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Abstract: Based on an IR-improved soft-wall AdS/QCD model for mesons, which provides a consistent prediction

for the mass spectra of resonance scalar, pseudoscalar, vector and axial-vector mesons, we investigate its finite

temperature effect. By analyzing the spectral function of mesons and fitting it with a Breit-Wigner form, we perform

an analysis for the critical temperature of mesons. The back-reaction effects of bulk vacuum are considered and the

thermal mass spectral function of resonance mesons is calculated based on the back-reaction improved action. A

reasonable melting temperature is found to be Tc ≈ 150± 7 MeV, which is consistent with the recent results from

lattice QCD simulations.
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1 Introduction

The asymptotic freedom of quantum chromodynam-
ics (QCD) [1] and the treatment of non-perturbative
QCD have led to the QCD string approach, which even-
tually initiated the development of string theory. String
theory has then motivated the AdS/CFT conjecture
[2–5], which provides an alternative tool to access the
gloomy non-perturbative region of QCD, that is, the
so-called holographic QCD or AdS/QCD models based
on AdS/CFT. These models are not perfect, with some
deep-rooted issues from AdS/CFT as QCD is not a con-
formal field theory at low energy. There are different
holographic QCD models due to different realizations
and objectives. They have mainly been divided into two
classes, namely top-down models and bottom-up mod-
els. The top-down models are directly constructed from
string theory, and popular ones are the D3/D7, D4/D6
and D4/D8 models [6–8]. Bottom-up models such as
the hard-wall model [9] and soft-wall model [10] are
constructed according to properties of QCD itself from
which the corresponding bulk gravity is determined. In

the hard-wall model, a sharp cutoff of the fifth dimen-
sion which corresponds to the inverse of the QCD scale
Λ is given to realize QCD confinement. It contains chiral
symmetry breaking but fails to give a correct Regge be-
haviour for the mass spectra of hadrons. To remedy this
problem, in the soft-wall model, a dilaton term is put
into the bulk action to replace the sharp IR cutoff of the
hard-wall model. However, the resulting model cannot
realize the chiral symmetry breaking phenomenon con-
sistently. Several models have been constructed to incor-
porate these QCD behaviors [12–21]. These models have
made numerical predictions for the mass spectra of light
mesons, such as scalar, pseudoscalar, vector and axial-
vector mesons. Especially, in a recent paper [15], we have
constructed an alternative model in which the metric re-
tains conformal invariance and satisfies Einstein’s equa-
tion, while the bulk mass and bulk coupling of the quartic
scalar interaction have a bulk coordinate z-dependence,
so that the ultraviolet (UV) behavior of the model corre-
sponds to AdS/CFT, while the infrared (IR) behavior is
required from low energy QCD features which are com-
patible with the leading chiral dynamic model of spon-
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taneous chiral symmetry breaking [22, 23]. As a conse-
quence, we have arrived at a more consistent model with
better predictions for the mass spectra of both ground
and resonance states of scalar, pseudoscalar, vector and
axial-vector mesons.

The finite temperature effects of holographic QCD
have attracted a lot of attention. The finite tempera-
ture effects in hard-wall AdS/QCD were studied in Ref.
[24]. In Refs. [25–28], the thermal spectrum of glue-
balls or mesons in the soft-wall AdS/QCD model was
investigated. In Ref. [29], a soft-wall model for char-
monium was built. The deconfinement temperature of
soft-wall AdS/QCD models was calculated in Ref. [30]
and found to be Tc ≈ 191 MeV. In Refs. [31–33], the
scalar glueball and light meson spectra were analyzed in
the soft-wall AdS/QCD model and the critical tempera-
ture at which the meson states dissociation was found to
be about 40−60 MeV. Such a low temperature is far from
the deconfinement transition. It indicates that the meson
state dissociation occurs in the confined QCD phase and
is inconsistent with real QCD. To remedy this problem,
we have investigated in Refs. [34, 35] the finite tempera-
ture effects for the soft wall AdS/QCD models with IR-
deformed metric [13]. The critical temperature of meson
dissociation was found to be around 200 MeV. Where the
metric is modified at the IR region, the Hawking temper-
ature of the black hole is not exactly defined as it does
not satisfy the Einstein equation. Thus it is interesting
to analyze the critical temperature of the IR-improved
soft-wall AdS/QCD model for mesons [15], where the
model incorporates both chiral symmetry breaking and
linear confinement with better predictions on the mass
spectra of meson states.

The paper is organized as follows. In Section 2, by
briefly reviewing the IR-improved soft-wall AdS/QCD
model for mesons [15], we extend it to an action with
finite temperature. In Section 3, we analyze the thermal
spectral function and carry out calculations for the me-
son thermal mass spectra. The corresponding melting
temperature is obtained. In Section 4, the back-reaction
effort of bulk vacuum is considered to yield an improved
metric of background gravity, and the thermal mass spec-
tra are investigated in detail based on the back-reaction
improved action. A reasonable melting temperature is
obtained. Our conclusions and remarks are presented in
the final section.

2 IR-improved soft-wall AdS/QCD
model with finite temperature

In this section, we will investigate the finite temper-
ature behavior of the IR-improved soft-wall AdS/QCD
model [15]. Here the AdS black hole is chosen as the
background to describe temperature in boundary theory:

ds2 = a(z)2
(

f(z)dt2−d~x2− dz2

f(z)

)

, (1)

with a(z) =
R

z
and

f (z)= 1− z4

z4
h

, (2)

where zh is the location of the outer horizon of the black
hole. We will set the AdS radius as unity in this paper
for the boundary theories. The Hawking temperature
which corresponds to the temperature in boundary the-
ory is defined as follows:

TH =
1

4π

∣

∣

∣

∣

df

dz

∣

∣

∣

∣

z→zh

=
1

πzh

. (3)

The action with finite temperature is based on the
IR-improved soft-wall AdS/QCD model for mesons [15]:

S =

∫

d5x
√

ge−Φ(z) Tr
[

|DX |2−m2
X |X |2−λX |X |4

− 1

4g2
5

(F 2
L +F 2

R)
]

(4)

with DMX = ∂MX− iAM
L X +iXAM

R , AM
L,R = AM a

L,R ta and
Tr[tatb] = δab/2. The gauge coupling g5 is fixed to be
g2
5 = 12π

2/Nc with Nc the color number [9]. The complex
bulk field X will be written into the scalar and pseu-
doscalar mesons, and the combination of chiral gauge
fields AL and AR will be identified with the vector and
axial-vector mesons. It has been shown that it is reason-
able for the dilaton field, bulk scalar mass and quartic
interaction coupling to take the following IR-modified
forms [15]:

Φ(z)=µ2
gz

2−
λ4

gµ
4
gz

4

(1+µ2
gz

2)3
, (5)

m2
X(z)=−3− 2µ2

gz
2 +4µ4

gz
4

1+µ2
gz

2
+m̃2

X(z), (6)

λX(z)=
µ2

gz
2

1+µ2
gz

2
λ. (7)

The expectation value of bulk scalar field X has a z-
dependent form for the two-flavor case:

〈X〉=
1

2
v(z)

(

1 0

0 1

)

. (8)

The bulk vacuum expectation value (bVEV) v(z) with
proper IR and UV boundary conditions takes the follow-
ing simple form [15]:

v(z) =
Az+Bz3

1+Cz2
(9)

with

A = mqζ, B =
σ

ζ
+mqζC, C = µ2

c/ζ, (10)
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and the coupling constant λ is related to the vacuum
expectation value via the equation of motion

vq ≡
√

(2µg)2

λ
=

B

C
=

σ

µ2
c

+mqζ (11)

The five parameters involved are fixed from the low
energy parameters of mesons [15] and their values are
presented in Table 1.

Table 1. The values of the five parameters in the
IR-improved AdS/QCD model.

λg mq/MeV σ
1

3 /MeV µg/MeV µc/MeV

1.7 3.52 290 473 375

3 Thermal spectral function

The bulk scalar field can be decomposed as X(x,z)≡
(v(z)/2+S(x,z))e2iπ(x,z), where S(x,z) is the scalar me-
son field and π(x,z) = πa(x,z)ta the pseudo-scalar field.
The chiral gauge fields can be combined into vector field
V a

M and axial-vector field Aa
M as

V a
M ≡ 1

2
(Aa

L,M +Aa
R,M), Aa

M ≡ 1

2
(Aa

L,M−Aa
R,M). (12)

The equations of motion for the meson fields in momen-
tum space are derived by the Fourier transformation as
follows

V : V ′′

x (z)+

(

a′(z)

a(z)
+

f ′(z)

f(z)
−Φ′(z)

)

V ′

x(z)+
ω2Vx(z)

f 2(z)
= 0, (13)

AV : A′′

x(z)+

(

a′(z)

a(z)
+

f ′(z)

f(z)
−Φ′(z)

)

A′

x(z)+
ω2Ax(z)

f 2(z)
+g2

5

v2(z)

z2f(z)
Ax(z) = 0, (14)

PS : π′′(z)+π′(z)

(

3a′(z)

a(z)
+

f ′(z)

f(z)
+

2v′(z)

v(z)
−Φ′(z)

)

+
ω2π(z)

f(z)2
= 0, (15)

S : S′′(z)+S′(z)

(

3a′(z)

a(z)
+

f ′(z)

f(z)
−Φ′(z)

)

+S(z)

(

ω2

f(z)2
− a(z)2m2

X(z)

f(z)
− 3λX(z)a(z)2v(z)2

2f(z)

)

= 0. (16)

Note that with the temperature increasing, the hori-
zon of the black hole zh moves from infinity to the bound-
ary side. Thus the solutions of the equations of mo-
tion will drop into the black hole before they vanish,
so that one cannot use the method of finding eigen-
modes. Alternatively, we shall consider the spectral
function, which is the imaginary part of the retarded
Green’s function. In the above equations, we have put
the three-momentum to zero:−→p = 0, which allows the
retarded Green’s function to be simplified as: GR

tt = 0,
GR

xx = GR
yy = GR

zz ≡ GR(ω). For the equation of the
pseudo-scalar field, for simplicity we have ignored mix-
ing between the axial-vector field and pseudo-scalar field,
as it will not affect the finite temperature behavior dis-
cussed in Ref. [35].

Let us first check the boundary behavior of the solu-
tion. Near the UV boundary, one can extract asymptotic
solutions for the above four equations Eq. (13–15). For
convenience, we replace the radial coordinate z by the
dimensionless variable u with u = z/zh. The two linear
independent solutions are found to be:

V : V1 →uY1 (uzhω) , V2 →uJ1 (uzhω) , (17)

AV : A1 →uY1

(

uzh

√
ω2−4A2π2

)

,

A2 →uJ1

(

uzh

√
ω2−4A2π2

)

, (18)

PS : π1 →uJ1

(

uω

zh

)

, π2 →uY1

(

uω

zh

)

, (19)

S : S1 →u2J1

(

uzh

√

2µ2
g +ω2

)

,

S2 →u2Y1

(

uzh

√

2µ2
g +ω2

)

. (20)

Here J1 and Y1 are the first-kind Bessel function and
second-kind Bessel function respectively. As discussed
in Ref. [36], in Minkowski space-time, the choice of in-
falling boundary condition at the horizon selects the re-
tarded Green’s function:

K− → (1−u)−i
z
h

ω

4 . (21)

The solutions of the equations of motion can be
expressed by the combination of the two independent
asymptotic solutions K1 = (V1,A1,S1,π1) and K2 =
(V2,A2,S2,π2) as

K(u)=A(ω,q)K1(ω,q,u)+B(ω,q)K2(ω,q,u)

−→ (1−u)−i
z
h

ω

4 , (22)

where the coefficients A(ω,q) and B(ω,q) are fixed by
the IR in-falling boundary condition at the horizon. The
retarded Green’s function can be obtained from the dual
bulk fields. As an example, for the scalar field, one writes
the on-shell action which reduces to a surface term:

S =

∫

d4p

(2π)4
e−Φ(z)f(z)a(z)

3

2 S(p,z)∂zS(p,z)
∣

∣

∣

z=zh

z=0
. (23)
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Following the prescription in Ref. [36], after substitut-
ing Eq. (22) into the surface term of the on-shell ac-
tion, one can find that the spectral function which is
related to the imaginary part of the two-point retarded
Green’s function is proportional to the imaginary part of
B(ω,q)/A(ω,q):

ρ(ω,q) =− 1

π

ImG(ω,q)θ(ω2−q2) ∝ Im
B(ω,q)

A(ω,q)
. (24)

The numerical results of spectral function for scalar,
pseudo-scalar, vector and axial-vector mesons are shown
in Fig. l.

Fig. 1. (color online) The results of the spectral function for scalar meson (top left), pseudo-scalar meson (top right),
vector meson (bottom left) and axial-vector meson (bottom right).

It can be seen from the results that in the low tem-
perature region the peaks which correspond to the poles
of the Green’s function represent resonance mesons with
their masses coinciding to the ones given at zero tempera-
ture [15]. As the temperature increases, the meson states
become unstable. This can be seen from the peaks being
shifted towards smaller values and the widths becoming
broader. Quantitatively, we can get more information by
fitting the spectral function with a Breit-Wigner form:

aωb

(ω2−m2)2 +Γ 2
+P (ω2), (25)

where m and Γ are the location and width of the peak
respectively. P (ω2) represents a continuum which takes
the form P (ω2) = c1 + c2ω

2 + c3(ω
2)2. The melting tem-

perature or the critical temperature can be defined from
the Breit-Wigner form. That is, if the width of a peak is
larger than its height, the peak can no longer be distin-
guished. The condition is shown as follows:

h =
aωb

(ω2−m2)2 +Γ 2

∣

∣

∣

∣

ω→m

, h < Γ. (26)

Note that this definition of critical temperature is vague
and subjective. In this paper, we will give the range of

critical temperature by the condition: Γ/2 < h < Γ . The
range of critical temperatures of scalar, pseudo-scalar,
vector and axial-vector mesons are shown in Table 2.

Table 2. The critical temperatures of scalar,
pseudo-scalar, vector and axial-vector mesons.

meson scalar pseudo-scalar vector axial-vector

Tc/MeV133–136 135–140 136–140 143–146

The results for melting temperature imply that the
mesonic quasiparticle state is dissolved around Tc =
140 MeV with the above considerations. The bulk coor-
dinate z plays the role of running energy scale in bound-
ary theory. As the Hawking temperature increases to
around Tc ≈ 140 MeV, the allowed value for z is given
by 0 < z < 1/(πT ) ≈ 1/439 MeV−1. Such a small value
of z will cause the bVEV v(z) with mq ≈ 0 to approach
zero as the power z3 for the condensation σ. It can be
understood that the vanishing bVEV v(z) which corre-
sponds to the chiral condensation plays an important
role in the dissolving of mesonic bound states. It can be
deduced that these critical behaviors could be a sign of
chiral symmetry restoration.
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Fig. 2. (color online) The relation between the location of the first peak and the temperature for scalar meson (top
left), pseudo-scalar meson (top right), vector meson (bottom left) and axial-vector meson (bottom right).

From the Breit-Wigner form, we can quantitatively
determine the relation between the mass of mesons and
the temperature. The results are shown in Fig. 2.

It can be seen explicitly that as temperature increases
the masses of mesons decrease linearly in the low temper-
ature region (40–100 MeV). Note that around the criti-
cal temperature 140 MeV, the spectral function becomes
so flat that the numerical fitting has a large ambiguity.
It is believed that the mass of scalar and pseudo-scalar
mesons will increase slightly around the critical tempera-
ture, though we cannot see that here because of the large
ambiguity. For the vector and axial-vector mesons, the
decrease of mass in the medium agrees with other anal-
yses [37–39]. The more precise way to study the depen-
dencies of temperature is to calculate the quasinormal
modes of mesons. We leave this for future study.

4 Back-reaction effects of bulk vacuum

In this section, we will investigate the back-reaction
effects of bulk vacuum which includes the quark mass
and condensate. In Ref. [40], a fully back-reacted holo-
graphic QCD has been constructed. It was found that
the back reaction has only small effects on meson spec-
tra. It is interesting to check its influence on mass spectra
with finite temperature. Let us begin with the following
5D action:

S =

∫

d5x
√

ĝ
(

−R̂+Tr[|DX |2 +V (X)]
)

. (27)

For simplicity we do not take the dilaton field into ac-
count in the action. R̂ is the five dimensional Ricci scalar.
X is the bulk scalar field in Eq. (4) with the bulk vac-

uum expectation form X =
1

2
v(z)12. The bVEV v(z)

relates to quark mass and condensates in Eq. (9) and
Eq. (10). After taking the trace, the action is rewritten
as follows:

S =

∫

d5x
√

ĝ

(

−R̂+
1

2
∂Mv∂Mv+V (v)

)

(28)

with V (v) = Tr[V (X)]. To obtain the black hole solu-
tion, we consider the deformed AdSBH background:

ds2 =
e2A(z)

z2

(

f(z)dt2−d~x2− dz2

f(z)

)

. (29)

The equations of motion are

1

2
ĝMN

(

−R̂+
1

2
∂P v∂P v+V (v)

)

+ R̂MN − 1

2
∂Mv∂Nv = 0, (30)

∂V (v)

∂v
− 1√

ĝ
∂M

(

√

ĝĝMN∂Nv
)

= 0. (31)

The (t, t), (x1,x1) and (z,z) components of the grav-
itational field equations are respectively

A′′+A′

(

f ′

2f
−2

z

)

+A′2+
2

z2
+

v′2

12
− f ′

2zf
−e2AV (v)

6z2f
=0, (32)
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f ′′+f ′

(

6A′−6

z

)

+f

(

6A′′+6A′2+
1

2
v′2+

12

z2
− 12A′

z

)

−e2AV (v)

z2
=0, (33)

A′2+A′

(

f ′

4f
−2

z

)

+

(

1

z2
−e2AV (v)+3zf ′

12z2f
−v′2

24

)

=0. (34)

From Eq. (33) and Eq. (34) we can obtain the equation
of the warped factor:

A′′−A′2 +
2

z
A′+

1

6
v′2 = 0. (35)

This equation cannot be analytically solved with the
bVEV v(z) given in Eq. (9). We then numerically solve
A(z) by using the UV boundary condition A(0) = 0 and
its derivative vanishes for a general situation.

From Eq. (32) and Eq. (33), one can analytically solve
f(z) as

f(z) = C1 +C2

∫ z

0

e−3A(z)z3dz, (36)

where C1 and C2 are integral constants. Near the bound-
ary z → 0, we require the metric to be asymptotic to
AdS5:

f(0) = 1. (37)

Near the horizon z = zh, we require

f(zh) = 0. (38)

Solution of f(z) can be expressed as

f(z) = 1−

∫ z

0

x3e−3A(x)dx
∫ zh

0

x3e−3A(x)dx

. (39)

One can expand f(z) at the UV boundary with requiring
A(0) = 0,

f(z→ 0) = 1− z4

4

∫ zh

0

e−3A(t)t3dt

+ · · · . (40)

Fig. 3. (color online) The numerical solution for A(z) (left side) and f(z) with horizon zh=5 (right side).

Comparing with the AdS black-hole solution, it can
be seen that the correction of back-reaction contributes
to the higher order terms of f(z). The numerical results
of A(z) and f(z) are presented in Fig. 3.

It is easy to obtain the Hawking temperature:

TH =− 1

4π

∂f

∂z

∣

∣

∣

∣

z→zh

=
z3
he

−3A(zh)

4π

∫ zh

0

e−3A(x)x3dx

. (41)

We plot the temperature TH v.s. horizon zh in Fig. 4.
The monotonic behavior indicates that such a black hole
solution is stable.

With the above analysis, we are now in a position
to investigate the finite temperature behavior of mesons
after considering the back-reaction effects of bulk vac-
uum. The action has the same form as Eq. (4) except
for the background metric, which has been replaced by

the back-reaction improved metric ĝ:

S =

∫

d5x
√

ĝe−Φ(z) Tr
[

|DX |2−m2
X |X |2−λX |X |4

− 1

4g2
5

(F 2
L +F 2

R)
]

. (42)

Fig. 4. (color online) The relation between temper-
ature TH and horizon zh.
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Doing a similar calculation as that in Section 3, we
obtain the mesons’ thermal spectral function with back-
reaction improved gravity background. The numerical
results are shown in Fig. 5. In the low temperature re-
gion the locations of the peaks are nearly the same as

those without back-reaction effects in Section 3. Such
phenomena agree well with the conclusion in Ref. [40].
It is found that the warped factor A(z) shown in Fig. 3
can be fitted well by a simple form A(z) =−k2z2 with k
around k≈ 30 MeV.

T=0.042
T=0.080
T=0.125

scalar

0 0.5 1.0 1.5 2.0
0
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20

30

40

50
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Fig. 5. (color online) The results of spectral function for scalar meson (top left), pseudo-scalar meson (top right),
vector meson (bottom left) and axial-vector meson (bottom right) with back-reaction effects.

In the zero temperature region f(z)≈ 1 and the back-
reaction correction of quark mass and condensate has
very little effect on the mass spectra. In the high tem-
perature region, however, the melting temperatures have
increased by about 10 MeV. By fitting the spectral func-
tion with the Breit-Wigner form in Eq. (25), we can ob-
tain the critical temperature including the back-reaction
effects of bulk vacuum. The results are presented in Ta-
ble 3.

Table 3. The critical temperatures of scalar,
pseudo-scalar, vector and axial-vector mesons
with back-reaction effects.

meson scalar pseudo-scalar vector axial-vector

Tc/MeV 142–147 143–148 148–152 151–157

In the above calculation the dilaton field in the ac-
tion Eq.(28) is still taken as a pure background field.
The back reaction effects of bulk vacuum which includes
quark mass and quark condensate have increased the
melting temperature to around

Tc ≈ 150±7 MeV. (43)

Such a result is consistent with results yielded from lat-
tice QCD simulations. In Ref. [41], the chiral and decon-
finement critical temperatures were found to be 147–157
MeV. In Ref. [42], the chiral transition temperature of
two massless flavors was shown to be Tc = 154±9 MeV.
For physics masses of three flavor quarks, the chiral tran-
sition temperature was found to be Tc = 155 MeV [43].

5 Conclusions and remarks

We have investigated the finite temperature behav-
ior of the IR-improved soft-wall AdS/QCD model for
mesons [15]. The spectral function of mesons has been
analyzed following the prescription in Ref. [36]. By fit-
ting the spectral function with a Breit-Wigner form, the
critical temperature of mesons was found to be around
140 MeV. It has been noticed that in the low temper-
ature region, the peaks which correspond to the poles
of the Green’s function are consistent with the masses
calculated in the zero temperature case [15]. We would
like to point out that the definition of critical tempera-
ture is vague. In obtaining the critical temperature, we
have to take a range of melting temperatures with the
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condition between the height (h) and width (Γ ) of peak
that Γ/2 < h < Γ . We have considered the back-reaction
effects of bulk vacuum and yielded an improved metric of
background gravity. The mesons’ thermal mass spectral
function has been calculated based on the back-reaction

improved action, which leads to the critical temperature
increasing by about 10 MeV. A reasonable melting tem-
perature has been found to be Tc ≈ 150±7 MeV, which is
consistent with recent results obtained from lattice QCD
simulations.
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