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Exact treatment of pairing correlations in Yb isotopes with

covariant density functional theory *
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Abstract: The effects of pairing correlation in Yb isotopes are investigated by covariant density functional theory

with pairing correlations and blocking effects treated exactly by a shell model like approach (SLAP). Experimental

one- and two-neutron separation energies are reproduced quite well. The traditional BCS calculations always give

larger pairing energies than those given by SLAP calculations, particularly for the nuclei near the proton and neutron

drip lines. This may be caused because many of the single particle orbits above the Fermi surface are involved in the

BCS calculations, but many of them are excluded in the SLAP calculations.
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1 Introduction

Covariant density functional theory (CDFT) is one
of the most important microscopic models due to its
successful description of many nuclear phenomena [1–
5]. Most recently, the theoretical framework of CDFT
and its applications for nuclear ground states and excited
states, as well as a couple of topics in interdisciplinary
fields, have been reviewed in Ref. [6]. There are a number
of attractive features in CDFT, especially in its practical
applications in the self-consistent relativistic mean-field
(RMF) framework. It naturally gives the spin-orbit po-
tential and the relativistic effects are responsible for the
pseudospin symmetry [7–12] in the nuclear single-particle
spectra and the spin symmetry in the anti-nucleon spec-
trum [13, 14]. Moreover, it is of particular importance
that the CDFT includes nuclear magnetism [15] (i.e., a
consistent description of currents and time-odd fields),
which plays an important role in nuclear rotations [16–
19].

Pairing correlation plays an essential role in many
nuclear properties, such as binding energies, moment of
inertia, electromagnetic transition, low-lying collective
modes, etc. RMF theory must be supplemented with
a proper treatment of the pairing correlations to real-
istically describe the open shell nuclei. In the RMF
model, the Bardeen-Cooper-Schrieffer (BCS) approxima-
tion and Bogoliubov transformation have become stan-

dard literatures to treat pairing correlations, in both sta-
ble and exotic nuclei. Since the approximation product
of the quasiparticle wave functions in quasiparticle for-
malism breaks the gauge symmetries connected with the
particle number, a particle number conserving (PNC)
method has been proposed [20, 21] and employed suc-
cessfully to describe odd-even differences in moments of
inertia (MOI’s) [22], the nonadditivity in MOI’s [23], the
identical bands [24, 25], the nuclear pairing phase transi-
tion [26], the high-spin states and high-K isomers in the
rare-earth, and the actinide region and superheavy nuclei
[27–31]. Recently, this method has been used to inves-
tigate the effect of pairing in antimagnetic rotation [32].
This approach has been later combined with the RMF
theory, known also as relativistic mean field theory with
shell-model-like approach (RMF+SLAP), and success-
fully applied to describe both the ground states and exci-
tation spectra of Ne [33, 34], Sn [35], and C [36] isotopes.
Moreover, the α-cluster structures of light nuclei have
also been discussed in the framework of RMF+SLAP
[37, 38].

In contrast to the conventional BCS or Bogoliubov
approaches, the pairing Hamiltonian is solved directly in
a truncated Fock space in SLAP [39, 40]. The particle
number is thus conserved and Pauli blocking effects are
taken into account exactly. Moreover, the RMF+SLAP
provides a self-consistent framework to investigate the
paring correlation without particle number violation.
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Therefore, it would be very interesting to make a com-
parison between the SLAP and BCS approach in such a
self-consistent framework.

In this work, by taking Z = 70 isotopes as an ex-
ample, the ground-state properties are investigated with
RMF+SLAP and RMF+BCS models, respectively. In
particular, the one- and two-neutron separation energies,
pairing energies, and the single-particle occupation prob-
ability are discussed in detail.

2 Theoretical framework

The theoretical framework of RMF is explained in
detail in Refs. [1–4]. In Ref. [20], the PNC method is
introduced following the idea of shell model. The for-
mulism of the combination of the RMF model and the
shell-model-like approach can be found in Ref. [33]. In
the following, we briefly present the framework of the
RMF+SLAP model.

The starting point of the RMF theory is an effec-
tive Lagrangian density where nucleons are described as
Dirac spinors, which interact via the exchange of several
mesons (the isoscalar scalar σ, the isoscalar vector ω, and
isovector vector ρ) and the photon [2–4]. The detailed
formulation of this Lagrangian density can be found in
Refs. [2–4].

The classical variation principle leads to the Dirac
equation

{iα·∇+V (rrr)+β[M+S(rrr)]}ψi=εiψi, (1)

for the nucleons and the Klein-Gordon equations


















[−∆+m2
σ
]σ(rrr)=−gσρs(rrr)−g2σ

2(rrr)−g3σ
3(rrr),

[−∆+m2
ω
]ωµ(rrr)=gωj

µ(rrr)−g4(ω
νων)ωµ(rrr),

[

−∆+m2
ρ

]

ρµ(rrr)=gρj
µ(rrr),

[−∆Aµ(rrr)]=ejµ
p (rrr),

(2)

for the mesons. Here, the potentials V (rrr) and S(rrr) are
connected in a self-consistent way to the various meson
fields σ(rrr), ω(rrr), and ρ(rrr), which can be obtained from
Klein-Gordon equations with the source terms ρs(rrr),
jµ(rrr), jjjµ(rrr), and jµ

p (rrr), for further details see Refs. [2–4].
Following the definition of the Dirac spinors in Ref. [33],
the densities can be represented as

ρs,v=2
∑

i>0

ni [(|f
+
i |2+|f−

i |2)∓(|g+
i |

2+|g−i |
2)], (3)

where fi and gi represent, respectively, the large and
small components of the Dirac state i, and the corre-
sponding occupation probability is denoted by ni.

Based on the single-particle levels and wave functions
obtained from the RMF theory, SLAP is adopted to treat
the pairing correlations. The Hamiltonian reads

H = Hs.p.+Hpair

=
∑

ν

ενa
†
νaν−G

µ6=ν
∑

µ,ν>0

a†µa
†
µ̄aν̄aν , (4)

with εν the single-particle energy obtained from the
RMF and G the constant average pairing strength.

As shown in Ref. [33], the multi-particle-
configurations (MPC) are constructed as a basis to
diagonalize the Hamiltonian in Eq. (4). In realistic
calculation, the MPC space has to be truncated and a
cutoff energy Ec is introduced. Only the configurations
with energies Ei−E0 6Ec are chosen to diagonalize the
Hamiltonian H in Eq. (4), where Ei and E0 are the
energies of the ith configuration and the lowest configu-
ration, respectively [39, 40]. According to the obtained
wave functions, one can readily have occupation prob-
ability of the ith level (see Eq. (15) in Ref. [33]). The
SLAP is thus connected to the RMF theory by substi-
tuting the obtained occupation probability into Eq. (3)
to calculate the various densities.

3 Results and discussion

In this work, the effective interaction PK1 [41] is
adopted. The Dirac equation Eq. (1) and the Klein-
Gordon Eq. (2) are solved by expansion in the har-
monic oscillator basis with 18 major shells. The oscil-
lator frequency of the harmonic oscillator basis is fixed
as ~ω0=41A−1/3 MeV. The cutoff energy Ec of the MPC
space in RMF+SLAP calculation is fixed as Ec=15 MeV
with the corresponding pairing strengths Gn=51/AMeV
and Gp=58/AMeV normalized to the experimental odd-
even mass differences [42]. The dimension of MPC under
this truncation is less than 1000, for both neutron and
proton. Similarly, a pairing window with εi−λ6 2~ω0

[2] with the pairing strengths Gn = 22/A MeV and
Gp = 31/A MeV are adopted in the RMF+BCS calcu-
lations, where λ denotes the chemical potential.

In Fig. 1, the odd-even mass differences ∆n of Yb
isotopes calculated by RMF+BCS and RMF+SLAP
with PK1 effective interaction are shown in compari-
son with the experimental data [42]. Here, the odd-even
mass differences are extracted from the three point for-
mula for both experimental and theoretical values. It
is found that, with the chosen pairing strengths and
the corresponding cut-off energies, both RMF+BCS and
RMF+SLAP calculations reliably reproduce the experi-
mental odd-even mass differences.

In Fig. 2, the one- and two-neutron separation en-
ergies calculated by RMF+BCS and RMF+SLAP with
PK1 are compared with the data [42]. It is shown that
both RMF+BCS and RMF+SLAP can reproduce the
one- and two-neutron separation energies quite well. In
particular, both RMF+BCS and RMF+SLAP can de-
scribe the behavior of the shell gap of Sn and S2n near
A=152 and the staggering of Sn.
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Fig. 1. (color online) Odd-even mass differences of
Yb isotopes calculated by RMF+SLAP (open tri-
angles) and RMF+BCS (open squares) with PK1
in comparison with the data (full circles).

Fig. 2. (color online) Calculated one- (top panel)
and two-neutron separation energies (bottom
panel) with RMF+SLAP (open triangles) and
RMF+BCS (open squares) with PK1 in compar-
ison with the data (full circles).

Fig. 3 shows the pairing energies of neutron, pro-
ton, and total of the ground state for Yb isotopes cal-
culated by RMF+BCS and RMF+SLAP with PK1.
The pairing energy for the ground state is evaluated
by 〈ψg.s.|Hpair|ψg.s.〉 in the framework of RMF+SLAP,
where ψg.s. is the ground state wave function for the nu-
clei and Hpair is defined in Eq. (4). In the case of the
neutron, both RMF+BCS and RMF+SLAP results are
almost zero when mass number is around 152. However,
the differences between these two methods enhance dra-
matically with the increasing of neutron number. More-
over, the RMF+BCS results present stronger stagger-
ing than that of RMF+SLAP since RMF+BCS cannot

treat blocking effect strictly and in consequence over-
estimates pairing effect. For the proton both calcula-
tions provide almost the same pairing energies for the
nuclei near A= 180, but large deviations are shown in
the neutron-deficient side. For the total pairing energy,
therefore, one can see that the RMF+BCS calculations
always give larger pairing energies than the RMF+SLAP
calculations, particularly for the nuclei near the proton
and neutron drip lines.

Fig. 3. (color online) Calculated pairing energies of
neutron (top panel), proton (middle panel), and
the total (bottom panel) of Yb isotopes calculated
by RMF+SLAP (open triangles) and RMF+BCS
(open squares) with PK1.

In order to understand the behavior of the pairing
energies shown in Fig. 3, the neutron and proton sin-
gle particle occupation probabilities of 148Yb, 166Yb, and
180Yb calculated by RMF+SLAP and RMF+BCS with
PK1 are shown in Fig. 4. For the neutron occupation
probability, the RMF+SLAP provides almost the same
results as RMF+BCS for the nuclei 148Yb and 166Yb.
However, it can be seen that the occupation probabil-
ity of 180Yb from RMF+BCS spreads more widely than
that from RMF+SLAP. On the contrary, the situation of
proton is opposite. The occupation probability of 148Yb
from RMF+BCS spreads more widely than that from
RMF+SLAP. It is clear that a wider occupation dis-
tribution leads to a stronger pairing correlation. The
behavior of pairing energies shown in Fig. 3 can be ex-
plained self-consistently by the single particle occupation
in Fig. 4.
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Fig. 4. (color online) Neutron (upper rows) and proton (bottom rows) single particle occupation probabilities of
148Yb (left columns), 166Yb (middle columns), and 180Yb (right columns) calculated by RMF+SLAP (solid lines)
and RMF+BCS (dashed lines) with PK1.

It has been discussed in Ref. [20] that the pairing
correlation is overestimated in BCS due to the non-
conservation of the particle number. Now, the question is
why this large deviation between BCS and SLAP occurs
mainly in those nuclei near the drip line? The reason is
mainly due to the different recipes adopted in the trun-
cation of RMF+BCS and RMF+SLAP. In the case of
RMF+BCS, more single particle orbits above Fermi sur-
face are involved because the pairing window is larger.
However, in the framework of RMF+SLAP, only the con-
figurations with energies Ei−E06Ec are chosen, and con-
sequently many configurations composed of single parti-
cle orbits above Fermi surface are excluded.

4 Summary

In summary, the pairing correlation of the ground
state for Yb isotope is investigated by RMF+BCS and
RMF+SLAP models with PK1 effective interaction. The
pairing strengths Gτ are normalized to the experimental
odd-even mass differences [42] with the truncations. It
is found that both RMF+BCS and RMF+SLAP mod-

els can reproduce the one- and two-neutron separation
energies quite well. However, the RMF+BCS calcula-
tions always give larger pairing energies than those given
by RMF+SLAP calculations, particularly for the nuclei
near proton and neutron drip lines. This phenomenon
has been analyzed in terms of the single particle occupa-
tion probability, which shows that RMF+BCS presents
wider distribution of occupation probability around drip
line nuclei. We discuss two kinds of truncations and find
that multi-particle configuration truncation presents a
more reliable pairing window than a single particle trun-
cation in the BCS. Finally, it should be also mentioned
that it would be very interesting to perform a simi-
lar investigation by different effective interactions, such
as point-coupling functionals [43] or by solving the de-
formed Dirac equation in Woods-Saxon basis [44].
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