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Side-effects of the space charge field introduced by a hollow electron

beam in the electron cooler of CSRm *
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Abstract: An electron cooler is used to improve the quality of the ion beam in a synchrotron; however it also

introduces a nonlinear electromagnetic field to the accelerator, which causes tune shift, tune spread and may drive

resonances leading to ion beam loss. In this paper the tune shift and the tune spread caused by the nonlinear

electromagnetic field of a hollow electron beam is investigated, and the resonance driving terms of the nonlinear

electromagnetic field are analysed. The differences are presented compared with a solid electron beam. Calculations

are performed for 238U32+ ions of energy 1.272 MeV stored in the main Cooler Storage Ring (CSRm) at the Institute

of Modern Physics, Lanzhou. It is found that in this situation the nonlinear field caused by the hollow electron beam

does not lead to serious resonances.
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1 Introduction

Two electron cooler devices, with the very important
characteristic that the distribution of the electron beam
is adjustable have been installed at the Cooler Storage
Ring of Heavy Ion Research Facility in Lanzhou (HIRFL-
CSR). Generally, a hollow electron beam is used to cool
the ion beam stored in CSR, so analyzing the side-effects
of the hollow electron beam on the ion beam is necessary
for the HIRFL-CSR. Because the space charge field of
the electron beam has larger effects on lower-energy ion
beams, 238U32+ ions of energy 1.272 MeV/u are chosen
as a typical example in the calculation. The parameters
used in the calculation are summarised in Table 1 and
Table 2.

Table 1. Parameters used in the calculations.

particle 238U32+ 1.272 MeV

currents of the hollow 0.077 A

and solid electron beam Ie

parameters for the electron a1=2.86×10−4, b1=14.3×10−2

beam distribution a2=2.86×10−4, b2=28.6×10−2

cooling length Lcool 4 m

beta function in the cooler βx=10 m, βy=17 m

tune of CSRm Qx=3.63, Qy=2.61

The radial distribution of the electron beam in the
cooler can be parameterized by the following equations
[1]. Equation (1) is for a hollow electron beam and Eq.
(2) is for a solid electron beam.

ρ(r)=
ρh

2
(erfc((r−b2)/a2)−erfc((r−b1)/a1)),

with ρh=
Ie

πv

∫∞
0

r(erfc((r−b2)/a2)−erfc((r−b1)/a1))dr

.

(1)

ρ(r)=
ρs

2
(erfc((r−b2)/a2)),

with ρs=
Ie

πv

∫∞
0

rerfc((r−b2)/a2)dr

. (2)

In the above equations, a1, a2, b1, b2 are constants de-
termining the shape of the distribution (see Table 1), Ie

is the current of the electron beam, and v is the velocity
of the electron beam.

Figure 1 shows the normalized radial charge density
distribution ρn(R) (ρn(R)=ρ(R)/ρs,h) for solid electron
beam and hollow electron beam.

Because the longitudinal length of the electron beam
is far larger than its transverse width, and the distribu-
tion of the electron beam is axisymmetric, then using
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Fig. 1. (color online) Normalized radial distribu-
tion of the electron beam.

Ampere’s law and Gauss’s law, the magnetic field and
the electric field produced by the electron beam can be
obtained:

~E (R)=

∫R

0

ρ(r)rdr

Rε0

r̂. (3)

~B(R)=

µ0βc

∫R

0

ρ(r)rdr

R
φ̂. (4)

ε0 is the permittivity, µ0 is the permeability, β is the
relativistic factor, R is the transverse location, and ρ(r)
is the radial distribution of the electron beam in Eq. (1)
and (2). A particle with charge q at location R will en-
counter the force:

F (R)=qE(R)+qv×B(R). (5)

Substituting Eq. (3) and (4) into Eq. (5), the force
becomes:

Fig. 2. (color online) Nonlinear force exerted on
the particles at different radii.

F (R)=
q

Rε0γ2

∫R

0

ρ(r)rdr, (6)

where q is the charge of the particle, and γ is the Lorentz
factor. As Fig. 2 and Eq. (6) show, the force that
the particle encounters in the electron beam is nonlin-
ear. So because of nonlinear tune shift, tune spread will
be caused and resonances may be driven.

In Sections 2, 3 and 4 the calculations of tune shift,
tune footprint and the tune spread for hollow electron
beam and solid electron beam are presented respectively,
in Section 5 the resonance driving terms are analyzed,
and in Section 6 the conclusions are summarised.

2 Tune shift

With the thin lens approximation, the nonlinear
transverse kick can be obtained [2, 3]:

∆r′=
qq′N ′

2πε0β2m0c2γ3R

∫R

0

rρ(r)dr
∫∞
0

rρ(r)dr

. (7)

N ′=

∣

∣

∣

∣

LcoolIe

q′βc

∣

∣

∣

∣

, (8)

where q′ is the charge of the electron, Lcool is the length
of the cooler section, m0 is the rest mass of the particle,
and N ′ is the number of electrons in the cooler section [4].

Imitating the calculating method in Ref. [2], the
differential equation for the transverse motion with the
kicker of the electron beam can be written as follows [2]:

d2z

ds2
+K(s)z=∆z′δ(s). (9)

∆z′=
qq′N ′

2πε0β2m0c2γ3z

∫z

0

rρ(r)dr
∫∞
0

rρ(r)dr

. (10)

Using the Courant–Snyder transformation

η=z/
√

βz,θ=

∫
ds/(Qβz), (11)

Eq. (9) will become:

dη2

dθ2
+Q2η=Q

√

βz∆z′(η,θ)δ(θ), (12)

where Q is the tune of the ring, βz is the beta function
of the ring. Transforming the equation to ε, φ:

η=
√

εcos(φ), η′=
√

εsin(φ). (13)

ε is the parameter equal to 2J , and J is the action vari-
able of the particle. φ is the phase variable of the particle.
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Replacing the periodic Dirac function in Eq. (12) by
its Fourier expansion:

δ(θ)=
1

2π

∞
∑

m=−∞

exp(−imθ). (14)

Then the equation of transverse motion can be trans-
formed to two first-order differential equations:

dε

dθ
=

√
εsin(φ)

√
βz∆z′

π

∞
∑

m=−∞

exp(−imθ). (15)

dφ

dθ
= Q+

(√
βzcos(φ)∆z′

2π

√
ε

) ∞
∑

m=−∞

exp(−imθ). (16)

Now the nonlinear tune shift can be calculated by aver-
aging the right hand side of Eq. (16) over θ and φ:

∆ν=
qq′N

8π
3εβ2c2m0ε0γ3

∫2π

0

∫√βzεcos(φ)

0

rρ(r)dr
∫∞
0

rρ(r)dr

dφ. (17)

Integrating the right side of Eq. (17) with different
ε, the variations of tune shift with the transverse oscil-
lating amplitude of the particle (A = sqrt(βzε)) can be
obtained.

Using the parameters in Table 1, the tune shift can be
worked out. The maximum tune shift for hollow electron
beam is ∆νx =0.015, ∆νy =0.025 and for solid electron
beam is ∆νx =0.024, ∆νy =0.031. The variations of the
tune shift with transverse oscillating amplitude of the
particle is illustrated in Fig. 3.

From Fig. 3 the following phenomena can be ob-
served:

1) The tune shift caused by the hollow electron beam
is smaller than the tune shift caused by the solid electron
beam.

Fig. 3. (color online) Variation of tune shift caused
by electron beam (horizontal direction only).

2) For hollow electron beam the tune shift is zero
when the transverse oscillating amplitude of the particle
is smaller than the inner radius of the hollow electron
beam, while for the solid electron beam the tune shift
is a constant when the transverse oscillating amplitude
of the particle is smaller than the range of the electron
beam.

3) Once the oscillating amplitude of the particle is
larger than the range of electron beam, both tune shifts
decrease with the increase of the transverse oscillating
amplitude of the particle.

3 Tune footprint

From Equation (5) the two-dimensional equations of
transverse motion can be derived:

dηx
2

dθ2
+Qx

2ηx=Qx

√

βx∆x′δ(θ). (18)

dηy
2

dθ2
+Qy

2ηy=Qy

√

βy∆y′δ(θ). (19)

∆x′=
qq′N ′x

2πε0β2m0c2γ3R2

∫R

0

rρ(r)dr
∫∞
0

rρ(r)dr

. (20)

∆y′=
qq′N ′y

2πε0β2m0c2γ3R2

∫R

0

rρ(r)dr
∫∞
0

rρ(r)dr

. (21)

x=
√

βxεxcos(φx). (22)

y=
√

βyεycos(φy). (23)

R=
√

βxεxcos2(φx)+βyεycos2(φy). (24)

Using the method in Ref. [2], the periodic Dirac function
in Eqs. (18) and (19) is replaced by its Fourier expansion
(Eq. (14)). Using the same method to get Eq. (17), the
following equations are derived:

∆νx(εx,εy)

=
1

4π
2

∫2π

0

dφy

∫2π

0

∆x′βxcos2(φx)

2π

√

εxβxcos2(φx)+εyβycos2(φy)
dφx.

(25)

∆νy (εx,εy)

=
1

4π
2

∫2π

0

dφy

∫2π

0

∆y′βycos2(φy)

2π

√

εxβxcos2(φx)+εyβycos2(φy)
dφx.

(26)
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In the following calculations the transverse coupled
oscillating amplitude of the particle is defined by:

A=
√

βxεx+βyεy. (27)

In the above equation, εx equals 2Jx, εy equals 2Jy,
and Jx Jy are the action variables of a particle in the
horizontal direction and vertical direction respectively.
βx and βy are the beta function at the cooler section.

To calculate the tune footprint of the particle caused
by nonlinear electromagnetic field of the electron beam
in CSRm, we assume that the ion beam obeys a Gaus-
sian distribution in transverse phase space, and the emit-
tance of the ion beam is equal to the acceptance of the
ring. Generating 5×104 Gaussian particles with the pa-
rameters in Table 2 and integrating Eqs. (25) and (26)
numerically, we get the tune shift for different particles.
Plotting the ∆νx, ∆νy in the (∆νx, ∆νy) plane with the
transverse oscillating amplitude of the particle (defined
by Eq. (27)) as a parameter, the figures of the tune
footprint can be obtained (Fig. 4, Fig. 5)[3].

Table 2. Parameters used to generate particles.

particle 238U32+ 1.272 MeV

horizontal emittance 200 πmm·mrad

vertical emittance 30 πmm·mrad

twiss parameters at βx=10 m, βy=17 m

generating point γx=1/10m−1, γx=1/17m−1, α=0

dispersion function 0 m

Figure 4 shows that when the transverse oscillating
amplitude of the particle is smaller than the inner radius
of the hollow electron beam (A<Rinner−radius), ∆νx, ∆νy

stay close to 0. When the transverse oscillating ampli-
tude of the particle is in the range of the hollow elec-
tron beam (Rinner−radius<A<Router−radius), the ∆νx, ∆νy

increase with the increase of transverse oscillating am-
plitude of the particle. When the transverse oscillating
amplitude of the particle is larger than the range of the
electron beam (A>Router−radius), the ∆νx, ∆νy decrease
with the increase of the transverse oscillating amplitude
of the particle.

Figure 5 shows that the particle has the largest tune
shift when the transverse oscillating amplitude of the
particle is smaller than the range of the solid electron
beam, as the bluest point at the top right corner shows.
When the transverse oscillating amplitude of the particle
increases, the tune shift ∆νx, ∆νy decreases.

Comparing the tune footprint in Fig. 4 and Fig. 5,
the following conclusions can be drawn: The area of tune
footprint caused by the hollow electron beam is larger
than that caused by the solid electron beam, while the
maximum of the tune shift caused by the hollow electron
beam is smaller than that caused by the solid electron
beam.

Fig. 4. (color online) Tune footprint caused by the
hollow electron beam. Rinner, Router represent the
ranges of the hollow electron beam.

Fig. 5. (color online) Tune footprint caused by the
solid electron beam.

4 Tune spread

Generating 5×104 particles with the parameters in
Table 2, we use the Eqs. (25) and (26) again to calcu-
late the tune shift for the generated particles. To obtain
the tune spread, the numbers of particles at different
tune shift intervals are counted. The results are shown
in Figs. 6 and 7.

The tune spread caused by the solid electron beam
is shown in Fig. 6. The horizontal tune spread has a
range from near 0 to 0.018, and the vertical tune spread
has a range from near 0 to 0.031. A peak appears at
the maximum tune shift for both horizontal and vertical
direction. About 65% of particles are near the peak for
both horizontal and vertical direction.
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Fig. 6. (color online) Tune spread caused by the
solid electron beam.

Fig. 7. (color online) Tune spread caused by the
hollow electron beam.

The tune spread caused by the hollow electron beam
is shown in Fig. 7. The horizontal tune spread has a
range from 0 to about 0.015, and the vertical tune spread
has a range from 0 to about 0.025. The distributions of
the particles have two peaks for both horizontal and ver-
tical direction. For the horizontal direction the first peak
appears at the tune shift close to 0, and the second peak
appears at the maximum tune shift. For the vertical di-
rection the first peak also appears at the tune shift close
to 0, while the tune shift at the second peak is smaller
than the maximum tune shift. About 13% of particles
have the tune shift close to 0 for both horizontal and
vertical directions.

5 Resonances

Beside causing tune shift and tune spread, the nonlin-
ear force of the electron beam also results in resonances.

To calculate the resonance driving terms, we again fol-
low the calculation of Ref. [2]. Replacing the part in the
bracket of Eq. (16) by its Fourier transform:

√
βcos(φ)∆r′

2π

√
ε

=

∞
∑

0

Ancos(nφ). (28)

After some algebra, the following expression can be ob-
tained:

dφ

dθ
=Q+

∞
∑

n=0

An

∞
∑

m=−∞

cos(nφ−mθ). (29)

An is the Fourier coefficient

An=
1

π

∫
π

−π

eqN ′cos(nφ)

4π
2ε0β2c2m0ε0γ3











∫√βεz cos(φ)

0

rρ(r)dr
∫∞
0

rρ(r)dr











dφ.

(30)

An is the resonance width defined in Refs. [2, 3], and
is a function of ε, related to the transverse oscillating
amplitude of the particle.

Integrating the right side of Eq. (30) numerically
with the parameters in Table 1, the An can be worked
out. Fig. 8 shows the variation of log10(An) with the
transverse oscillating amplitude of the particle.

The phenomena observed from Fig. 8 are summa-
rized as follows:

1) Even order resonances can be driven by both the
hollow beam and the solid beam.

2) When the transverse oscillating amplitude of the
particle is smaller than the inner radius of the hollow

Fig. 8. (color online) Blue lines show the resonance
width for the solid electron beam. Red dotted
lines show the resonance width for the hollow elec-
tron beam. R is the transverse oscillating ampli-
tude of the particle. The black vertical lines are
the ranges of the electron beam.
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electron beam, the resonance width is zero. In other
words, the resonance never occurs when the particle is
moving in the hollow part of the electron beam.

3) For the solid electron beam, when the transverse
oscillating amplitude of the particle is smaller than the
range of the electron beam, the resonance width for
n=4,6,8,10,12 is equal to zero, only the resonance width
for n=2 is a constant.

4) With the increase of the resonance order, the res-
onance width for both electron beams decreases.

5) When the transverse oscillating amplitude of the
particle is large, the resonance width of the hollow elec-
tron beam and the solid electron beam are nearly the
same.

Fig. 9. (color online) The yellow lines represent
resonance-lines of order equal to 8, 9, 10, 11, 12;
the black lines represent resonance-lines of order
smaller than 8.

To know whether the tune footprint caused by the
hollow electron beam calculated for 238U32+ is large

enough to cross resonance-lines, we plot the resonance-
lines on the tune footprint figure (Fig. 9).

As Fig. 9 shows, the tune footprint only crosses the
resonance-lines of order larger than 7. In other words,
under the conditions defined in Table 1, the nonlinear
field caused by the hollow electron beam does not lead
to resonances of order smaller than 7.

6 Conclusions

The tune shift, tune footprint and tune spread caused
by a hollow electron beam have been calculated, and a
comparison of the tune shift, tune footprint and tune
spread caused by a solid electron beam has also been cal-
culated. The resonance driving terms for space charge
field of the hollow electron beam and the solid electron
beam have been obtained. As an example, the calcula-
tion was performed for a beam of 238U32+ ions of energy
1.272 MeV/u. The main conclusions are summarised:
1) The tune shift caused by the solid electron beam is
larger than that caused by the hollow electron beam. 2)
The area of the tune footprint caused by the hollow elec-
tron beam is larger than that caused by the solid elec-
tron beam. 3) The even order resonances will be driven
both by the hollow electron bean and the solid electron
beam when the tune hits the resonance lines. 4) Under
the conditions defined in Table 1, resonances of order
smaller than 7 do not happen for 238U32+ ions of energy
1.272 MeV/u in CSRm.

Now the tune shift, tune spread and the resonance
driving terms caused by the electron beam are clear. To
further research the effects of the space charge field of
the electron beam, the increase of the ion beam size and
the ion beam emittance due to the resonances should be
studied, and the tune shift and tune spread caused by
the space charge field of the ion beam should also be
analysed.
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