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Polarization of protons in the optical model
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Abstract: A development of the optical model for the description of hadron-nucleus scattering is proposed. When

describing the behaviour of observables for elastic proton scattering from 40Ca nuclei at the energy of 200 MeV

the second Born approximation is used. Analytical expressions for the scattering amplitudes as well as for the

differential cross section and polarization observables were obtained. The observables calculated in this approach are

in reasonable agreement with the available experimental data.
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1 Introduction

The development of the optical model [1–6] for the
investigation of hadron scattering by nuclei is an impor-
tant fundamental problem of nuclear physics.

In the optical model, hadron-nucleus scattering is
considered by analogy with scattering of a wave of light
by a liquid spherical drop, which is characterized by cer-
tain values of refraction and absorption indices. The
particle-nucleus scattering in this case is described by a
complex potential, whose real part determines the scat-
tered wave refraction in the nuclear matter, and its imag-
inary part characterizes absorption of the scattered par-
ticles by the nucleus.

The essence of the optical model lies in the fact that
the multiparticle interaction of a projectile with individ-
ual nucleons of the nucleus or with other particles, which
can exist in the nucleus, is replaced by an effective two-
particle complex potential, i.e. the complicated multi-
particle problem is reduced to a simple two-particle prob-
lem. This approach greatly simplifies the calculations of
the scattering observables and finds good agreement with
the experimental data, as well as with a number of more
important fundamental physical arguments.

Taking into account that the optical model is a pow-
erful tool for explaining and interpreting a large number
of experimental data over a wide range of energies, an
important conclusion is that the concept of nuclear mat-
ter is entirely realistic. This matter is characterized by
certain values of refraction and absorption coefficients for
each wavelength of the scattered hadron, i.e its complex
potential is equivalent to the complex refractive coeffi-

cient of the nuclear matter, and the imaginary part of
such a potential describes the absorption properties of
the target nucleus. In this case absorption of incident
particles should be considered as their elimination from
the elastic channel to various inelastic ones.

If the energy of the incident hadron is sufficiently
high, the hadron-nucleus scattering amplitudes can be
considered in the Born approximation (BA). Note that
when considering the scattering of protons by zero-spin
nuclei, it is necessary to add the spin-orbit part to the op-
tical potential, which is, by analogy with the shell model,
usually chosen in the Thomas form.

However, it turns out that the scattering amplitude
calculated in the 1st BA with the Hermitian potential is
real. As a result, in this approach the polarization of the
nucleons from nuclei is equal to zero. Therefore, when
calculating the hadron-nucleus polarization observables
at least the 2nd BA should be used.

In this paper, analytical expressions for the ampli-
tudes and the observables for elastic scattering of pro-
tons by 40Ca nuclei at the energy of 200 MeV with the
2nd BA taken into account are obtained.

In Section 2 we describe the theoretical formalism,
and in Section 3 we present the results of calculations
and discussion.

2 Theoretical formalism

Generally, the scattering amplitude of particles from
nuclei can be presented as a series in powers of pertur-
bation
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F (k,k′) =

∞
∑

n=1

f (n)(k,k′). (1)

Retaining in (1) only the first two terms in the Born
approximation (BA) for the amplitudes f (n)(k,k′) we
have

f (1)(k,k′) =−
m

2π~2

∫

d3re−ik′
rU(r)eikr, (2)

f (2)(k,k′)=
( m

2π~2

)2
∫

d3rd3r′e−ik′
rU(r′)

×
eik|r−r

′|

|r−r′|
U(r)eikr, (3)

where m=m1m2/(m1 + m2) is the reduced mass of the
colliding particles.

In this approach we do not take into account the
Coulomb interaction, because at the energy considered
the contribution of this interaction is not very signifi-
cant, but the theoretical calculations become noticeably
complicated. Therefore, the optical potential U(r) with
the spin-orbit part taken into account is

U(r) = U1(r)+U2(r)(σl). (4)

In this formula the radial parts of such a potential
are chosen in the form

U1(r) =−V0 {gv(r)+iςgw(r)} , (5)

U2(r) =
aVs(1+iςs)

r

{

dgs(r)

dr
+γRs

d2gs(r)

dr2

}

, (6)

where ς=W0/V0, ςs=Ws/Vs, and values Vj,Wj denote the
strengths of the real, imaginary and spin-orbit parts of
the potential U(r), respectively. The dimensionless pa-
rameter γ=∆R/R in (6) determines the relative change
of the radius of the real part of the optical potential
U(r) due to allowance for the spin-orbit interaction, and
constant a characterizes the magnitude of the spin-orbit
interaction. Note that the conventional pion Compton
wave-length factor (~/mπc)2=2, usually used in similar
calculations, is included in the value of the constant a.

In (5), (6) values gj(r) are chosen in Woods-Saxon
form taking into account the differences between the pa-
rameters for real, imaginary and spin-orbit parts:

gj(r) = 1/{1+exp(r−Rj)/dj)} , j = v,w,s (7)

When determining the form of the spin-orbit part of
potential (4) the following arguments are used.

Usually in the optical model the spin-orbit part of
the potential U(r) is assumed to be real, and its radial
shape is proportional to the density gradient. Thus in (6)
the parameters ςs and γ should be considered as equal
to zero.

However, as was mentioned in [7, 8], for parallel and
antiparallel vectors l and σ the real part of the optical
potential has different radii and depths. Therefore, fol-
lowing the approach proposed in [7, 8], we include in the
calculations the second derivative in the potential (6).

Performing integration in (2) and taking into account
relations (5)–(7), for the scattering amplitude f (1)(k,k′)
we have

f (1)(q) = fc(q)+fs(q)(σn), (8)

fc(q) =−
2mV0

~2q
{RvAv(q)+iςRwAw(q)} , (9)

fs(q)=−i
2mRsVs

~2q
(1+iςs)ak2 sinθ

×{(1−γ)As(q)+γB(q)} , (10)

where n = [k,k′]/|[k,k′]|, q = k−k′, |q| ≈ 2k sin(θ/2).
Here amplitudes Aj(q) and B(q) are equal

Aj(q) =
d

dq
Ãj(q), B(q) =

d

dq
B̃(q), (11)

Ãj(q) = Fdj
(q)j0(qRj), B̃(q) = qRsFds

(q)j1(qRs). (12)

In these formulae jn(x) are the spherical Bessel func-
tions, and the damping factor Fdj

(q) has the form

Fdj
(q) =

πqdj

sinh(πqdj)
. (13)

Performing integration in (3), for the scattering am-
plitude f (2)(k,k′) we obtain

f (2)(q) = fcc(q)+fss(q)+2fcs(q)(σn), (14)

fcc(q) =
mV0

2k2~2

{

F (l)
1 (k)fc(q)+qF (l)

2 (k)
dfc(q)

dq

}

, (15)

F (l)
j (k) =F (v)

j (k)+iςF (w)
j (k), j = 1,2, (16)

F (l)
1 (k) = 1+2ikRl−e2ikRlFdl

(2k), (17)

F (l)
2 (k) = 1+eikRlFdl

(2k)−2j0 (kRl)e
ikRl , (18)

fss(q)

= kRs cos2 θ

(

2maVs

~2
(1+iςs)

)2 {

k
d

dk′
−

d

dk′
k′

}

d

dk

×

[

{

(1−γ)Ãs(q)+γB̃(q)
}

(

1−γRs

d

dRs

)

×j0 (k′Rs)eikRs −
k cosθ−k′

q

d

dk′

×{(1−γ)As(q)+γB(q)}

×
d

dRs
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d
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1

Rs
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′Rs)

(

eikRs−1
)

]

, (19)
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where l = v,w.
Note that the shape of the amplitude fcs(q) in (14) is

the same as that given in (15)–(18), but in these formu-
lae the amplitude fc(q) (9) should be replaced by fs(q)
(10).

We also emphasize that when calculating integral (3)
we used the approximation d/R� 1 as well as an expan-
sion of the potentials Ui(r) (i = 1,2) into the series up to
the first significant terms

U(|u+r′|)'U(u)+
ur′

u

dU(u)

du
, (20)

where |u+r′| 'u+ur′/u, u = r−r′.
This expansion can be justified by the fact that the

Green’s function G(+)
0 (|r − r′|) in (3) grows sharply at

|r|≈ |r|
′

.
Finally, for the amplitude (1) we have

F (k,k′) = Fc(q)+Fs(q)(σn), (21)

where

Fc(q) = fc(q)+fcc(q)+fss(q), Fs(q) = fs(q)+2fcs(q).
(22)

3 Results and discussion

A complete description of the elastic proton scatter-
ing by zero-spin nuclei requires measuring three indepen-
dent observables as functions of the scattering angle [9].
This complete set of values most frequently includes the
differential cross section σ(q) ≡dσ/dΩ and polarization
(analyzing power) P (q), as well as one of the additional
independent polarization observables, namely, the spin-
rotation function Q(q).

The relations between these quantities and the am-
plitudes Fc(q) and Fs(q) are

σ(q) = |Fc(q)|
2
+ |Fs(q)|

2
, (23)

P (q)σ(q) = 2Re(Fc(q)F
∗

s (q)) , (24)

Q(q)σ(q) = 2Im(Fc(q)F
∗

s (q)) . (25)

The analytical expressions for the observables in
(23)–(25) can easily be obtained in the 1st BA. Re-
taining in (21), (22) only the terms associated with
the 1st BA and assuming for simplicity in (9) and (12)
Rv = Rw = Rs ≡R,dv = dw = ds ≡ d, we have

σ(q) = R2

(

2mV0

~2q

)2

σ1(q), (26)

σ1(q) = (1+ ς)
2
A2(q)+a2k4 sin2 θ{(1− ς)A(q)+γB(q)}

2
,

(27)
P (q)σ1(q) = ς2ak2 sinθA(q){(1− ς)A(q)+γB(q)} ,

(28)

Q(q)σ1(q) =−2ak2 sinθA(q){(1− ς)A(q)+γB(q)} .
(29)

As can be seen from the above formulae, the polariza-
tion, calculated in the 1st BA with the Hermitian poten-
tial (ζ = 0), is equal to zero. Therefore, when calculating
the polarization observables for the scattering of parti-
cles from nuclei using BA, we include in the calculations
the 2nd BA.

Using relations (21), (22), the complete set of observ-
ables for the elastic scattering of protons by 40Ca nuclei
at the energy of 200 MeV are calculated.

The results of such calculations are given in Figs. 1
and 2, and the obtained values of the fitting parameters
of the optical potential are shown in Table 1.

Fig. 1. Differential cross section σ(θ) ≡dσ/dΩ

(mb/sr), polarization P (θ) and spin-rotation
function Q(θ) for 200 MeV proton elastic scat-
tering on 40Ca nuclei, with 2nd BA. The experi-
mental data are taken from [10]. For description
of the curves see the text.

In Fig. 1 we present the results of the calculations,
performed using the 2nd BA. In this Figure, the solid
curves are calculated using the set of parameters 2 from
Table 1, and the dashed curves are calculated with the
set of parameters 3 from the same table.

024102-3



Chinese Physics C Vol. 41, No. 2 (2017) 024102

104
105

103

102

10−2

101

10−1

100

1.0

0.5

−0.5

−1.0

−1.0

−0.5

   0

0 10 20 30

Q
(θ
)

P
(θ
)

σ
(θ
)

40 50 60

1.0

p-40Ga Ep=200 MeV

0.5

   0

θ/(°)

Fig. 2. The same as in Fig. 1 but with 1st and 2nd
BA. For description of the curves see the text.

Note that all the parameters in Table 1 were obtained
from the best fitting of the existing experimental data us-
ing FUMILI code. In Table 1, set 1 corresponds to the
results obtained in the 1st BA, and sets 2 and 3 to the re-
sults obtained in the 2nd BA. We emphasize that the val-
ues of these parameters should not be the same as those
obtained from the numerical solution of the Schrödinger
equation. At the same time, the values of such param-
eters must not differ significantly from the parameters
which can be obtained from the numerical solution of
the Schrödinger equation. In our calculations, when ob-
taining the parameters of the optical potential used, we
focused on the analytic relations, presented in [11–13] for
180 MeV proton energy. As Table 1 shows, the values
of such parameters of the optical potential coincide with
those presented in these papers.

In this paper two alternative sets of the optical po-
tential parameters in the 2nd BA (Table 1, sets 2 and
3) and the set of parameters for such a potential in the
1st BA (Table 1, set 1) were obtained. The ambigu-
ity of the optical potential parameters is a well-known
fact. Therefore, justification, or the uniqueness of the
parameters obtained in this study cannot be a subject
for consideration. The main result of this work is ob-
taining analytical expressions for the scattering observ-
ables that cannot be done in the numerical solution of
the Schrödinger equation. The presence of large number
of the parameters of the optical potential does not con-
tradict the generally accepted approaches. The attempts
of many authors to reduce the number of these parame-
ters, unfortunately, do not eliminate the problem of such
ambiguity.

In Fig. 2 we present the comparison of the results
obtained with the 2nd and 1st BA taken into account.
In this figure the solid curves were calculated in the 2nd
BA using parameter set 3 from Table 1, and the dashed
curves were calculated in the 1st BA using parameter
set 1 from the Table 1. The dot-dashed curves in this
figure were calculated in the 1st BA using parameter set
3, obtained for the 2nd BA, i.e. calculated without any
fitting parameters.

As Fig. 2 shows, using the 2nd BA allows us to de-
scribe the available experimental data more precisely as
compared with those in the 1st BA.

Finally, we consider the conditions of applicability of
the BA used. Usually, when determining these condi-
tions, only the central part of the potential (4) is used.
In such an approach the general formula for determining
these conditions is

m

2π~2

∣

∣

∣

∣

∫

d3r
U(r)

r
e(ikr+ikr)

∣

∣

∣

∣

� 1. (30)

Using the approximation kR� 1 (R = 1.34A1/3) and
allowing the relation (30), we have

kR≈ 14.5, V0 �V (lim),

V (lim) =
~

2

mR2
kR≈ 29.5 MeV.

(31)

Table 1 shows that in such an approach the condi-
tions of applicability of the BA used are fulfilled.

Table 1. Parameters of the optical potential.

N V0/ W0/ dv/ Rv/ dw/ Rw/ Vs/ Ws/ ds/ Rs/ a/ γ

MeV MeV fm fm fm fm MeV MeV fm fm fm2

1 11.388 4.553 0.526 4.964 0.296 3.950 7.343 −4.833 0.820 4.944 0.322 0.294

2 12.813 13.351 0.506 4.789 0.532 4.459 5.763 −5.108 0.715 4.305 0.654 0.127

3 14.511 19.637 0.512 4.628 0.588 4.440 4.923 −5.111 0.736 4.391 0.582 0.164
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4 Summary and conclusions

Investigation of the interaction of intermediate en-
ergy particles with nuclei has attracted great interest
during many decades of the development of nuclear
physics. This interest is motivated by the possibility of
studying the basic properties and structure of the collid-
ing nuclei as well as the mechanism of their interaction.

Various approaches are used for investigation of such
processes. For example, the multiple proton scattering
theory with “elementary” nucleon–nucleon amplitudes
included in the calculations was used in [14], and the op-
tical model with various microscopic optical potentials
was applied in [15]. In [16] we introduced the approach
based on the α-cluster model with dispersion, which al-
lows us to describe a large amount of the experimental
data for the elastic and inelastic scattering of protons by
light nuclei from 9Be to 24Mg.

In the present paper analytical expressions for the
amplitudes and polarization observables for the elastic
scattering of particles from zero-spin nuclei were ob-
tained. When calculating such observables the 2nd BA is
used. Using of such approximation is caused by the fact

that the scattering amplitude, calculated in the 1st BA
with the Hermitian potential, is real. As a result, in this
approach the polarization of the nucleons from nuclei is
equal to zero. Therefore, when calculating the polariza-
tion observables for the scattering of particles from nuclei
using BA, we included in the calculations the 2nd BA.

The limits of applicability of the BA used are also
discussed. It was shown that in such an approach the
conditions of applicability of the BA used are fulfilled.

The comparison between theoretical predictions and
experimental data for proton elastic scattering from 40Ca
nuclei at 200 MeV energy were given both in the 1st
and 2nd BA. The results obtained show that the calcu-
lations performed in the 2nd BA allow us to describe the
available experimental data quite well and more precisely
than those obtained in the 1st BA.

The parameters of the optical potential used were ob-
tained from the best fitting of the existing experimental
data, and its values do not differ significantly from those
obtained in the numerical solution of the Schrödinger
equation.
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