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Abstract: Pion properties at finite temperature, finite isospin and baryon chemical potentials are investigated

within the SU(2) NJL model. In the mean field approximation for quarks and random phase approximation fpr

mesons, we calculate the pion mass, the decay constant and the phase diagram with different quark masses for the u

quark and d quark, related to QCD corrections, for the first time. Our results show an asymmetry between µI <0

and µI >0 in the phase diagram, and different values for the charged pion mass (or decay constant) and neutral pion

mass (or decay constant) at finite temperature and finite isospin chemical potential. This is caused by the effect of

isospin symmetry breaking, which is from different quark masses.
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1 Introduction

Quantum chromodynamics (QCD) [1, 2] is the ba-
sic theory of strong interactions. In the high-energy re-
gion, the momentum transfer in the processes is large
and the coupling constant is small, so the processes can
be treated perturbatively. However, in the low-energy
region, the momentum transfer in the processes is small
and the coupling constant is large, so one has to resort
to nonperturbative methods and models. The Nambu–
Jona-Lasinio (NJL) model [3, 4] is a well-known non-
perturbative model which was proposed in 1961. One
of the advantages of the NJL model is that it can ex-
hibit the feature of dynamical chiral symmetry breaking
[5]. Nevertheless, it is only an effective model of QCD,
namely, neither confining nor renormalizable. Because of
this shortcoming, a momentum cutoff is often introduced
to avoid ultraviolet divergence.

Pion properties at finite temperature, baryon and
isospin chemical potentials is an interesting topic [6, 7],
and many authors have done research in this field. The
masses and decay constants of neutral and/or charged pi-
ons have been investigated within the framework of the
standard NJL model in Refs. [8–10]. The phases of a
two-flavor NJL model at finite temperature, baryon and
isospin chemical potentials have been studied by Bar-

ducci, Casalbuoni, Pettini, and Ravagli [11, 12]. Their
study completes a previous analysis where only small
isospin chemical potential µI was considered. The phase
transition of QCD is investigated in Refs. [13–21]. Phase
transition properties are studied under various condi-
tions in Refs. [22–24]. The standard flavor SU(2) NJL
model was employed to numerically calculate pion super-
fluidity and its effect on meson properties and equations
of state at finite temperature, isospin and baryon densi-
ties by He, Jin, and Zhuang [25].

The effects of isospin symmetry breaking from the dif-
ferent electric charges of u and d quarks relate to QED
correction, and the difference in quark masses is related
to QCD correction. First of all, the effect of the differ-
ent quark masses is larger than electromagnetic effects
in our study. This was found in Ref. [26] and Refs.
[27, 28], where the Coulomb force is omitted in infinite
systems. Besides, the electromagnetic effects within the
NJL model have also been studied in many papers [29–
32] and the calculation is complicated. So, for simplicity
in this paper, as the first step, only the isospin symmetry
breaking related to QCD correction is considered.

In our work, the two-flavor NJL model with mean
field approximation is employed [33, 34]. In this frame-
work, the meson modes are regarded as quantum fluc-
tuations over the mean field, which can be calculated
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with the random phase approximation (RPA) [35]. In
the present work, we focus on the case of different quark
masses for u quark and d quark in the calculation of
the masses and decay constants of the neutral and/or
charged pions. The influence on the phase diagram of
the mass difference between u quark and d quark is also
studied.

The rest of this paper is organized as follows. In Sec-
tion 2, the NJL model is briefly reviewed, and the mean
field approximation is taken to treat the problems. In
Section 3, we present the formalism of the pion mass
and decay constant in the normal phase, then fix the pa-
rameters by fitting their values at zero temperature, zero
baryon and isospin chemical potentials. In Section 4, the
calculated neutral and/or charged pion masses in the su-
perfluidity phase are presented and the phase diagram
is drawn, with discussion. In the calculation, different
effective quark masses are used for the u quark and d
quark . Finally, a brief summary is given in the last
section.

2 The Nambu–Jona-Lasinio model

In the present calculation, only two flavors are in-
volved,Nf =2. The Lagrangian density of the NJL model
for flavor SU(2) is defined as [35–39]

L=ψ̄(iγµ∂µ−m0)ψ+G
[

(

ψ̄ψ
)2

+
(

ψ̄iγ5τψ
)2
]

(1)

where pseudoscalar and scalar interactions correspond to
π and σ excitations. Equivalently,

L = ψ̄(iγµ∂µ−m0)ψ+G
[

(

ψ̄ψ
)2

+2
(

ψ̄iγ5τ+ψ
)(

ψ̄iγ5τ−ψ
)

]

, (2)

τ± = (τ1±iτ2)/
√

2

Here, π− and π+ replace π1 and π2.
It has UB(1)

⊗

SUI(2)
⊗

SUA(2) symmetry, which is
related to baryon number gauge symmetry, isospin sym-
metry and chiral symmetry separately, in the above La-
grangian density. However, SUI(2) isospin symmetry de-
composes to the global symmetry UI(1), corresponding
to a Bose-Einstein condensate of the charged pions, and
SUA(2) chiral symmetry decomposes to UIA(1), corre-
sponding to a chiral condensate of σ, when a nonzero
isospin chemical potential appears.

Therefore, we introduce chiral condensation

〈ψ̄ψ〉 = σ=σu+σd ,

σu = 〈ūu〉, (3)

σd = 〈d̄d〉,

and the two pion condensations

〈ψ̄iγ5τ+ψ〉 =
√

2〈ūiγ5d〉=π
+,

〈ψ̄iγ5τ−ψ〉 =
√

2〈d̄iγ5u〉=π
−. (4)

The σ condensate and π condensate are usually viewed
as order parameters for the chiral and pion superfluidity
phase transitions respectively.

In the mean field approximation, we adopt the fol-
lowing Lagrangian density

Lmf = ψ̄ [iγµ∂µ−(m0−2Gσ)+µγ0+2Gπiγ5τ1]ψ

−G(σ2+π
2) , (5)

where the matrix of the current quark mass is m0 =
(m0u,m0d)

T . The matrix in flavor space for quark chem-
ical potential is µ=diag(µu,µd),

µu =
µB

3
+
µI

2
,

µd =
µB

3
−µI

2
, (6)

where µB and µI are the baryon and isospin chemical
potentials.

In flavor space, the inverse of the quark propagator
matrix can be written as

S−1
mf (p)=

(

γµpµ+µuγ0−mu 2iGπγ5

2iGπγ5 γµpµ+µdγ0−md

)

(7)

where the quark mass

mi = m0i−2G〈ψ̄ψ〉, (i=u,d)

〈ψ̄ψ〉 = 〈ūu〉+〈d̄d〉 . (8)

For the diagonal quark propagator matrix, only the
chiral condensate is considered. It chooses a specific
channel in the RPA through selecting the same po-
larization in bubble summation. Associated with self-
polarization ΠMM (k), it follows that [40, 41]

1−2GΠMM(k)=0. (9)

For the mean field propagator with off-diagonal com-
ponents, such as the case of pion superfluidity, all related
channels have to be taken into account in the RPA in
summation of bubbles. The meson mode is

det(1−2GΠ(k))=0 (10)

where Π(k) is a 4×4 matrix for the four different types
of channels [25].

We will discuss the properties of mesons in π=0 (nor-
mal phase) and in π 6=0 (superfluid phase) respectively
in the following.

3 Properties of mesons in normal phase

We first discuss the case of zero π condensation in the
region of low µI . In this case, the inverse of the quark
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propagator is

S−1
mf (p)=

(

γµpµ+µuγ0−mu 0

0 γµpµ+µdγ0−md

)

. (11)

The quark propagator in the mean field in flavor
space is diagonal and each element reads [35]

Si(~p,ωn) =
/p

i
+mi

2Ei
p

1

iωn−(Ei
p−µi)

+
/̃p

i
−mi

2Ei
p

1

iωn+(Ei
p+µi)

,

(Ei
p=
√

p2+m2
i , i=u,d), (12)

where

/pi
= γ0Ei

p−~γ·~p, (13)

/̃p
i

= γ0Ei
p+~γ·~p. (14)

From the definitions of chiral condensations (3),

σu = −Nc

∫

d4p

(2π)4
TrD [iSu(p)] ,

σd = −Nc

∫

d4p

(2π)4
TrD [iSd(p)] , (15)

where TrD in Dirac space is taken.
Performing the trace of the quark propagators includ-

ing energy projectors in Dirac space [42, 43], and the
summation of Matsubara frequency [44, 45], we obtain

σi=−6

∫

d3p

(2π)3
mi

√

p2+m2
i

(1−f(E−
i )−f(E+

i )) , (i=u,d)

(16)
with quark energies

E±
i (p)=

√

p2+m2
i±µi (17)

where the Fermi-Dirac distribution function is

f(x)=
1

eβx+1
, β=1/T. (18)

3.1 Pion masses at finite temperature and zero

isospin chemical potential

In the normal phase without pion condensation,
the polarization matrix Π(k) is diagonal at finite
isospin chemical potential corresponding to the basis
(σ,π+,π−,π0). That is, σ,π+,π−,π0 are the eigen col-
lective modes in the normal phase. Therefore, the dis-
persion relation is resolved using Eq. (9) for each mode.
The definition of the mass of the meson is the root k0 at
k=0.

The trace in color and flavor spaces is done, and po-
larization functions consisting of the propagator matrix
elements are obtained,

Ππ0π0
(k) = −iNc

∫

d4p

(2π)4
TrD

(

γ5Su(p+k)γ5Su(p)

+γ5Sd(p+k)γ5Sd(p)
)

,

Ππ+π+
(k) = −2iNc

∫

d4p

(2π)4
TrD

(

γ5Su(p+k)γ5Sd(p)
)

,

Ππ−π−
(k) = −2iNc

∫

d4p

(2π)4
TrD

(

γ5Sd(p+k)γ5Su(p)
)

,

(19)

TrD is now taken in spin space.
We use the quark propagator Eq. (12), then do the

trace in spin space and the summation of the Mastubara
frequency. The functions of meson polarization at k=0
are explicitly expressed as

Ππ+π+
(k0) = −2Nc

∫

d3p

(2π)3

[

a+

(

1

E−,−
ud,−−k0

(f(E−
d )−f(E−

u ))+
1

E+,+
du,−−k0

(f(E+
u )−f(E+

d ))

)

+ a−

(

1

E−,+
ud,+−k0

(1−f(E−
u )−f(E+

d ))+
1

E−,+
du,++k0

(1−f(E−
d )−f(E+

u ))

)]

, (20)

Ππ−π−
(k0) = −2Nc

∫

d3p

(2π)3

[

a+

(

1

E−,−
du,−−k0

(f(E−
u )−f(E−

d ))+
1

E+,+
ud,−−k0

(f(E+
d )−f(E+

u ))

)

+ a−

(

1

E−,+
du,+−k0

(1−f(E−
d )−f(E+

u ))+
1

E−,+
ud,++k0

(1−f(E−
u )−f(E+

d ))

)]

, (21)

Ππ0π0
(k0) = −Nc

∫

d3p

(2π)3

[

a−u

(

1

2Eu
p−k0

+
1

2Eu
p +k0

)

(1−f(E−
u )−f(E+

u ))

+ a−d

(

1

2Ed
p−k0

+
1

2Ed
p+k0

)

(1−f(E−
d )−f(E+

d ))

]

, (22)
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where

a±=−Eu
pE

d
p±p2±mumd, a−u/d=−Eu/d

p Eu/d
p −p2−m2

u/d;

Eu/d
p =

√

p2+m2
u/d, E±

u/d=
√

p2+m2
u/d±µu/d;

Eij,±=Ei±Ej , E±,∓
ij,± =E±

i ±E∓
j , i,j=u,d.

Equations (8), (9), (16) and the pion decay constant
(23) form a set of self-consistent equations. In this pa-
per, we take a regularization-scheme-dependent cutoff
Λ = 571 MeV. This and the other three model param-
eters, the coupling strength G= 5.78×10−6MeV−2, the
current quark mass, m0u=4 MeV, m0d=13 MeV, can be
fixed by fitting the pion mass mπ

0 =136 MeV, m
π
± =139

MeV, the pion decay constant fπ
0 = 93 MeV, and the

quark condensate σ0 =2(−250)3 MeV3 at zero tempera-
ture and zero chemical potential.

The neutral and/or charged pion masses at finite tem-
perature are obtained by solving the above self-consistent
equations in the case of µI =µB =0. We can see in Fig.
1 that the masses of the neutral and charged pion both
stay constant as the temperature increases at the be-
ginning, and then increase with increasing temperature.
Although the behavior of their masses with temperature
is similar, there is a difference in their values, since the
isospin symmetry breaking effect of the mass difference
of the u and d quarks involves QCD correction. The
curve of m

π
+ with temperature is almost the same as

that of m
π
− , because we do not consider the effects of

the electromagnetic interaction.

Fig. 1. (color online) Masses of the neutral and/or
charged pions at finite temperature (µI =µB =0).

3.2 Gell-Mann, Oakes, and Renner relation

The pion decay constant can be calculated by the
Gell-Mann, Oakes, and Renner relation, which is the
lowest-order approximation to the current algebraic re-
sult [36],

m2
π
f 2

π
=
−1

2
(mu+md)〈ψ̄ψ〉. (23)

The above equation shows the relation between the ex-
perimental values – the pion masses and decay constants
– and the theoretical parameters – the quark masses and
quark condensate. Using Eq. (23), we plot the decay
constant as shown in Fig. 2.

Fig. 2. (color online) Decay constants of the neu-
tral or/and charged pions at finite temperature
(µI =µB =0).

Figure 2 shows that the decay constants of the neutral
and charged pions both decrease with increasing tem-
perature, but their values at any given temperature are
different. This further illustrates the isospin symmetry
breaking effect of mu 6=md, which not only causes the
mass difference of the neutral and charged pions at finite
temperature, but also causes the difference in their decay
constants. The behavior of f

π
+ and f

π
− with tempera-

ture is almost the same, as the electromagnetic interac-
tion is not considered.

4 Properties of mesons in superfluid

phase

In the following, the case of nonzero π condensation
is discussed. By the massive energy projectors [46, 47],
the quark propagator in the mean field is explicitly given
as

Smf (p)=

(

Suu(p) Sud(p)

Sdu(p) Sdd(p)

)

(24)

and the four elements of the matrix are

Suu(p) =
p0−E+

d

(p0+E+
u )(p0−E+

d )−4G2
π

2
Λu

−γ0

+
p0+E

−
d

(p0−E−
u )(p0+E

−
d )−4G2

π
2
Λu

+γ0 ,

Sdd(p) =
p0−E+

u

(p0+E
+
d )(p0−E+

u )−4G2
π

2
Λd

−γ0

+
p0+E

−
u

(p0−E−
d )(p0+E−

u )−4G2
π

2
Λd

+γ0 ,
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Sud(p) =
2iGπ

(p0+E+
u )(p0−E+

d )−4G2
π

2
Λd

+γ5

+
2iGπ

(p0−E−
u )(p0+E

−
d )−4G2

π
2
Λu

−γ5 ,

Sdu(p) =
2iGπ

(p0+E
+
d )(p0−E+

u )−4G2
π

2
Λu

+γ5

+
2iGπ

(p0−E−
d )(p0+E−

u )−4G2
π

2
Λd

−γ5 , (25)

with the energy projectors

Λi
±(p)=

1

2

(

1±γ0(γ·p+mi)

Ei
p

)

, (i=u,d).

From the definitions of the two pion condensations
(4) and chiral condensation (3),

σu = −Nc

∫

d4p

(2π)4
TrD [iSuu(p)] ,

σd = −Nc

∫

d4p

(2π)4
TrD [iSdd(p)] ,

π = Nc

∫

d4p

(2π)4
TrD [(Sud(p)+Sdu(p))γ5] . (26)

4.1 Phase diagram

Solving the chiral condensation σ and pion conden-
sation π in the normal phase and in the superfluid phase
respectively, σ and π as functions of µI in the case of
zero temperature, plotted in Fig. 3, are both symmet-
ric between µI > 0 and µI < 0. The critical µI for π is
still exactly equal to the charged pion mass (139 MeV
in our work, see Fig. 3 at zero temperature) even in the
presence of unequal u and d quark masses.

Fig. 3. (color online) Chiral condensation σ and
pion condensation π scaled by σ0 (the condensate
at zero temperature and zero chemical potential)
at µI (T =µB =0).

The solution for π of Eq. (A3) divides π=0 (isospin
symmetry restoration) from π 6=0 (symmetry breaking).

The line of phase transition delimiting the above two
regions is drawn in the T−µI plane (µB =0) in Fig. 4.

In the real world, for the nonzero bare quark mass,
the system is in the isospin symmetric phase (π=0) at
high enough temperature, regardless of the value of the
isospin chemical potential. At low temperature, however,
the system is in the isospin symmetric phase only at low
isospin chemical potential [11, 48].

In Fig. 4, the solid line shows the phase transition
line in the case of m0u 6=m0d. When setting m0u=m0d=
(4+13)/2 = 8.5 MeV, the dashed line is drawn in the
T−µI plane. From the phase diagram, we can see: (1)
in the T−µI plane, the dashed line is above the solid
line; and (2) the dashed line is symmetrical between the
regions of µI<0 and µI>0, while the solid line is asym-
metrical. The discrepancy of the solution for π of Eq.
(A3), related to the u and d quark between positive and
negative isospin chemical potentials, arises from the dif-
ferent masses of the u and d quark in the calculation.
This causes the asymmetry of the phase diagram, which
is the effect of the isospin symmetry breaking associated
with QCD correction (mu 6=md) on the phase diagram.

Fig. 4. (color online) Phase diagram in the T−µI

plane (µB =0).

4.2 Pion masses at finite isospin chemical po-

tential

In the superfluid phase (π 6=0), i.e. the quark propa-
gator in the mean field with the off-diagonal elements of
the matrix, the eigen collective modes for the system are
not the original modes (σ,π+,π−,π0) but rather a mix-
ture of them. Through the quark propagator Eq. (25),
the modes of the mesons are given by Eq. (10) with the
polarization matrix Π(k).

In the superfluid phase, the eigen collective modes
are not σ,π+ and π−, because of the pion condensate.
There is still no mixture between other mesons and π0,

Ππ0σ(k)=Ππ0π+
(k)=Ππ0π−

(k)=0 , (27)
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so the π0 mass is determined by

1−2GΠπ0π0
(k0=mπ0

,k=0)=0 . (28)

The masses of the other mesons are determined by

det







1−2GΠσσ −2GΠσπ+
−2GΠσπ−

−2GΠπ+σ 1−2GΠπ+π+
−2GΠπ+π−

−2GΠπ−σ −2GΠπ−π+
1−2GΠπ−π−







k0=m

=0

(29)

at k=0, that is,
[

(

(1−2GΠπ+π+
(k0))(1−2GΠπ−π−

(k0))

−4G2Π2
π+π−

(k0)
)

(

1−2GΠσσ(k0)
)

−16G3Πσπ+
(k0)Πσπ−

(k0)Ππ+π−
(k0)

−4G2Π2
σπ−

(k0)(1−2GΠπ+π+
(k0))

−4G2Π2
σπ+

(k0)(1−2GΠπ−π−
(k0))

]

k0=m

=0 . (30)

In the real world, for the nonzero bare quark mass,
the mixture is not only between charged pions, but also
between charged pions and σ. The mixture of π−π is
much stronger than the mixture of σ−π [49, 50]. If the
mixture of σ−π is neglected in the superfluid phase [25],
the σ meson is still the eigen mode, and its mass can
calculated from

1−2GΠσσ(k0=mσ,k=0)=0 . (31)

The masses of π+ and π− are calculated by the equation
[

(1−2GΠπ+π+
(k0))(1−2GΠπ−π−

(k0))

−4G2Π2
π+π−

(k0)
]

k0=m
=0 . (32)

The phase diagram at low temperatures in Fig. 4
shows that the system is in the normal phase in the be-
ginning, then it changes from the normal phase (π=0) to
the superfluid phase (π 6=0) as the isospin chemical po-
tential increases, since pion condensation (π 6=0) occurs
with the increasing isospin chemical potential. There-
fore, the pion masses can be calculated in both the nor-
mal phase and superfluid phase.

In the normal phase, the pion masses are determined
by Eq. (9). In the superfluid phase, the pion masses are
calculated through solving Eq. (28), together with Eq.
(32), which are functions of µI at T =100 MeV, µB =0.
The numerical results are shown in Fig. 5. This shows
the behavior of the neutral and/or charged pion masses
at finite isospin chemical potential in the normal phase
and in the superfluid phase separately.

The full calculation is plotted in Fig. 6, obtained
by solving Eq. (30) in the superfluid phase. The σ−π

mixture is considered in this calculation, leading to the

difference in m
π
− compared to the results from the ap-

proximate calculation. The value of m
π
− is lower than

that in the approximation.

Fig. 5. (color online) Masses of the neutral and/or
charged pions at finite isospin chemical potential
(approximation neglecting σ−π mixture) (T =
100 MeV,µB =0).

Fig. 6. (color online) Masses of the neutral and/or
charged pions at finite isospin chemical potential
(full calculation) (T =100 MeV,µB =0).

Figures 5 and 6 both show that the curve of the pos-
itive (or negative) pion mass is asymmetric between the
reqions of µI < 0 and µI > 0, while that of the neutral
pion mass is symmetric. There is also a slight asymme-
try between the positive (or negative) pion mass in the
region of µI<0 and the negative (or positive) pion mass
in the region of µI >0. The isospin symmetry breaking
effect of mu 6=md with QCD correction is considered in
our calculation. For the case of mu =md, readers can
refer to Fig. 15. in Ref. [25].
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5 Summary

In this paper, we numerically calculate the pion
masses, the decay constants and the phase diagram at
finite temperature and finite isospin chemical potential
with different u- and d-quark masses in the mean field
approximation of the 2−flavour NJL model for the first
time. The results of our calculations indicate an asym-
metry in the phase diagram and in the mπ −µI dia-

gram related to the charged pions, and different val-
ues for charged pion mass (or decay constant) and neu-
tral pion mass (or decay constant) at finite tempera-
ture, as we consider the QCD correction of mu 6= md

with isospin symmetry breaking. The results are differ-
ent from mu=md. Furthermore, we can also extend our
calculation to the SU(3) NJL model and calculate, for
instance, properties of kaons [12, 51] or other mesons at
finite temperature and finite isospin chemical potential.

Appendix A

Performing the trace in Dirac space and the summation of Matsubara frequency on Eq. (26), we have

σu = −Nc

∫

d3p

(2π)3

(

mu

Eu

)[(

−1

E+
2 −E−

2

)

((

E
+
2 −E

+
d

)(

1−2f(E+
2 )
)

−
(

E
−
2 −E

+
d

)

+
(

1−2f(E−
2 )
))

(

1

E+
4 −E−

4

)

((

E
+
4 +E

−
d

)(

1−2f(E+
4 )
)

−
(

E
−
4 +E

−
d

) (

1−2f(E−
4 )
))]

, (A1)

σd = −Nc

∫

d3p

(2π)3

(

md

Ed

)[(

−1

E+
1 −E−

1

)

((

E
+
1 −E

+
u

)(

1−2f(E+
1 )
)

−
(

E
−
1 −E

+
u

)

+
(

1−2f(E−
1 )
))

(

1

E+
3 −E−

3

)

((

E
+
3 +E

−
u

)(

1−2f(E+
3 )
)

−
(

E
−
3 +E

−
u

) (

1−2f(E−
3 )
))]

, (A2)

π = 4NcGπ

∫

d3p

(2π)3

[

1

E+
1 −E−

1

(

f(E+
1 )−f(E−

1 )
)

+
1

E+
2 −E−

2

(

f(E−
2 )−f(E+

2 )
)

+
1

E+
3 −E−

3

(

f(E−
3 )−f(E+

3 )
)

+
1

E+
4 −E−

4

(

f(E−
4 )−f(E+

4 )
)

]

, (A3)

where

E
±
1 =

−∆1±

√

∆2
1+4(E+

d E+
u +4G2

π
2)

2
,

E
±
2 =

∆1±

√

∆2
1+4(E+

d E+
u +4G2

π
2)

2
,

E
±
3 =

−∆2±

√

∆2
2+4(E−

d E−
u +4G2

π
2)

2
,

E
±
4 =

∆2±

√

∆2
2+4(E−

d E−
u +4G2

π
2)

2
,

Eu =
√

m2
u+p2 ,

Ed =
√

m2
d+p2 ,

∆1 = E
+
d −E

+
u ,

∆2 = E
−
u −E

−
d . (A4)

After doing the trace and performing the summation of Mastubara frequency, the functions of meson polarization in
Eq. (28) and Eq. (32) at k=0 are explicitly expressed as
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Ππ+π+
(k) = −Nc

∫

d3p

(2π)3

[

B
+
1u

(

b
+

F
+
1d2+b

−
G

+
1d4

)(

1−2f(E+
1 )
)

+B
−
1u

(

b
+

F
−
1d2+b

−
G

−
1d4

)(

1−2f(E−
1 )
)

+B
+
2d

(

b
+

f
+
2u1+b

−
g
+
2u3

)(

1−2f(E+
2 )
)

+B
−
2d

(

b
+

f
−
2u1+b

−
g
−
2u3

)(

1−2f(E−
2 )
)

+C
+
3u

(

b
−

F
+
3d2+b

+
G

+
3d4

)(

1−2f(E+
3 )
)

+C
−
3u

(

b
−

F
−
3d2+b

+
G

−
3d4

)(

1−2f(E−
3 )
)

+

(

C
+
4d+

k0

E
+,−
44,−

)((

b
−

f
+
4u1+

b−k0

(E+,+
41,−−k0)(E

+,−
41,−−k0)

)

+

(

b
+

g
+
4u3+

b+k0

(E+,+
43,−−k0)(E

+,−
43,−−k0)

))

(

1−2f(E+
4 )
)

+

(

C
−
4d+

k0

E
−,+
44,−

)((

b
−

f
−
4u1+

b−k0

(E−,+
41,−−k0)(E

−,−
41,−−k0)

)

+

(

b
+

g
−
4u3+

b+k0

(E−,+
43,−−k0)(E

−,−
43,−−k0)

))

(

1−2f(E−
4 )
)

]

, (A5)

Ππ−π−
(k) = −Nc

∫

d3p

(2π)3

[

B
+
1u

(

b
+

f
+
1d2+b

−
g
+
1d4

)(

1−2f(E+
1 )
)

+B
−
1u

(

b
+

f
−
1d2+b

−
g
−
1d4

)(

1−2f(E−
1 )
)

+B
+
2d

(

b
+

F
+
2u1+b

−
G

+
2u3

)(

1−2f(E+
2 )
)

+B
−
2d

(

b
+

F
−
2u1+b

−
G

−
2u3

)(

1−2f(E−
2 )
)

+

(

C
+
3u+

k0

E
+,−
33,−

)((

b
−

f
+
3d2+

b−k0

(E+,+
32,−−k0)(E

+,−
32,−−k0)

)

+

(

b
+

g
+
3d4+

b+k0

(E+,+
34,−−k0)(E

+,−
34,−−k0)

))

(

1−2f(E+
3 )
)

+

(

C
−
3u+

k0

E
−,+
33,−

)((

b
−

f
−
3d2+

b−k0

(E−,+
32,−−k0)(E

−,−
32,−−k0)

)

+

(

b
+

g
−
3d4+

b+k0

(E−,+
34,−−k0)(E

−,−
34,−−k0)

))

(

1−2f(E−
3 )
)

+C
+
4d

(

b
−

F
+
4u1+b

+
G

+
4u3

)(

1−2f(E+
4 )
)

+C
−
4d

(

b
−

F
−
4u1+b

+
G

−
4u3

)(

1−2f(E−
4 )
)

]

, (A6)

Ππ+π−
(k) = −4NcG

2
π

2

∫

d3p

(2π)3

[

D
+
2

(

−2
(

H
+
2 +I

+
2

)

+a
+(

h
+
24+i

+
24

))(

1−2f(E+
2 )
)

+D
−
2

(

−2
(

H
−
2 +I

−
2

)

+a
+
(

h
−
24+i

−
24

))(

1−2f(E−
2 )
)

+D
+
4

(

−2
(

H
+
4 +I

+
4

)

+a
+
(

h
+
42+i

+
42

))(

1−2f(E+
4 )
)

+D
−
4

(

−2
(

H
−
4 +I

−
4

)

+a
+(

h
−
42+i

−
42

))(

1−2f(E−
4 )
)

]

, (A7)

Ππ0π0
(k) = Nc

∫

d3p

(2π)3

[

D
+
1

(

J
+
1u3+K

+
1u3

)(

1−2f(E+
1 )
)

+D
−
1

(

J
−
1u3+K

−
1u3

)(

1−2f(E−
1 )
)

+D
+
2

(

J
+
2d4+K

+
2d4

)(

1−2f(E+
2 )
)

+D
−
2

(

J
−
2d4+K

−
2d4

)(

1−2f(E−
2 )
)

+D
+
3

(

j
+
3u1+k

+
3u1

)(

1−2f(E+
3 )
)

+D
−
3

(

j
−
3u1+k

−
3u1

)(

1−2f(E−
3 )
)

+D
+
4

(

j
+
4d2+k

+
4d2

)(

1−2f(E+
4 )
)

+D
−
4

(

j
−
4d2+k

−
4d2

)(

1−2f(E−
4 )
)

]

. (A8)

Here

B
±
ij =

E
±,+
ij,−

E
±,∓
ii,−

, C
±
ij =

E
±,−
ij,+

E
±,∓
ii,−

, D
±
i =

1

E
±,∓
ii,−

,

F
±
ijk =

E
±,+
ij,−+k0

(E±,+
ik,−+k0)(E

±,−
ik,−+k0)

,

f
±
ijk =

E
±,+
ij,−−k0

(E±,+
ik,−−k0)(E

±,−
ik,−−k0)

,
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G
±
ijk =

E
±,−
ij,++k0

(E±,+
ik,−+k0)(E

±,−
ik,−+k0)

,

g
±
ijk =

E
±,−
ij,+−k0

(E±,+
ik,−−k0)(E

±,−
ik,−−k0)

,

H
±
i =

1

k0(E
±,∓
ii,−+k0)

, I
±
i =

1

−k0(E
±,∓
ii,−−k0)

,

h
±
ik =

1

(E±,+
ik,−+k0)(E

±,−
ik,−+k0)

,

i
±
ik =

1

(E±,+
ik,−−k0)(E

±,−
ik,−−k0)

,

J
±
ijk =

E
±,+
ij,−(E±,−

ij,+−k0)

(E±,+
ik,−−k0)(E

±,−
ik,−−k0)

,

j
±
ijk =

E
±,+
ij,−(E±,−

ij,++k0)

(E±,+
ik,−−k0)(E

±,−
ik,−−k0)

,

K
±
ijk =

E
±,−
ij,+ (E±,+

ij,−−k0)

(E±,+
ik,−+k0)(E

±,−
ik,−+k0)

,

k
±
ijk =

E
±,−
ij,+ (E±,+

ij,−+k0)

(E±,+
ik,−+k0)(E

±,−
ik,−+k0)

,

i = k=1,2,3,4 , j=u,d ,

b
± = −1±

p2+mumd

Eu
p Ed

p

,

Emn,± = Em±En , E
±,∓
mn,±=E

±
m±E

∓
n ,

m,n = 1,2,3,4,u,d . (A9)
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