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Wobbling geometry in a simple triaxial rotor *
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Abstract: The spectroscopic properties and angular momentum geometry of the wobbling motion of a simple

triaxial rotor are investigated within the triaxial rotor model. The obtained exact solutions of energy spectra and

reduced quadrupole transition probabilities are compared to the approximate analytic solutions from the harmonic

approximation formula and Holstein-Primakoff formula. It is found that the low lying wobbling bands can be well

described by the analytic formulae. The evolution of the angular momentum geometry as well as the K-distribution

with respect to the rotation and the wobbling phonon excitation are studied in detail. It is demonstrated that with

the increase of the wobbling phonon number, the triaxial rotor changes its wobbling motions along the axis with the

largest moment of inertia to the axis with the smallest moment of inertia. In this process, a specific evolutionary

track that can be used to depict the motion of a triaxial rotating nucleus is proposed.
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1 Introduction

The concept of wobbling motion was originally pro-
posed more than forty years ago by Bohr and Mottelson
when they investigated the rotational modes for a triaxial
nucleus using a triaxial rotor model (TRM) [1]. In that
pioneering work, they pointed out that the rotational
angular momentum for a triaxial nucleus is not aligned
along any of the body-fixed axes, but precesses and wob-
bles around the axis with the largest moment of inertia
(MOI). The wobbling mode arises from the rotation of
the triaxial nucleus along the axis with the largest MOI
being quantum mechanically disturbed by the rotations
along the other two axes. This is due to the fact that
the loss of axial symmetry for a triaxial nucleus leads to
the MOIs for the three axes being different from each
other and thus makes rotations along all three axes pos-
sible. Therefore, the wobbling motion is regarded as a
specific characteristic of a triaxial deformed nucleus, and
together with chiral symmetry breaking [2–4], is consid-
ered as a unique fingerprint associated with the stable
triaxial shape in nuclei.

The corresponding energy spectra for the wobbling
mode are wobbling bands, a sequence of ∆I = 2 rota-

tional bands that build on different wobbling phonon ex-
citations [1]. These kinds of bands were first observed in
the odd-A nucleus 163Lu [5] and soon after were identified
in the triaxial strongly deformed region around N = 94
in 161,163,165,167Lu [6–11] and 167Ta [12]. For even-even
nuclei, the best example identified so far is 112Ru [13].

On the theoretical side, the wobbling motion has
been studied with the TRM [1] and particle rotor model
(PRM) [14–16], both of which are quantal models and
exactly solved in the laboratory frame. Based on the
framework of the cranking mean field theory, the ran-
dom phase approximation method [17–24], the generator
coordinate method after angular momentum projection
(GCM+AMP) [25], and the collective Hamiltonian [26]
have been employed for investigating the wobbling mo-
tion. In addition, some approximate analytic solutions,
such as the harmonic approximation (HA) formula [1, 16]
and Holstein-Primakoff (HP) formula [27–29], were also
obtained to describe the energy spectra and electromag-
netic transition probabilities of the wobbling motion.

Besides the energy spectra and electromagnetic tran-
sition probabilities, it would be very interesting to study
the angular momentum geometry pictures of the wob-
bling motions. In Refs. [6, 7, 14], the angular momentum
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components as functions of spin for low lying wobbling
bands are analyzed with the PRM to study the nature of
many-phonon wobbling excitations. Undoubtedly, such
investigations of the angular momentum geometry are
essential to deeply understand the picture of wobbling
motion. However, to our knowledge, such investigations
are still rather rare. Therefore, it is imperative to sys-
tematically study the angular momentum geometry of
wobbling motion.

In this paper, for simplicity, a simple triaxial rotor
is taken as an example to study the angular momentum
geometry of wobbling motion by the TRM. The energy
spectra and reduced quadrupole transition probabilities
are obtained by exactly solving the TRM Hamiltonian
and are compared with those approximate analytical re-
sults obtained by the HA [1] and HP [27] methods to
evaluate the accuracy of the approximations. The geom-
etry of angular momentum as well as the K-distribution
will be analyzed in detail as functions not only of spin
but also of wobbling phonon number.

The paper is organized as follows. In Section 2,
the procedures for exactly and approximately solving
the TRM Hamiltonian are presented briefly. The cor-
responding numerical details used in the calculations are
given in Section 3. In Section 4, the energy spectra
and reduced quadrupole transition probabilities obtained
by exactly solving the TRM are shown and compared
with those approximate results from the HA and HP
methods. The angular momentum components and K-
distribution evolution pictures as functions of spin and
wobbling phonon number are investigated. Finally, a
brief summary is given in Section 5.

2 Theoretical framework

2.1 Triaxial rotor model

The triaxial rotor model was firstly introduced for the
description of a rotating triaxial nucleus by Davydov and
Filippov [30] with the assumption that the nucleus has
a well-defined potential minimum at a nonzero value of
triaxial deformation parameter γ. Due to the anisotropy
of a triaxial rotor, the nucleus can rotate around any of
the principal axes. The corresponding Hamiltonian thus
reads as

Ĥ=A1Î
2
1+A2Î

2
2+A3Î

2
3 , (1)

in which Ak are related to the MOIs of the three principal

axes Jk by Ak =
~

2

2Jk

, k=1,2,3. The details for exactly

solving this Hamiltonian by diagonalization can be found
in Ref. [30] or in classical textbooks, e.g. Ref. [31]. In
this subsection, for completeness, a brief introduction is
presented.

The TRM Hamiltonian (1) is invariant under 180◦ ro-

tation about the intrinsic principal axes (D2 symmetry
group). Thus the basis states |IMKα〉 can be chosen as

|IMKα〉

=
1

√

2(1+δK0)

[

|IMK〉+(−1)I |IM−K〉
]

(K>0), (2)

where |IMK〉 is the Wigner D function and α denotes
other quantum numbers. The angular momentum pro-
jections onto the 3-axis in the intrinsic frame and z-axis
in the laboratory are denoted by K and M , respectively.
Since the energy states are irrelevant to M , M is ne-
glected in the following expressions.

The TRM Hamiltonian (1) can be written as

Ĥ =
[1

2
(A1+A2)(Î

2−Î2
3 )+A3Î

2
3

]

+
1

4
(A1−A2)(Î

2
++Î2

−), (3)

with the raising and lowering operators Î±=Î1±iÎ2. The
first term of the Hamiltonian is diagonal while the second
term only includes non-diagonal elements. The diagonal
elements of Ĥ are

〈IK|Ĥ |IK〉=1

2
(A1+A2)[I(I+1)−K2]+A3K

2. (4)

The second term of Eq. (3) will cause a mixture of differ-
ent states with ∆K =±2 and the corresponding matrix
elements are

〈IK|Ĥ |IK±2〉

=
1

4
(A1−A2)

√

(I∓K)(I±K+1)(I∓K−1)(I±K+2).

(5)

The energy eigenvalues and eigenstates for a given spin
I can be obtained by solving the eigen equation.

The reduced electric quadrupole (E2) transition
probability is defined as [1]

B(E2,I→I ′)=
∑

µKK′

|〈I ′K ′|M̂E
2µ|IK〉|2. (6)

using the quadrupole transition operator

M̂E
2µ=

√

5

16π

Q̂2µ, (7)

of which the laboratory electric quadrupole tensor op-
erator Q̂2µ is associated with the intrinsic ones via the
Wigner D function

Q̂2µ=D2∗
µ0Q̂

′
20+(D2∗

µ2+D2∗
µ−2)Q̂

′
22=

∑

ν

D2∗
µνQ̂′

2ν . (8)

The intrinsic quadrupole tensor operators are expressed
by the intrinsic quadrupole Q and triaxial deformation
γ as

Q′
20=Qcosγ, Q′

22=
1√
2
Qsinγ. (9)

054105-2



Chinese Physics C Vol. 39, No. 5 (2015) 054105

With the solutions of the TRM, one can also investi-
gate the angular momentum geometry. The expectation
values of the squared angular momentum components for

the total nucleus are calculated as Ik =

√

〈Î2
k〉 (k=1, 2,

3). From the obtained angular momenta, the orientation
of the total angular momentum, depicted by the polar
angle θ and azimuth angle ϕ, can be extracted by

I1=J sinθcosϕ, I2=J sinθsinϕ, I3=J cosθ, (10)

namely,

θ=cos−1

(

I3

J

)

, ϕ=tan−1

(

I2

I1

)

, (11)

where J is the length of the total angular momentum
J=
√

I(I+1).

2.2 Approximate analytic expressions

To find the analytic expressions for wobbling excita-
tions, Bohr and Mottelson introduced the harmonic ap-
proximation for angular momentum operators [1]. Tak-
ing the 3-axis as the axis of the largest MOI, in the HA,
the third component of angular momentum Î3 is approxi-
mated as a constant value I , and the angular momentum
raising and lowering operators are expressed in terms of
boson creation and annihilation operators

Î+=
√

2Iâ†, Î−=
√

2Iâ, (12)

with [â,â†]≈1. With this assumption, the energy spectra
can be expressed as the sum of two parts [1]

E(n,I)=A3I(I+1)+

(

n+
1

2

)

~ω. (13)

The first part is the rotation energy with respect to the
rotational axis with spin I and the second part is a har-
monic oscillation energy, i.e., wobbling energy, with wob-
bling phonon number n. In detail, the wobbling phonon
number n characterizes the wobbling motion of the axes
with respect to the direction of I and the wobbling fre-
quency ~ω is determined by the MOI as [1]

~ω=
√

α2−β2I=2I
√

(A2−A3)(A1−A3), (14)

with

α=A2+A1−2A3, β=A2−A1. (15)

Since the wobbling motion has the characteristics of
a harmonic oscillator, one can extract the “kinetic” and
“potential” terms by combining the wobbling boson cre-
ation and annihilation operators. They are respectively
written as (A2−A3)I

2
2 and (A1−A3)I

2
1 when the nucleus

rotates around the 3-axis.
With the HA, the intraband B(E2) transition prob-

abilities are approximated as [1]

B(E2;n,I→n,I−2)≈ 5

16π

Q′2
22, (16)

and the interband ones [1]

B(E2;n,I→n+1,I−1)

=
5

16π

n+1

I

(√
3Q′

20y+
√

2Q′
22x
)2

, (17)

and

B(E2;n,I→n−1,I−1)

=
5

16π

n

I

(√
3Q′

20x+
√

2Q′
22y
)2

, (18)

where the coefficients are defined as

x

y

}

=

√

1

2

(

α√
α2−β2

±1

)

. (19)

The definitions for the intrinsic quadrupole moments Q′
20

and Q′
22 are the same as Eq. (9).

In the HA method, the angular momenta are ex-
panded by boson operators only in zeroth order. Tanabe
and Sugawara-Tanabe further applied the HP transfor-
mation [32] to the TRM Hamiltonian [27, 28]. The HP
transformation expresses the angular momentum opera-
tors in terms of boson creation and annihilation opera-
tors as

Î3=I−n̂,

Î+=â†
√

2I

√

1− n̂

2I
, (20)

Î−=
√

2I

√

1− n̂

2I
â.

with n̂ = â†â. When I � 1 and n̂ is small, the square

roots

√

1− n̂

2I
can be expanded as Taylor series with re-

spect to n̂ =0. If the expansion is in zeroth order, the
HP transformation degenerates to the HA method (12).
By taking into account the effect of the next-to-leading
order term, the wobbling energy spectra are finally given
by [27, 28]

E(n,I)=A3I(I+1)+

(

I
√

α2−β2

+
1

2

√

α2−β2−α

2

)

(

n+
1

2

)

−α

2
n2. (21)

The definitions of α and β can be found in Eq. (15).

3 Numerical details

In the following, the wobbling motion for a triaxial ro-
tor with A1=2A2=6A3=0.06 MeV/~

2 is discussed. The
MOI values of the three axes are thus J1=8.33 ~

2/MeV,
J2 = 16.66 ~

2/MeV, and J3 = 50.00 ~
2/MeV. That is,
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the largest and the smallest MOI axes are the 3-axis and
1-axis respectively. The assumption for the MOI is the
same as Ref. [16]. With this MOI assignment, the va-
lidity of the harmonic approximation exists in the spin

region I�(2n̂+1)
A2+A1−2A3

2
√

A1−A3

√
A2−A3

≈(2n̂+1) [1]. For

the B(E2) calculations, the intrinsic quadrupole moment
Q0 is taken as

√
16πeb and the triaxial deformation pa-

rameter is assumed to be γ=30◦.

4 Results and discussion

In the following, we first present the energy spectra
and electromagnetic transition probabilities obtained by
the TRM and compare them with those from the HA and
HP methods. The angular momentum evolution picture
will then be discussed in detail. Finally, the microscopic
understanding of this evolution will be shown.

4.1 Energy spectra

In Fig. 1, the energy spectra as functions of spin I
calculated by the TRM are shown. The states with sig-
natures α = 0 and α = 1 are plotted by full and empty
dots respectively. The approximate quantum number
n (n = 0, 1, 2, ···) is introduced to label the energy
states in order of their energies, and the energy for each
state is denoted by E(n,I). Since a triaxial nucleus pos-
sesses D2 symmetry, the energy spectra are restricted to
states with (−1)n=(−1)I [1], i.e., only even spins appear
for even-n states while only odd spins appear for odd-n
states. Thus, there are I/2+1 states for a given even spin
I , while there are (I−1)/2 states for odd spin I .

Fig. 1. (color online) Energy spectra as functions
of spin I for a triaxial rotor with A1=2A2=6A3=
0.06 MeV/~

2 calculated by TRM. The full dots
belong to the states with signature α = 0, while
empty dots to signature α=1. The approximate
quantum number n (n=0, 1, 2, ···) is introduced
to label the energy states in accordance with the
increasing order of their energies. A similar figure
can be found in Ref. [16].

The obtained energy spectra can be divided into two
different groups, which are distinguished by the man-
ners of linking. One of them consists of the lines linking
states with the same n for n-small bands. With increas-
ing spin, the energy spacing between neighboring lines
become more and more equivalent. This is the classi-
cal wobbling regime, which corresponds to the wobbling
motion around the axis with the largest MOI (i.e. the
3-axis). The other group of spectra consists of the lines
linking states with the same I−n for n-large bands, which
corresponds to the wobbling motion around the axis with
the smallest MOI (i.e. the 1-axis). Between these two
groups is the separatrix region, which has the energy of
unstable uniform rotation about the axis with the inter-
mediate MOI.

To examine the accuracy of the HA (13) and HP
(21) formulas, the energy spectra and wobbling ener-
gies as functions of spin for the four lowest wobbling
bands obtained are compared with the exact solutions
given by the TRM and shown in Fig. 2. The wobbling
energies, defined as the energy differences between the
excited states and the yrast state, are extracted from
the obtained energy spectra and for a given spin I are
calculated as

Ewob=E(n,I)−E(0,I) (22)

for even I , and

Ewob=E(n,I)−1

2
[E(0,I−1)+E(0,I+1)] (23)

for odd I .
It can be seen that the wobbling energies obtained

by the three methods all increase with the spin. This
phenomenon can be microscopically understood from the
fact that the stiffness of the collective potential increases
with spin [26]. Both the HA and HP methods can re-
produce the TRM results for both energy spectra and
wobbling energies over the whole spin range for small n
wobbling bands. However, with the increasing of n, the
HA gradually deviates from the TRM results. For exam-
ple, the HA results are larger than the TRM results by
about 150 keV for the n=2 wobbling band and by about
350 keV for the n=3 wobbling band. This indicates that
the wobbling motion can no longer be characterized as a
good harmonic oscillator if n becomes too large and the
anharmonicity of wobbling motions begins to play an im-
portant role [6, 33, 34]. The occurrence of anharmonicity
can be described by taking into account the higher or-
der terms in the expansion of angular momenta. This
statement is supported by the fact that the HP formula
reproduces the exact solutions perfectly. The energy dif-
ferences between the HP and TRM results are less than
30 keV even for the n=3 wobbling band.
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Fig. 2. (color online) The energy spectra and wobbling energies for the four lowest wobbling bands calculated by
TRM are compared with those obtained by the HA (a, c) and HP (b, d) formulas.

To investigate the effects of the high order terms
quantitatively, the energy differences obtained by the HA
and HP methods are calculated as

EHA(n,I)−EHP(n,I)=
α

2
n2−

(

1

2

√

α2−β2−α

2

)(

n+
1

2

)

.

(24)

This depends on wobbling phonon number n, while it
is independent of spin, i.e. the role played by the next-
to-leading term is different for different n while it is the
same for different spin. It is obvious that with the in-
crease of n, the energy difference between HP and HA
becomes larger, which indicates that the high order terms
become more important and cause the wobbling motion
to deviate from harmonic oscillator behavior.

4.2 Quadrupole transition probability

In Fig. 3, the intraband and interband B(E2) values
for the n = 0, n = 1, and n = 2 bands calculated by the
TRM are shown in comparison with those calculated by
the HA formula [1]. For the intraband B(E2) values, the
HA results given by Eq. (16) are constants, which are
independent of spin I and wobbling phonon number n.
However, as shown in Fig. 3, the TRM results depend not
only on spin but also on the wobbling phonon number.

For each wobbling band n, the intraband B(E2) values
gradually increase with increasing spin and finally come
close to the HA results at very high spin. For a given
spin, with the increase of n, the corresponding B(E2)
values decrease. Therefore, one can conclude that the
HA formula is a good approximation only at very high
spin and small n. This is expected since the approxi-
mation for vector addition coefficients in the E2 matrix
elements, which is valid only at very high spin, has been
adopted when deriving the HA formula [1].

For interband B(E2) values, the HA results exhibit
a decreasing trend with respect to spin for a given n
and increasing trend with respect to n for a given spin,
which are determined by the factor n/I in the HA for-
mulas (17) and (18). It can be further seen that the
B(E2;n,I → n+1,I − 1) values are smaller than the
B(E2;n+1,I → n,I−1) values over the whole spin re-
gion since the bracketed terms in Eq. (17) are smaller
than the bracketed terms in Eq. (18). For the TRM re-
sults, the decreasing trends with respect to spin can also
be found in the high spin region, while in the low spin
region, contrary to the HA results, an increasing trend
is shown for the interband transition between the n=1
and n = 2 bands. For example, the B(E2;2,I → 1,I−1)
values increase rapidly with spin at I610~.
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Fig. 3. (color online) The intraband and interband B(E2) values for n = 0, 1 (a, c) and n = 1, 2 (b, d) bands
calculated by the TRM in comparison with those from the HA formula [1].

It can be seen that the HA results in general overesti-
mate the TRM results. In particular, this overestimation
becomes larger with the increase of the wobbling phonon
number n. For a given n, the TRM results gradually
come close to the HA results as spin increases. There-
fore, similar to the case of intraband transition probabil-
ities, the interband transition probabilities obtained by
the HA formula are good approximations for those ob-
tained by the TRM only in the high spin region and for
small n.

Comparing the interband transition with the intra-
band transition, it is seen that the strength of the in-
terband B(E2;n,I → n±1,I−1) is smaller than that of
the intraband B(E2;n,I→n,I−2) without changing the
wobbling phonon number n in the high spin region, by

a factor of order
n

I
, which represents the square of the

amplitude of the wobbling motion [1]. This is an ex-
pected feature of the wobbling bands, which corresponds
to a sequence of one-dimensional rotational trajectories
with a strong E2 transition along the trajectories and
much weaker transitions connecting the different trajec-
tories [1].

4.3 Angular momentum

To understand the wobbling geometry picture, it is

necessary to investigate the evolutionary picture of an-
gular momentum components with respect to spin I and
wobbling phonon number n. In Fig. 4, the angular mo-
mentum components Ik as functions of spin for the n=0–
5 bands calculated by the TRM are shown. For the n=0
band, all of the three components of the angular momen-
tum Ik of the triaxial rotor gradually increase as the spin
increases. However, the roles they play are quite differ-
ent. The angular momentum favors alignment along the
3-axis with the largest MOI to obtain the lowest energy.
The value of I3 is nearly equal to I . The contributions
from the other two axes to the total angular momentum
are thus very small due to the conservation of angular
momentum

I2
1+I2

2+I2
3 =J2=I(I+1). (25)

It is worth pointing out that the angular momentum
along the 3-axis and the other two axes (1-, 2-axis) re-
spectively contribute to the rotational energy and the
zero energy of the wobbling motion for the wobbling en-
ergy spectra.

With the increase of the wobbling phonon number n,
the angular momentum shows a tendency to gradually
deviate from the 3-axis. The value of I3 is nearly equal
to I−n at large spin region. Meanwhile, the values of the
1- and 2- components of the angular momentum become
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Fig. 4. (color online) The root mean square com-
ponents along the 1, 2, and 3 axis of the total

nucleus Ik=
√

〈Î2
k〉 calculated as functions of spin

I by TRM for (a) even n wobbling bands (n=0,
2, 4) and (b) odd n wobbling bands (n=1, 3, 5).

larger and larger, which indicates that the wobbling mo-
tion plays a more and more important role.

It should be noted that when the wobbling phonon
number n is larger than 2, the three components of the
angular momentum will present a strong competitive be-
havior. This gives a clear picture that with the increase
of spin the maximal component of the angular momen-
tum changes from I1 to I2 and finally to I3. Here, the evo-
lution of the angular momentum with spin for the n=4
band will be taken as an example to illustrate this pic-
ture. At spin I=4~, the n=4 state is the largest energy
state, as shown in Fig. 1, and the angular momentum
aligns mainly along the 1-axis, which corresponds to the
wobbling motion along the axis with the smallest MOI.
In the spin region 6 6 I 6 14~, the angular momentum
turns to align mainly along the 2-axis with intermedi-
ate MOI. It can be seen from Fig. 1 that these states lie
around the separatrix region. When spin I>16~, the an-
gular momentum finally aligns mainly along the 3-axis,
which corresponds to the wobbling motion along the axis
with the largest MOI. As shown in Fig. 1, these states

are beneath the separatrix line and move further away
from it as the spin increases.

It has been emphasized that complex competition ex-
ists among the three components of angular momenta
with spin I in the same n wobbling bands. It is also
interesting to investigate the evolution picture with re-
spect to the wobbling phonon number for a given spin I .
Therefore, in Fig. 5, the root mean square components
along the 1, 2, and 3 axis of the total angular momentum
Ik calculated by the TRM as functions of the wobbling
phonon number n are shown respectively for I = 10~

(Fig. 5(a)) and I=30~ (Fig. 5(b)).
For I =10~, in general, the I3 decreases while the I1

increases as the wobbling phonon number n increases,
which indicates that the angular momentum generally
has a tendency to move away from the 3-axis at small n
and towards the 1-axis at large n. However, I3 shows a
slightly increasing behavior when n increases from 4 to 6.
The angular momentum of the n=6 state is closer to the
3-axis than that of the n=4 state, although the difference
between them is small. This indicates that the angular
momentum does not always steadily deviate from the 3-
axis with increasing n. It is further noted that I1 also
exhibits abnormal behavior. When n increases from 2 to
4, it decreases by about 0.2~. Thereafter, it increases lin-
early with increasing n. Differing from the behaviors of
I1 and I3, I2 first increases, for n64, and then decreases.
Therefore, the strong competition among the three com-
ponents of the angular momentum is clearly presented.
When n=0 and 2, I3 is largest and I2 >I1. This region
is labeled as (0) in the figure. When n = 4 and 6, I2

becomes the largest component and I1 and I3 compete
with each other. This region is labeled as (/). Finally,
when n increases to 8 and 10, I1 begins to play the main
role while I3 becomes the smallest. Correspondingly, this
region is labeled as (.). For I =30~, the evolution be-
haviors of these three components of angular momentum
are very similar to those for I =10~. The abnormal be-
haviors exhibited by I3 and I1 happen at n=14, 16 and
n=10,12, while I2 reaches its maximal value at n=14.
In addition, with increasing n, the three components of
angular momentum present a strong competitive behav-
ior. Similar to the case of I =10~, (0), (/), and (.)
are labeled according to the maximal components of the
angular momentum.

It can thus be concluded that with the increase of
the wobbling phonon number n for a certain spin I , the
simple triaxial rotor undergoes three different kinds of
behavior regimes, labeled as regions (0), (/), and (.)
in Fig. 5. In region (0), I3 is the largest, correspond-
ing to the wobbling motion around the 3-axis, which has
the largest MOI. This is further supported by the nearly
equivalent contributions of the “kinetic” term (A2−A3)I

2
2

and “potential” term (A1−A3)I
2
1 in this region, as shown
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Fig. 5. (color online) The root mean square components along the 1, 2, and 3 axis of the total angular momentum

Ik =
√

〈Î2
k〉 calculated by the TRM and their corresponding contributions to the “kinetic” and “potential” terms

of wobbling energy as functions of the wobbling phonon number n for I=10~ (a, c) and I=30~ (b, d).

in Figs. 5(c) and (d). In addition, in this region, I3

is approximately linear to n with I3 ≈ I−n. In region
(.), however, I1 is the largest, which corresponds to the
wobbling motion around the 1-axis, which has the small-
est MOI. Similarly, this is also supported by the equiva-
lent contributions of the “kinetic” term (A3−A1)I

2
3 and

“potential” term (A2−A1)I
2
2 in this region, as shown in

Figs. 5(c) and (d). Similar to I3, I1 is also approximately
linear with n with I1≈n for even spin and I1≈n+1 for
odd spin. In the transitional region (/), which corre-
sponds to the separatrix region in Fig. 1, I1, I2 and I3

exhibit a completely different behavior from that in the
other two regions and fierce competition among the three
components of angular momentum is clearly shown. This
competition might be associated with the phenomenon,
as shown in Fig. 1, that the energy in this region increases
slowly compared with that in the other two regions as n
increases. In addition, although I2 is the largest, there
is no wobbling motion around the 2-axis, which has in-
termediate MOI, since the “kinetic” term (A1−A2)I

2
1 is

positive (A1>A2) while the “potential” term (A3−A2)I
2
3

negative (A3 < A2). This conclusion is consistent with
that obtained by the tops-on-top model [35].

Fig. 6. (color online) The calculated orientation of
the total angular momentum, depicted by the po-
lar angle θ and azimuth angle ϕ, as a function of
the wobbling phonon number n for I=10, 20, 30
and 40~. The θ and ϕ are shown in a polar coor-
dinate system, in which θ is the radial coordinate
while ϕ is the angular coordinate. The arrow in-
dicates the increasing direction of the wobbling
phonon number.
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In order to further clarify the angular momentum
evolution, in Fig. 6, the orientation of the total angu-
lar momentum, depicted by the polar angle θ (11) and
azimuth angle ϕ (11), is illustrated as a function of wob-
bling phonon number n for I=10, 20, 30 and 40~.

It is clearly seen that the series of points with the
wobbling phonon number n lies on the same line for all
spin I , which indicates that no matter what the spin I
is, the orientations of the angular momentum vectors are
along the same evolution track with increasing n. When
n is small, ϕ is almost invariable while θ increases as
n increases, which suggests that the angular momentum
vector lies almost in the same plane ϕ≈60◦ but gradu-
ally deviates from the 3-axis as n increases. The reason
for angular momentum being in the plane ϕ≈60◦ can be
understood according to the “kinetic” and “potential”
terms in the TRM Hamiltonian as shown in Figs. 5(c)
and (d). Since the “kinetic” term (A2−A3)I

2
2 and “po-

tential” term (A1−A3)I
2
1 are almost equivalent for small

n, this indicates that ϕ = tan−1

(

I2

I1

)

approximates as

tan−1

√

A2−A3

A1−A3

. Thus ϕ is independent of θ but deter-

mined by the three MOIs at small n. According to this
formula, one can obtain ϕ ≈ 60◦ in the present system
under discussion. It is noted that these energy states
correspond to the wobbling motion along the 3-axis and
mainly lie in region (0) shown in Fig. 5. As n increases,
both θ and ϕ increase, which suggests that the angular
momentum not only continues to deviate from the 3-axis,
but also starts moving to the 2-axis. However, the trend
of increasing ϕ is not incessant but is interrupted at a
critical point. This critical point corresponds to the max-
imal values of I2, as shown in Fig. 5(a) and (b). After
that, ϕ, together with θ, begins to decrease. This indi-
cates that the angular momentum moves to the 1-axis,
and at the same time also moves slightly to the 3-axis.
The points around the critical point correspond to the
transition region (/) shown in Fig. 5. After crossing
this region, ϕ decreases while θ increases with increasing
n, moving to region (.) shown in Fig. 5. Similar to the
cases of small n, according to Figs. 5(c) and (d), in this

region
I3

I2

=

√

A3−A1

A2−A1

, which implies that the angular

momentum vectors for large n also lie in the same plane,
perpendicular to the 2-3 plane.

According to the above discussion, the evolution
track of angular momenta with respect to the wobbling
phonon number presented in Fig. 6 is determined only by
the three MOIs of the triaxial rotor. As already pointed
out above, the evolution track is unique and independent
of spin. From this point of view, this evolution track may
be regarded as a characteristic feature for a rotating tri-
axial rotor. Along this evolution track, the triaxial rotor

changes its rotation along the axis with the largest MOI
to the axis with the smallest MOI.

4.4 K-distribution

In the above, the angular momentum geometry of
wobbling motion for the triaxial rotor is investigated via
the expectation values of the three components of the
angular momentum. It is interesting to further investi-
gate the angular momentum geometry pictures from a
microscopic perspective by the obtained wave functions.
In the TRM, the wave functions can be directly reflected
by the so called K-distributions, i.e., the probability dis-
tributions of the projections of total angular momentum
on the 1-, 2- and 3- axes. In the literature, using the
PRM, such K-distributions have been extensively ap-
plied to study the angular momentum geometry of the
nuclear chiral modes in triaxial nuclei [36–39].

In the following, the K-distributions for the n=0, 2,
4 states with I =10 and 30~ and n=1, 3, 5 states with
I=9 and 29~, shown in Fig. 7, are taken as examples to
microscopically understand the angular momentum ge-
ometry.

It can be seen that for n = 0 states, the maximal
probability for the 3-axis appears at K3 = I for both
I =10 and 30~, while the probabilities for the other K3

values almost vanish. This is expected since the angu-
lar momentum is mainly along the 3-axis, as shown in
Fig. 5. The probability distributions with respect to the
2- and 1-axis have peaks near K2 =2~ and K1 =2~ for
both I = 10 and 30~. The reason why these peaks do
not appear at K2 = 0 and K1 = 0 is attributed to the
nature of three-dimensional rotation of the triaxial ro-
tor, where the three angular momentum components Ik

all have contributions to the total spin. As the MOI of
the 2-axis is larger than that of the 1-axis, the angu-
lar momentum is closer to the 2-3 plane than the 1-3
plane. Thus the tunneling of angular momentum with
respect to the 2-3 plane is easier than for the 1-3 plane.
This phenomenon can be reflected by the probability of
K1=0 being larger than that of K2=0.

As n increases, for large spin, e.g., I = 29 and 30~,
the peak of the probability on the 3-axis moves away
from K = I to K = I−n, corresponding to a deviation
from the 3-axis, which suggests that the distributions
from I1 and I2 become more important. Meanwhile, for
K1 and K2, more peaks appear and it is expected that
the number of peaks is n+1 if the K-distributions are
plotted also for negative K values. It is noted that for
the even n and odd n states, the probabilities on the 1-
and 2- axis are respectively nonzero and zero at K =0,
which indicates that their corresponding wave functions
are symmetric and antisymmetric in the projections on
the 1- and 2- axis. We should bear in mind that all the
states presented for large spin lie in region (0), where
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the wobbling motions happen along the axis with largest
MOI. Once the states lying in the other two regions are
involved, the K-distributions would exhibit a different
behavior. This can be seen for small spin when n is not
too large, e.g., the n=4 state with I=10~, which lies in
region (/). Therefore, further investigation is necessary
for the evolution of the K-distribution with respect to
the wobbling phonon number n.

Fig. 7. (color online) The probability distributions
for projections of total angular momentum on the
1-, 2- and 3- axis in the TRM for (a) n=0, 2, 4
states with I = 10 and 30~ and (b) n = 1, 3, 5
states with I=9 and 29~.

In Fig. 8, the K-distributions for the n=0–10 states
are shown. For n = 4, the probability for K2 = I = 10~

is much larger than that for other K2. Compared with
region (/) in Fig. 5, this corresponds to the situation
where I2 is the largest angular momentum component
and the angular momentum mainly aligns along the 2-
axis. In this case, the probability distributions with re-
spect to the 1- and 3-axis have peaks near K1 =2~ and

K3 =4~. As n increases, the peak of the probability on
the 1-axis gradually moves towards K1=I and the peaks
for each n state appear nearly at K1=n, which indicates
a trend of the angular momentum moving to the 1-axis.
This evolution picture is consistent with the evolution
picture of angular momentum shown in Fig. 5.

Fig. 8. (color online) The probability distributions
for projections of total angular momentum on the
1-, 2-, and 3-axis in the TRM for n=0–10 states
with I=10~.

It is interesting to note that the K-distribution on
the 1-axis and 3-axis for the n=8 and n=10 states are
respectively similar to those distributions on the 3-axis
and 1-axis for the n=2 and n=0 states. Moreover, the
K-distribution on the 2-axis for n=0 and n=10 states as
well as n=2 and n=8 states are also very similar. These
similar behaviors are justified since the wobbling motions
happen along both the 1- and 3- axis. These similarities
between the pictures for wobbling motion around the 1-
axis and 3-axis are consistent with the pictures of the
components of angular momentum shown in Fig. 5.
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5 Summary

In summary, a simple triaxial rotor is taken as an
example to illustrate the picture of wobbling motion by
exactly solving the TRM Hamiltonian. The obtained en-
ergy spectra and reduced quadrupole transition proba-
bilities are compared to those approximate analytic solu-
tions by the HA [1] and HP [27–29] methods to evaluate
the accuracy of the analytic methods. It is found that
only the low lying wobbling bands can be well described
by the analytic HA solutions. By taking the higher or-
der terms into account, the HP method improves the HA
descriptions for the energy spectra.

The evolution of angular momentum geometry with
respect to the spin and the wobbling phonon number are
investigated. It is confirmed that with the increase of
the wobbling phonon number, the triaxial rotor changes
its rotation along the axis with the largest MOI to the

axis with the smallest MOI. There is a competitive pro-
cess among the three angular momentum components
in the separatrix region, in which the angular momen-
tum mainly aligns along the axis with intermediate MOI.
Nevertheless, a specific track that can be used to depict
the motion of a triaxial rotating nuclei at any spin is
found along the evolutionary process. This evolutionary
track may be regarded as a fingerprint of the triaxial
rotor. The K-distribution further corroborates the evo-
lution picture of the angular momentum.

For added perspective, it is interesting to investigate
the angular momentum geometry of wobbling motion
for odd-A nuclei, in particular the angular momentum
geometry of longitudinal and transverse wobblers [16].

The authors are grateful to Prof. J. Meng, Prof. S.

Q. Zhang, and H. Zhang for fruitful discussions and crit-

ical reading of the manuscript.
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