [9–
17] in past years. The pionless EFT would be an ideal
tool to calculate low-energy cross sections in a model-
independent way and to possibly, reduce the theoretical
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errors in a precision calculation. We also suggested a
method for the computation of neutron-deuteron radia-
tive capture and triton electromagnetic structure for low-
energy with pionless EFT [18–22].

The purpose of the present paper is to study the as-
trophysical S(E) factor of the d(p,γ)3He reaction with
pionless EFT. At these energies, magnetic transition M1

gives the dominant contribution. The M1 amplitude is
calculated up to the leading order (LO) with the inser-
tion of a three-body force. The results are in good agree-
ment in comparison with the available experimental data
and theoretical calculations at low-energies.

This article is organized as follows. In the next sec-
tion, a brief description of the relevant Lagrangian and

integral equations are reported. Then the formalism for
the total cross section of the proton-deuteron radiative
capture and the astrophysical S(E) factor will be pre-
sented in section 2. We discuss the theoretical errors,
tabulation of the calculated data for S(0) in compari-
son with the other theoretical approaches and the newly
available experimental data in Section 3. Finally, the
summary and conclusions follow in Section 4.

2 Brief formalism of Lagrangian and in-
tegral equations

We use the three-nucleon Lagrangian [16]

L = N †

(
iD0+

D2

2MN

)
N−di†

[
σd+

(
iD0+

D2

4MN

)]
di−tA†

[
σt+

(
iD0+

D2

4MN

)]
tA+yd

[
di†

(
NTP (3S1)N

)
+h.c.

]

+yt

[
tA†

(
NTP (1S0)N

)
+h.c.

]
+LB+LThree−Body , (1)

where MN, N , di and tA are the nucleon mass, the
nucleon field, two dibaryon fields corresponding to the
deuteron and the spin-singlet virtual bound state in S-
wave nucleon–nucleon scattering, respectively. The pro-
jection operators are:

P (3S1)=
1√
8
σ2σiτ 2 , P (1S0)=

1√
8
σ2τ 2τA , (2)

with ~σ (~τ ) operating in spin (isospin) space, project out
the 3S1 and 1S0 NN partial waves, respectively. The
Dµ =∂µ+ieAµ·Q̂ is covariant derivative, where Q̂ is the
charge operator. Furthermore, we have the kinetic and
gauge fixing terms for the photons,

LB =
e

2MN

N †(k0+k1τ
3)σ·B

+e
L1

MN

√
r(1S0)r(3S1)

dt
j†ds3Bj+h.c. (3)

where k0 = 1/2(kp+kn) = 0.4399 and k1 = 1/2(kp+kn) =
2.35294 are the iso-scalar and iso-vector nucleon mag-
netic moment in nuclear magnetons, respectively. The
unknown coefficient L1, will be fixed at its leading non-
vanishing order by the thermal cross section [23]. In
the doublet-channel of the three-nucleon system, a three-
body contact interaction is required for renormalization
at leading order [11]. It can be written as

H(E;Λ) =
2

Λ2

∞∑

n=0

H2n(Λ)

(
ME+γ2

t

Λ2

)n

=
2H0(Λ)

Λ2
+

2H2(Λ)

Λ4
(ME+γ2

t )+··· . (4)

where Λ is a momentum cutoff applied in the three-
body equations discussed below and H(Λ) a known log-

periodic function of the cutoff that depends on a three-
body parameter Λ∗. The deuteron wave function renor-
malization constant is given as the residue at the bound
state pole:

Z−1
0 =i

∂
∂p0

1

i∆d(p)

∣∣∣∣
p0=−

γ2
d

MN
,p=0

. (5)

The electromagnetic interaction breaks the isospin
symmetry that is implicit in the dibaryon propagators
from the previous subsection. For the pp-part of the
singlet dibaryon we can also have Coulomb photon ex-
changes inside the nucleon bubble. The result for the
leading order propagator is [17]

i∆AB
t,pp(p)=− 4πi

MNy2
t

· δAB

−1/aC−2κH(κ/p′)
, κ=

αMN

2
, (6)

where p′=i
√

p2/4−MNp0−iε and

H(η)=ψ(iη)+
1

2iη
−log(iη), (7)

where ψ denotes the logarithmic derivative of the Γ -
function. The power counting of pionless effective field
theory by definition of the low-energy scale Q of the
theory is set by the deuteron binding momentum γ ∼
45 MeV and including Coulomb photons are introduced
in Ref. [16].

For a three-body bound state, we have all the ingredi-
ents to discuss the proton-deuteron system in the doublet
channel, where the spins of the nucleon and the deuteron
couple to a total spin of 1/2. The spin-singlet dibaryon
can now appear in the intermediate state, which leads to
two coupled amplitudes that differ in the type of the out-
going dibaryon. In contrast to the quartet channel, the
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three nucleon spins no longer need to be aligned in the
same direction, which means that a non-derivative three-
nucleon interaction is no longer prohibited by the Pauli
principle. The diagrams contributing to proton-deuteron
radiative capture and scattering that include Coulomb
photons are shown in Fig. 1 and Fig. 2. For the low-
momentum p�Q calculation, diagram (a) simply scales
as α/p2. The diagram (b) is enhanced relative to (a) by a
factor Λ/Q from the nucleon bubble and hence gives the
leading order Coulomb contribution. Diagram (a) enters
only at the NLO since the dibaryon kinetic energy opera-
tors, which generate the direct coupling of the photons to
the dibaryons, enter only as effective range corrections.
We iterate the diagrams (a) and (b) to all orders and do
not include any of the other diagrams shown in Fig. 1.

The claim is that this procedure is adequate for both
the quartet-channel and the doublet-channel system. In
order to include the Coulomb effects and hence discuss
proton-deuteron scattering, we follow [16]. Finally, we
have all the ingredients to discuss the proton-deuteron
radiative capture. The electromagnetic interaction does
not couple to isospin eigenstates, thus we need two differ-
ent projections for the amplitude T b with the outgoing
spin-singlet dibaryon [16]:

T d,b1
full =

1

3
(σi)α′

α (T b,iB
full )βb′

α′a(1·δB3)b
b′

∣∣∣
a=b=1
α=β=1

, (8)

T d,b2
full =

1

3
(σi)α′

α (T b,iB
full )βb′

α′a(1·δB1+i1·δB2)b
b′

∣∣∣
a=1,b=2
α=β=1

. (9)
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, (10)

where Dpp
t (E;q)≡∆t,pp

(
E− q2

2MN

,q

)
.

The spin structure of the matrix elements of pd →
3Heγ process is complicated, but in very low-energy
for this reaction we can introduce three multiple tran-
sitions that can be allowed by p-parity and angular

momentum conservation i.e. [18] Jp =
1

2

+

→ M1 and

Jp =
3

2

+

→ M1, E2. The parametrization of the cor-

responding contribution to the matrix element can be
built by the following contributions:

i(t†N)( ~D·[~e∗×~k]),
(t†σaN)( ~D×[~e∗×~k])a,

t†(~σ·~e∗ ~D·~k+~σ·~k ~D·~e∗)N,

(11)

where N , t, ~e, ~D and ~k are the 2-component spinors
of initial nucleon filed, the final 3He field, the 3-vector
polarization of the produced photon, the 3-vector po-
larization of deuteron and the unit vector along the 3-
momentum of the photons, respectively. The two struc-

tures in Eq. (11) correspond to the M1 transition. The
electric transition ELSJ

i for energies of less than 60 keV
dose not contribute to the total cross section. There-
fore the E0(3/2)(3/2)

2 transition will not be considered in
energies relevant to the big-bang nucleosynthesis (BBN)
calculation. The M1 amplitude receives contributions
from the magnetic moments of the nucleon and dibaryon
operators coupling to the magnetic field, which are de-
scribed by the lagrange density involving fields Eq. (3).
The radiative capture cross section nd → 3Hγ at very
low-energy is given by

σ=
2

9

α

vrel

p3

4M 2
N

∑

iLSJ

[|χ̃LSJ
i |2], (12)

where

χ̃LSJ
i =

√
6π

pµN

√
4πχLSJ

i , (13)

with χ standing for either the electric or magnetic tran-
sition and µN being in nuclear magneton and p being the
momentum of the incident neutron in the center of mass.
There is an infinite number of diagrams contributing at
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Fig. 1. The Faddeev equation for pd-scattering up to the LO. The thick solid line is the propagator of the two
intermediate auxiliary fields Ds and Dt, the propagator of the exchanged nucleon and the wavy lines denote the
virtual photones.

Fig. 2. The Faddeev equation for pd-radiative capture up to the LO. The circles indicate the insertion of pd-
scattering amplitude up to the LO from Fig. 1(only up to the first line of perturbative expansion of the Faddeev
equation). The three-body interactions are shown with strength H0(Λ). The wavy line shows photon and small
circles show the magnetic photon interaction. The photon is minimally coupled. The semi-circles show the final
triton bound state. The remaining notation is shown as in Fig. 1.

Table 1. Results for the cutoff variation of the
cross section up to the LO are shown between
Λ=150 MeV and Λ=500 MeV.

E/(10−8 MeV) LO

1 0.0008

2 0.0011

2.65 0.0014

3 0.0017

10 0.0026

the leading order for M1 amplitude of the radiative cap-
ture cross section pd → 3Hγ, as shown in Fig. 2. We
follow the same procedure as [18].

As we are interested only in the ultra-violet (UV)

behavior, i.e. in the asymptote, and no infra-red (IR) di-
vergences occur, we can safely neglect the IR limit of the
integral. All calculations were performed with the cut-
off at 400 MeV. The results are shown in Table 1. For
the energy range of our calculation, below the break-up
reaction, we show cutoff variation of the cross section be-
tween Λ=150 MeV and Λ=500 MeV as a function of the
center-of-mass energy. We confirm that in our calcula-
tion also in a very low-energy range, the cutoff variation
has a very smooth slope.

3 Results and discussion

We numerically solved the Faddeev integral equation
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up to the LO. We used ~c=197.327 MeVfm, a nucleon
mass of MN=938.918 MeV, for the NN triplet channel a
deuteron binding energy (momentum) of B=2.225 MeV
(γd =45.7066 MeV). The proton-proton Coulomb scat-
tering length aC=−7.8063±0.0026 fm [24]. The remain-
ing parameters can be found in Ref. [18].

The astrophysical S factor of the 2H(p, γ)3He radia-
tive capture reaction at thermal energy is given by:

S(E)=Eσt(E)e2πα/v , (14)

where E is the pd center of mass kinetic energy, σt(E) is
the total cross section, α is the fine structure constant,
and v is the pd relative velocity.

The results for S(0) are summarized in Table 2. The
experimental data are from Refs. [1, 25–27].

Table 2. Comparison between different results for
the astrophysical S(0) factor of the reaction
proton-deuteron radiative capture at zero energy.
The last line shows our result using EFT at LO
order.

research group S(0)/(eV·b)

Schiavilla et al. [27] 0.185 ± 0.005

Griffiths et al. [25] 0.25 ± 0.04

Schimd et al. [26] 0.166 ± 0.014

LUNA Collaboration [3] 0.216 ± 0.010

EFT(LO) 0.243

Here, no significant difference has been seen be-
tween the results obtained with the present model based
on pion less EFT, the nuclear current operator, the
modern nucleon-nucleon potential model and experimen-
tal results. The agreement between the theoretical pre-
dictions and the experimental data, especially the very
recent LUNA data [1], is good. In particular, the calcu-
lated S-factor at zero energy is 0.243, which is in agree-
ment with the LUNA and Griffiths results. The most
complete comparison between EFT and the AV18/UIX
interaction [27], with a nuclear electromagnetic current
operator that includes both one- and two-body contribu-
tions, for the astrophysical S-factor at zero energy was
also performed. The EFT result is closest to the experi-
mental result.

We also compare the predictions obtained with pi-
onless EFT with other available experimental results.
The calculated S-factor in the energy range 0–1 MeV
is compared with the experimental data of Refs. [25, 26,
28] in Fig. 3. For very low-energies, the results are in
good agreement with the Huang, LUNA and Griffiths
results [25, 26, 28].

The results for S(0) show that the P -wave capture
channels are very important at higher energies. The
energy dependence of the astrophysical S(E) suggests
higher partial waves and higher order calculations at
higher energies. It should be noted that the E1 opera-

tor makes a small contribution to the total cross section
above 1 MeV in comparison with M1.

Fig. 3. The calculated S-factor for d(p,γ)3He ob-
tained using EFT up to LO is compared with the
available experimental data. Experimental data
are taken from Refs. [25, 26, 28].

The strength of the EFT calculation is that it al-
lows for the estimation of the theoretical uncertainties
of a calculation because contributions to the scattering
amplitudes are ordered by a small expansion parameter
Q. NnLO corrections to kcotδ should typically be of

the order ∆(kcotδ)∼Qn=
( p
Λ

)n

compared with the LO

result. A typical low-momentum scale p in the three-
body system is the binding momenta of the two-nucleon
bound state, γ≈45 MeV. The breakdown scale Λ≈mπ

of the theory is the scale at which higher-order correc-
tions become comparable in size. Like the actual size of
the expansion parameter Q, its value must be verified

in actual calculations. By considering Q ≈ 1

3
in pion-

less EFT of nuclear physics, the theoretical accuracy by
neglecting higher-order terms is here estimated conser-

vatively by Q≈ 1

3
of the difference between the NLO-

and N2LO-result [29].

4 Summery and conclusion

Understanding the nature of 3He, the only stable 3-
body nucleus, constitutes a major advance toward the
solution to the general problem of nuclear forces. In
particular, it involves the influence of the third nucleon
on the interaction between the other two. We have in-
vestigated the approach for constructing electromagnetic
currents by using minimal substitution in the two- and
three-nucleon interactions.
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The zero energy astrophysical S(0) factor for the
thermal proton radiative capture by deuteron is calcu-
lated with pionless EFT. The astrophysical S(0) factor
is accurately determined to be S(0)=0.243 eV·b up to
the leading order (LO). At zero energies, the magnetic
transition M1 gives the dominant contribution. The M1

amplitude is calculated up to the LO. A good quantita-

tive agreement between the theoretical and experimental
results is found for all observables. The demonstrations
of the cutoff independent calculation have also been pre-
sented. For the 3He nuclear systems, the cross sections
as well as the astrophysical S-factor have been calculated
and compared with the corresponding experimental re-
sults in the energy range 0–1 MeV.
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