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Abstract:

We report a general approach to solve an Einstein-Maxwell system to describe a static spherically

symmetric anisotropic strange matter distribution with linear equation of state in terms of two generating functions.

It is examined by choosing Tolmann IV type potential for one of the gravitational potentials and a physically

reasonable choice for the electric field. Hence, the generated model satisfies all the required major physical properties

of a realistic star. The effect of electric charge on physical properties is highlighted.
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1 Introduction

The modeling and description of compact astrophys-
ical objects has been of fundamental importance in as-
trophysics and has attracted much attention in the rel-
ativistic community. There has been a substantial ef-
fort on experimental searches for strangelets (“strange-
matter nuggets”) at leading laboratories and these ter-
restrial experiments are being complemented by obser-
vational searches for strange quark stars (SQS) [1-5].
The models developed in these studies predict at least
twice the equilibrium density of nuclear matter exotica,
ps 2 2.7x 10" g cm™® (or ng =~ 0.16 baryons fm~?) that
could eventually appear in the form of hyperons, a Bose
condensate of pions (or kaons), or deconfined quark mat-
ter. Measurements of rotational periods of stellar objects
is an experimental signature for the mass-radius rela-
tionship, and the rotational periods of such self-bound
SQS are considerably shorter than those predicted for
gravitationally bound neutron stars. The pulsar SAX
J1808.4-3658, with a rotation period of 2.5 ms, is one of
the fastest spinning X-ray pulsar observed and its higher
mass-radius ratio suggests a likely SQS candidate[4, 5].
Moreover, recent discoveries of very heavy pulsars with
mass around two solar masses [6, 7] has motivated the
study within the conventional MIT bag model of charged
strange quark stars. Studies show that the presence of
electromagnetic field modifies the upper bound to mass-
to-radius ratio set by Buchdahl limit for static neutral
spheres [8]. Weber et al. [9-11] and Negreiros et al. [12]
show that electric fields generated by charge distribu-
tions in SQS increase the stellar mass by up to 30% de-
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pending on the strength of the electric field. Bare strange
quark matter (SQM) may produce ultra-strong electric
fields of the order of 10*® V/cm [13] and 10*° V/cm for
color superconducting SQM [14-16]. Hence, the study of
Einstein-Maxwell systems in static spherically symmet-
ric spacetime are of vital importance to construct fluid
models of superdense matter and study the role played
by electromagnetic field in the stability of charged com-
pact objects. If a sphere carries a certain modest electric
charge density, then it can remain in equilibrium under
its own gravitation and electric repulsion [17], and be
more stable than the same system without charge. The
electric charge in fact counterbalances the gravitational
attraction by repulsive Coulombian force in addition to
the pressure gradient [18], and hence the gravitational
collapse of a spherically symmetric distribution of matter
to a point singularity may be avoided during the gravi-
tational collapse or during an accretion process [19].

A less extreme high density scenario is the formation
of more stable quark matter in the centre of a neutron
star. In such hybrid stars when SQM is created, an inter-
esting possibility is that the energy released by the con-
version may actually trigger the whole star to convert to
SQM [20]. This deconfined state of noninteracting quark
matter, consisting of almost equal amounts of up, down
and strange quarks confined inside a bag, is speculated
to be absolutely stable and forms the true ground state
of hadronic matter [1, 20, 21]. In this regime, when
matter becomes dense enough to overcome the poten-
tial barrier, the exothermic energy of the reaction then
may ensure the conversion of all matter to SQM, which
is referred to as a SQS. On the assumption that SQM
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make up the whole star, the MIT bag model [22] simu-
lates confinement by the introduction of a vacuum pres-
sure, that acts as a force on the quarks confining them
to a region in space. In the simplified version of the bag
model, one gets the equation of state (EOS) for SQM as
p=1(1/3)(p—4DB) [23, 24], where B is known as the bag
constant, which is the universal pressure on the surface
of any region containing quarks. The stability of the SQS
is due to the long-range effects of confinement of quarks,
represented by the bag constant B [13, 22, 25-32]. Here
we assume that quarks are massless and non-interacting,
with pressure p, = (1/3)p,, total energy density p = p,+B
and the total pressure p =p, — B, where p, is the quark
energy density. The EOS formulated by Dey et al. [3] can
also be approximated to a linear form [33] that describes
the quark interaction in a quark star by an interquark
vector potential originating from gluon exchange and a
density-dependent scalar potential which restores chiral
symmetry at high density. Moreover, the linearity in
EOS found in color-superconducting matter (e.g. Lu-
gones and Horvath [34]) and the tentative parameteri-
zations done by Alford et al. [35], for example, further
motivate the linearity advocated by the MIT bag model
in studying ultra-compact stellar objects such as SQS
[25-31]. There have also been studies to model ultra-
compact SQS using a Van der Waals type EoS [36, 37].
Quark matter theory consists of too many unsolved puz-
zles which prohibits considering all physical and astro-
physical properties simultaneously.

As the early work of Ruderman [38] and others
[39, 40] shows, the pressure anisotropy A =p, — p, plays
a crucial role in modelling SQS relativistically and small
anisotropies might in principle drastically change the sta-
bility of the system. Various factors may contribute to
pressure anisotropy [41] and there are two particularly
related to our primary interest. The first one is strong
electromagnetic fields [14, 42, 43]. The second source of
anisotropy expected to be present in neutron stars and,
in general, in highly dense matter, is the viscosity [44—
46).

Static spherically symmetric spacetimes with
anisotropic distribution are widely used in describing
compact objects and with strange matter. Such models
produce solutions which may be related to strange mat-
ter equation of state [37, 47-53]. Hence, in this work,
we develop a general approach to solve the Einstein-
Maxwell system to describe a static spherically sym-
metric anisotropic SQS with linear equation of state in
terms of two generating functions. The matter properties
may be investigated by an appropriate choice of the two
generating functions. In this work, to signify the impor-
tance of this approach, particular choices of a Tolmann
IV type function for one of the gravitational potentials,
and a physically reasonable function for the electric field
E, are made to model SQS. This enables comparison

with previous investigations of the uncharged (E = 0)
scenario.

2 Charged sphere

The gravitational field for static, spherically symmet-
ric spacetime can be describe by the line element

ds? = —e®Mdt? 4+ dr? +r2(d6? +sin?0d¢?) (1)
in Schwarzschild coordinates (z*) = (¢,r,0,¢).
Tij:diag(_p_Ezapr_Ezapt+E25pt+E2)7 (2)

where p = p(r) is the energy density, p. = p.(r) is the
radial pressure, p, = p;(r) is the tangential pressure and
E = E(r) is the electric field. These quantities are mea-
sured relative to the comoving fluid velocity u* =e™"4d;.
For the line element (1) and matter distribution (2) the
Einstein-Maxwell system of field equations can be ex-
pressed as

1 _ /
p== [r(l—e 2A)] —E?, (3)
D _ 1 (1—6’”)—1—2—Vle’m—|—E2 (4)
™ T2 r b)

’ N

pt2672>\ (1/”"‘1/,2"‘1 —l/,)\,——) —EQ, (5)
T r

1 ™

_ 2 A 9
=53 Oraedr—T—z, (6)

where o = o(r) is the proper charge density, ¢ = ¢(r) is
the total charge within a sphere of radius r and primes
denote differentiation with respect to r. For detailed
derivation of the field equation see Maurya et al [54]. In
the field equations (3)—(6), we employ the geometrized
units G = ¢ =8 = 1. The system of equations (3)—(6)
governs the behaviour of the gravitational field for an
isotropic charged imperfect fluid.
If we introduce the transformation

r=r% Z(r)=e " and y?(z) =e*"), (7)

the system (3)—(5) takes the form

-z .
p=—2 27—, (8)
x
) Z-1
p=4z + 2 L g2, 9)
y X
po=d2zl+ 4z +2:2)L + 7 B2, (10)
y y
1 * x q
E=—r | Ji0dz = < 11
4\/5/0 z° T (11)

where dots denote differentiation with respect to the vari-
able x.
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For a physically realistic relativistic star we expect
that the matter distribution should satisfy a barotropic
equation of state p, = p,(p). As motivated in the intro-
duction, we assume a linear EOS to represent SQM:

pr:ap_ﬁa (12)

where « and [ are constants. With the inclusion of (12)
the general solution to the Einstein system (3)—(5) can
be expressed as

1
2A _ 13
= (13)
0 =y (14)
1-7 .
p=—"2 27 F? (15)
X
pr:ap_ﬁa (16)
pt:pr+A7 (17)
. . 17
A_4ng+z(1+2x§>+——2}32 (18)
Y Y x

a=4\/§(:cE'+E) (19)

in terms of the gravitational potential Z and the electric
field E, where the quantity A= p; —p, is the measure of

anisotropy,
—(1+a) _—a 1 1—-E%z)—
y:dx%ZTexp / (1+a)( z)— Bz) dx
daZ

(20)
and d is the constant of integration. Therefore the line
element (1) takes the form

ds? = —d%p-te) 7o
212\ 22
X exp [/((1—&-04)(1 r?E?)—fBr )dr] e
r/
+Z71dr? 417467 + sin® 0dg?). (21)

Hence, any solution describing static spherically sym-
metric anisotropic charged matter distribution with a
linear equation of state can be easily determined by
two generating functions Z(r) and E(r). It is noted
that when E(r) =0 the line element (21) describes the
anisotropic uncharged matter distribution with a linear
equation of state [55].

3 Particular model

To investigate the physical significance of the matter
quantities, the solution must be given in simple elemen-
tary functions without an integral. A variety of choices
can be made for the gravitational potential Z and the
electric field E. However, the choices must be physically
reasonable to model a realistic stellar object. To inves-
tigate the physical significance of the matter quantities,

we choose a particular form:

(14ax)(1—bx)

= (rean) (22)
2 kz
B = (14 2az)’ (23)

where a,b and k are real constants. A similar form of
the gravitational potential (22) has been used to study
a relativistic compact sphere with isotropic matter dis-
tribution by Tolman [56] and satisfy all the physical re-
quirements: regularity of the gravitational potentials at
the origin, positive definiteness of the energy density and
the isotropic pressure at the origin, vanishing of radial
pressure at some finite radius, monotonic degrease of the
energy density and the isotropic pressure with increas-
ing radius and satisfy the casuality condition [57]. The
electric field vanishes at the origin and is continuous for
a wide range of the parameters a and k. For the choices
(22) and (23) the solution (13)—(19) takes the form

(142ax)
o= (1+az)(1—b) (24)
e =d*(1+ax) O (1+2ax)®
< (1—bz) =blb(1+30)+20(1E20) A 20p+ k(1) (25)
3(a+b)+ (2a+7b)ax + 6a>ba?
P= (142ax)?
kx
 (1+2ax) (26)
pr=ap=p, (27)
p=ptA4, (28)
A dz(1+az)(1-bz) §
(14+2ax) y
3 (a—l—b—l—Qabx(l—f—ax)) (1+2$g)
(142ax)? Yy
a+b(1+az)—2kx (29)
1+4+2azx
»  4k(1+ax)(1—bx)(3+4ax)? (30)
(142ax)*

The solution (24)-(30) is given in simple elementary
functions so that it is more convenient to study the phys-
ical behaviour of SQS. It is interesting to note that the
solution (24)—(30) reduces to the uncharged model of
Thirukkanesh and Ragel [55] when k=0 (i.e., E =0).
Thirukkanesh and Ragel [55] showed that their model
satisfies all the physical requirements to describe a realis-
tic star with anisotropic matter distribution. They have
also shown that their model contains the dark energy
star model of Lobo [58] and isotropic models of Einstein
and de Sitter.
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4 Junction condition

The interior solution generated in Section 3 must
match smoothly with the exterior Reissnar-Nordstrom
metric:

2M 2
dszz—(l——+Q—2>dt2+(1—
T T

+77(d6” +sin® 0d¢?) (31)

2 -1
2M Q) dr?

__l’__
T 72

across the boundary r =s, where M is the gravitational
mass of the distribution such that

M=m(s)+e(s) (32)

while
1/ 1 [ N
m(s)== [ pridr, e(s)== [ roge’dr (33)
2 Jo 2 Jo
and Q=q(s) (34)

In the above m(s) is the total mass inside the sphere
while £(s) is the mass equivalence of the electromagnetic
energy distribution and @ is the total charge inside the
sphere [59]. This imposes the conditions:

2M 2
(9
s 52
=d*(1+as?) e ey e (1+2as®)*
" (1 B b52) 7b[b(1+3a)+2a(ég»(ici)ljgﬁ]+2aﬁ+k(l+a) (35)
2M 2 14+as?)(1—bs?
1——+Q—2 _ (Itast) _ ). (36)
s s (14 2as?)

1 1
T3 { ala(3ba—20) — ka]

which is finite for appropriate choices of the pa-
rameters a,b,a, 3 and k.
iv. Monotonic degrease of the energy density and the
radial pressure with increasing radius.
As dp [2ar(2a—|—b)(5+2ar2) k
dr (142ar?)3 (142ar?)?
which is negative for suitable choices of parame-

ters a,b and k, the energy density is a decreasing
function of r. Therefore, the radial pressure p, is
also a decreasing function for the same choice of

dp, d
parameters because P _ 2P,
dr d

r
v. Continuity of the electric field across the boundary.
From (11), it is clear that E(s) = %

S
the electric field is continuous across the boundary.
vi. Casuality condition: speed of sound should be less

than the speed of light.

Therefore,

Condition (36) is satisfied automatically due to the
preposition (32) while condition (35) restricts the con-
stant d as

(1+a)[a?+2ab—k]—aB
2a(a+b)

d®>=(1+as®) (1+2as?)~ 0+

(14a)(4ab+3b2 —k)—(2a+b)3
2b(a+b)

X (1—bs?)

5 Physical analysis

In this section, we show that the solutions generated
in Section 3 are physically viable for modelling a charged
anisotropic strange star

i. Regularity of the gravitational potentials at the ori-
gin.
Since e = d2,e2*® = 1, which are constants
and ()" = (e*(M) =0 at the origin (r =0), the
gravitational potentials are regular at the origin.

ii. Positive definiteness of the energy density and the
radial pressure at the origin.
At the origin, the energy density p(0) = 3(a+b) and
the radial pressure p,(0) =3a(a+b)— (. Hence, it
is possible to make both the energy density and
radial pressure be positive at the origin for appro-
priate choices of the parameters a,b,« and .

iii. Vanishing of radial pressure at some finite radius.
At r = s, the radial pressure p,(s) =0 gives

1/2
[a(4,6’ —a(2a+7b) + ka) — \/ala?(2a+b)[(2a — 23b) + 16 8] + ka[10a(2a+b) + k]]} }

The square of the speed of sound in the interior of

dp: -
the star is given by di = «. To maintain casual-
P

ity throughout the interior of star we must choose
values of a such that 0 < a < 1.

Recent discoveries of very heavy pulsars with mass
around two times the solar mass [6, 7] motivates seek-
ing clarification within the framework of the conven-
tional MIT bag model. As motivated in the introduc-
tion, we fix « =1/3 in the bag model. Many studies have
used this value to model a static relativistic strange star
[24, 32, 48, 60]. The significance of the equation of state
and interactions for the maximum mass is that if the
pressure for a given energy density is large, the system
is able to sustain a large gravitational force. Hence, as
given by equation (4) and illustrated in Table 1, net elec-
tric charge distribution inside the SQS can significantly
enhance the star mass and thus support experimental
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observations of very heavy stars. However, it is of inter-
est to verify the chemical equilibrium among quarks and
electrons in the quark star matter with respect to the
weak interactions and thus ascertain the validity within
the bag model. In this regard, including the effect of the
strange quark mass and expressing the quark chemical
potential as an average of up, down and strange quark
chemical potentials, the chemical potential of electrons

quark mass; and hence, 8 in the equation of state (12)
becomes in natural units

1L [4B  p*m?
8nG | 3 2712

to represent non-interacting unpaired SQM within the
bag model with strange quark mass corrections to lowest

may be expressed as p, ~m?/4u, where m, is the strange | order [61].

Table 1.
tential for different choice of parameter k.

Density (central and surface), Electric field (surface), Total charge, gravitational mass and chemical po-

Radii (s) =10 km

E=0 E+#0
a=0.02,a=1/3
bx 10-3 p(0)/(10% p(s)/(101° M/ k E(s)/ Q/ p(s)/ (101 M/ w/
gcm’?’) gcmfs) Mg (chfl) C gcm’?’) Mg MeV
2.624 3.638 0.531 1.8863 5x10°° 3.303 x 1020 3.675 x 1020 0.477 2.431 402.8
2.136 3.560 0.488 1.7873 1x10-5 1.477 x 1020 1.643 x 1020 0.488 1.896  396.2
2.075 3.550 0.483 1.7749  5x10°6 1.044 x 1020 1.162 x 1019 0.477 1.829  395.3
2.026 3.542 0.478 1.7649 1x10-6 4.671x 1019 5.197 x 1019 0.477 1.776  387.7
2.020 3.541 0.478 1.7637  5x 1077  3.303x 10"  3.675x 10 0.477 1.769  391.1

We choose a value for the bag constant B/ = 150
MeV according to the SQM hypothesis, and with mg ~ 90
MeV [61], values for the physical quantities in Table 1
have been calculated for a pulsar of radius 10 km by
choosing the values for model parameters a,b and k such
that the conditions [i|-[vi] are satisfied to correspond to
a realistic star. In Table 1, we clarify that the inclu-
sion of net electric charge distribution inside the SQS
can significantly enhance the star mass and thus sup-
port experimental observations of very heavy pulsars of
about two solar masses, such as PSR J 1614-2230 [6] and
PSR J0348+0432 [7]. We observe from Table 1 that p
remains within the acceptable limit of 300-500 MeV [61],
and hence chemical equilibrium among quarks and elec-
trons in the SQM is maintained. Within these stability
limits, the energy-density associated with electric field
of the order 10'° to 10%° Vem™! contributes to about
0.3% to 22% to the gravitational mass of the SQS, and
these numerical results are in the order of magnitude re-
ported on charged SQS by Negreiros et al [12], which
also supports massive two-solar-mass pulsars. However,
Madsen’s work [62] shows that electron-positron pair cre-
ation in supercritical electric fields limits the net charge
Q of a static, spherically symmetric SQS to the order of
10'® C, which is below the values generated in Table 1.
At present there is no generally accepted unified theory
of electromagnetism and gravitation, and hence the up-
per limit for net charge of strange stars might still be an
open question.

Figures 1-10 illustrate graphically the physical fea-
tures of realistic SQS that may correspond to pulsars

|that have a radius of around 10 km. These graphs are
plotted for the parameter values correspond to the first
row of Table 1. Figure 1 shows that the electric field
E? is zero at the centre and increases monotonically and
reaches a maximum value at the stellar boundary. Fig-
ure 2 shows that the charge density is non-singular at the
center of the star, decreases monotonically from the cen-
ter to the surface of the star, and attains a non-zero value
at the surface. Figures 3—5 show the radial dependence
of p,p, and p; for charged (solid curve) and uncharged
(dashed curve) cases of the model. Figures 3 and 4 show
that the energy density and radial pressure are continu-
ous throughout the interior and monotonically decreas-
ing towards the surface. There is a clear surface bound-
ary with non-zero energy density with zero radial pres-
sure at 7 = 10 km. The scenario of non-zero tangential
pressure at the surface boundary has been interpreted as
due to particle movement in circular orbits [63, 64], and is
related to the surface tension [65]. It is also seen that the
presence of electric field reduces the interior energy den-
sity and enhances the radial pressure. Figure 5 illustrates
the continuous radial dependence of the tangential pres-
sure, but with a pronounced effect from the electric field;
p; becomes zero around r = 6.4 km and then changes di-
rection and increases for r > 6.4 km, showing a non-zero
value at the boundary, which is physically viable [41].
As a result the pressure anisotropy is directed inwards
(A <0) for charged case. For the uncharged case there is
a turbulence in the pressure anisotropy, directing inward
for r < 6.2 km and then directing outward in the region
r > 6.2 km, which indicates instabilities in the internal
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substance along the radius [40]. Figure 7 illustrates the
stability condition (—1 < %_dp, < O) [66] for the same
parameter values in Table 1, Whicph shows that the outer
region of the modeled compact star is potentially stable
(r > 4.0 km for the charged case and r > 2.5 for the
uncharged case). It is clear from Figure 8 and Figure 9
that in both charged and uncharged cases the variation
p—p.—2p, and p+ p.+ 2p; are positive throughout the
interior of the star and hence satisfy the energy condi-
tions [47, 53]. Figure 10 illustrates the relation between
radius and mass for different values of Q.

0.0010f
0.0008}

& 0.0006}

=

& 0.0004f

0.0002}

Fig. 1. Electric field.

0 2 4 6 8 10
r/km

Fig. 2.  Charge density.
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Fig. 3. Energy density.
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Fig. 4. Radial pressure.
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0 2 4 10
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Fig. 10. Total mass.

As motivated in Section 1, very dense baryonic mat-
ter is speculated to exist in SQS [67, 68]. If such SQS
should exist, they should be made of chemically equi-
librated SQM, which requires the presence of electrons
inside SQS that play a crucial role in producing elec-
tric field. The SQM at the core of the SQS consists of
roughly equal numbers of up, down and strange quarks
and a relatively small number of electrons. However,
as this composition changes toward the surface of the
SQS, a higher number of electrons is required to main-
tain electric charge neutrality [13]. The actual value of
the electric field may depend on electrostatic effects, in-
cluding Debye screening, surface tension at the interface,
whether or not the matter is in a superconducting state,
etc. It is possible that some color superconducting phase
could exist in the core of the SQS where the densities are
above nuclear matter densities and temperatures are of
the order of tens of keV. At asymptotic densities, the
attractive QCD interaction between the quarks at the
Fermi surface causes them to condense in Cooper pairs
[69-71]. Such an SQS made of color superconducting
SQM, which could be either in the color-flavor-locked
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