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Abstract: We improve the Monte-Carlo based QCD sum rules by introducing the rigorous Hölder-inequality-

determined sum rule window and a Breit-Wigner type parametrization for the phenomenological spectral function.

In this improved sum rule analysis methodology, the sum rule analysis window can be determined without any

assumptions on OPE convergence or the QCD continuum. Therefore, an unbiased prediction can be obtained for the

phenomenological parameters (the hadronic mass and width etc.). We test the new approach in the ρ meson channel

with re-examination and inclusion of αs corrections to dimension-4 condensates in the OPE. We obtain results highly
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1 Introduction

The QCD sum rule (QCDSR) is an important non-
perturbative method in hadronic physics, introduced by
Shifman et al. (SVZ) [1, 2]. Due to its QCD-based na-
ture and minimal model dependence, this semi-analytic
approach has become a powerful weapon in the exten-
sive studies on phenomenological hadronic properties2).
Although fruitful results have been achieved within the
framework of QCD sum rules, doubts on the predictive
capability of this approach have never disappeared since
in the original Laplace/Borel sum rules, the two external
free parameters, i.e., Borel parameters τ and continuum
thresholds s0, cannot be rigorously constrained. Intuitive
choices of ranges for (τ , s0) cannot completely exclude
subjective factors in determination of the phenomeno-
logical outputs.

Two main directions have been developed to address
the above issues. First, the sum rule stability criteria
[4, 5] in the Laplace sum rules (LSR), systematically de-

veloped by Narison, have been widely and successfully
used to study QCD phenomenological properties3). In
the widely used “single narrow resonance minimal dual-
ity ansatz” where the hadronic widths are not involved,
the mass curves present stability (if any) in τ or s0 at
the extrema, where the mass depends weakly on (τ , s0)
and thus optimal predictions can be achieved if the va-
lidity of operator product expansion (OPE) truncation
and pole contribution dominance are simultaneously en-
sured. In the cases where the s0-stability is absent, the
finite energy sum rules (FESR) [12] can complement the
systematics of the method [11, 13, 14]. These approaches
require an assessment of whether the optimized values for
τ and s0 are in the sum rule region of validity.

The Monte-Carlo based weighted-least-squares fitting
procedure is another quite successful approach to allow
reliable sum rule predictions [15–22]. As originally sug-
gested by SVZ [1, 2], the sum rules should be analyzed in
a certain range of the Borel parameter, called the “sum
rule window”, in which the OPE series reaches conver-
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gence and the continuum contribution is suppressed. Di-
rectly following this discussion, Leinweber introduced the
Monte-Carlo based weighted-least-squares fitting proce-
dure [15] in the sum rule numerical analysis. Within this
approach, phenomenological outputs, such as the mass,
the decay constant, and the continuum threshold etc.,
can be obtained by minimizing the weighted-χ2 func-
tion between the OPE and phenomenological expressions
of the correlation function within the sum rule window.
This method has some obvious advantages:

1) the continuum threshold s0 can be determined
from the fitting procedure;

2) different parametrization models for the hadronic
spectral function can be dealt with, so it is possible to ob-
tain predictions both for hadronic mass and width with
an appropriate spectral density;

3) uncertainty analyses and dependence of the out-
puts on the phenomenological input parameters can be
provided via the Monte-Carlo based numerical proce-
dure.

However, as in the original (as well as many common
uses of) QCD sum rules, the sum rule window cannot be
rigorously constrained1). The usual conditions imposed,
the pole contribution > 50% of total phenomenological
expression and the highest dimension operator (HDO)
contribution < 10% of the total OPE ,are based upon as-
sumptions, and cannot always be ensured, especially for
multi-quark state sum rules where the OPE convergence
is slower, which makes artificial adjustments of these con-
straints inevitable.

The Hölder inequalities for QCD sum rules, obtained
from the requirement that the imaginary part of a corre-
lation function should be positive because of its relation
to a hadronic spectral function (e.g., physical cross sec-
tions for electromagnetic currents), were first introduced
as fundamental constraints on the sum rules by Benmer-
rouche et al. [23], then were used in many studies on
QCD sum rules, including constraints on the QCD sum
rule window [24–28]. However, these inequalities have
mainly been applied in analyses of the simplified “single
narrow resonance minimal duality ansatz”.

In fact, most hadrons listed in the Review of Parti-
cle Physics [29] are resonances rather than stable par-
ticles, thus the mass and width are equally important
in describing the properties of these hadrons, and equal
attention should be paid to them. Some researchers re-
place the delta function in spectral density directly with
a Breit-Wigner (BW) type function in order to obtain
information for the hadron width in the QCD sum rules

[19, 30, 31]. In this paper, we will introduce a BW
type parametrization for the phenomenological spectral
function that satisfies the low-energy theorem for the
form factor, and apply the rigorous Hölder-inequality-
determined sum rule window in the Monte-Carlo based
fitting procedure. We will reanalyze the phenomenolog-
ical properties of the ρ meson with this new systematic
numerical procedure. A comprehensive study will be pre-
sented, including the explicit reexamination of some αs

corrections in the OPE2) and uncertainty analysis for
the fitted results. Extensions of our analysis to include
a smooth transition to the QCD continuum are also pre-
sented. We will conclude the paper by summarizing our
calculation and analysis and discussing the possible ex-
tension of our approach.

2 Operator product expansion for corre-

lation function for vector I=1 current

The starting point of the QCD sum rules is to calcu-
late the correlation function for a specific current. In this
paper, we consider the light vector current with isospin
1, i.e., jµ=ūγµd (and 1√

2
(ūγµu−d̄γµd), d̄γµu), which has

the same quantum numbers as the ρ meson. Because of
conservation of the vector current, the correlation func-
tion for current jµ can be written as

Πµν(q2)=i

∫

d4xeiqx〈0|Tjµ(x)j†
ν(0)|0〉

=(qµqν−q2gµν)Π(q2), (1)

where Π(q2) is a Lorentz scalar function which can be
calculated theoretically using operator product expan-
sion methods [33]. The well-confirmed and widely used
QCD expression of Π(q2), including leading-order (LO)
and next-to-leading order (NLO) perturbative terms and
LO non-perturbative terms up to dimension-6 conden-
sates, reads [1, 2]:

Π(OPE)
0 (q2)=− 1

4π2

(

1+
αs

π

)

ln

(−q2

µ2

)

+
1

12π

〈αsG
2〉

(q2)2

+
2〈mqq̄q〉

(q2)2
+

224π

81

καs〈q̄q〉2
(q2)3

, (2)

where κ is the factorization violation factor which pa-
rameterizes the deviation of the four-quark condensate
from a product of two-quark condensates.

In addition to these terms, some researchers have also
calculated the NLO corrections in αs to dimension-4 con-
densates [32, 34], which however are not included in the

1) A remedial strategy is to determine the optimal outputs by observing the variation of the outputs on the change of the conditions
imposed on the sum rule window. If the outputs are not sensitive to the variation of the range of the window, reliable predictions can be
obtained by demanding the OPE converge in a proper trend, as was done in Ref. [22] for the exotic hybrids

2) These radiative corrections to dimension-4 quark and gluon condensates are complicated calculations but may play an important
role in determining the range of τ where the Hölder inequalities are satisfied. The previous results of these radiative corrections obtained
using a projector method in Ref. [32] were not used in the existing numerical analyses [15, 30], motivating our independent calculation
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existing sum rule numerical analyses for the ρ meson
[15, 30]. Although the results in Refs. [32, 34] suggest
these corrections are relatively small, they can play an
important role in determining the sum rule window from
the Hölder inequalities, motivating our independent cal-
culation with a different method. Thus, we calculate
these contributions using the external field method in
Feynman gauge1) [33, 37] to examine the previous re-
sults obtained in Refs. [32, 34]. Our results read

Πα
d=4(q

2)=
1

(q2)2
7

72π

αs

π
〈αsG

2〉+ 1

(q2)2
2

3

αs

π
〈mqq̄q〉, (3)

which is consistent with the previous results in Refs. [32,
34]. The whole calculation is much more complicated
than the LO calculation, so for clarity, we give all the
related Feynman diagrams and explicit results of our cal-
culation in the Appendix A.

In the following section, we will use

Π(OPE)(q2)=Π(OPE)
0 (q2)+Πα

d=4(q
2) (4)

to reanalyze the sum rules for the ρ meson, and discuss
the effects of these αs corrections.

3 Monte-Carlo based QCD sum rules for

the ρ meson

To obtain a QCD sum rule which can be used to pre-
dict hadronic properties, we first need to Borel-transform
the theoretical representation of the correlation function,
i.e., Π(OPE)(q2). After some calculations, we obtain

R(OPE)(τ)=
1

τ
B̂Π(OPE)(q2)=

1

4π2

(

1+
αs(1/τ)

π

)

1

τ

+
〈αsG

2〉
12π

(

1+
7

6

αs(1/τ)

π

)

τ

+2〈mq q̄q〉
(

1+
1

3

αs(1/τ)

π

)

τ

−112

81
πκαs〈q̄q〉2

[

αs(1/τ)

αs(µ2
0)

]1/9

τ 2, (5)

where B̂ is the Borel transformation operator and
αs(1/τ) = 4π/(9ln(1/(τΛ2

QCD))) is the running coupling
constant for three flavors at scale 1/

√
τ . We have con-

sidered the renormalization-group (RG) improvement of
the sum rules [38] and anomalous dimensions for conden-
sates [1, 2] in Eq. (5), where µ0 is the renormalization
scale for condensates.

Equation (5) provides the theoretical representation
of the Borel-transformed correlation function, but in or-
der to obtain a QCD sum rule, we still need the phe-
nomenological representation obtained by constructing
a phenomenological spectral density model.

If we insert a complete set of one-particle states
∫

d3
k

(2π)32Ek

|ρ(k)〉〈ρ(k)|+“other states” into the correlation
function, we will reach a phenomenological spectral den-
sity with a delta function δ(s−m2

ρ
), which is widely used in

traditional QCD sum rules. However, the ground state
of the light vector I = 1 meson, i.e., the ρ meson, is a
resonance which is far away from a stable particle, thus
it is more appropriate to insert two-particle intermedi-
ate states into the correlation function, since the two-
pion decay mode is the dominant decay mode for the ρ

meson. By inserting two-pion intermediate states into
Eq. (1), e.g., inserting
∫

d3
k1

(2π)32Ek1

d3
k2

(2π)32Ek2

|π+(k1)π
0(k2)〉〈π+(k1)π

0(k2)|

+“other intermediate states”

for the correlation function of current jµ=d̄γµu, and us-
ing Cutkosky’s cutting rules [39], the phenomenological
expression for ImΠ(s) can be found [40]:

ImΠ(phen)(s)=
1

24π

[

1−4m2
π

s

]3/2

|Fπ(s)|2

+contributions from excited states and continuum,
(6)

where mπ is the mass of the pion, and

〈0|jµ(0)|π+(k1)π
0(k2)〉=

√
2(k1−k2)µFπ((k1+k2)

2) (7)

has been used, where Fπ(s) is the electromagnetic form
factor which is normalized as Fπ(0) = 1. Furthermore,
since the main contribution to Fπ(s) comes from the ρ

meson, Fπ(s) should have a pole at s=m2
ρ
−imρΓρ, where

mρ and Γρ are the mass and width of the ρ meson re-
spectively.

Following Ref. [41], we use a Breit-Wigner form func-
tion to construct a model for the form factor as follows:

|Fπ(s)|2= m4
ρ
+m2

ρ
Γ 2

ρ

(s−m2
ρ
)2+m2

ρ
Γ 2

ρ

, (8)

which meets the above requirements (including the low-
energy theorem Fπ(0) = 1), and is more simple than
the Gounaris-Sakurai parameterized form factor used
in Ref. [40] and the parameterized form factor used in
Refs. [42, 43]. As outlined below, the phenomenologi-
cal spectral function normalization constrained by a low-
energy theorem enters our analysis in a meaningful way
because we work directly with the Borel-transformed cor-
relation function R(τ) rather than the typical sum rule
approach, which uses normalization-independent ratios
of sum rules. For the excited states and continuum
(ESC) contributions in the spectral density, we still use
the same model as traditional QCD sum rules, i.e., we

1) Similar calculations can be seen in Refs. [35, 36] for the (1−+,0++) light hybrid states
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use a spectral density as follows:

1

π
ImΠ(phen)(s)

=
1

24π2
|Fπ(s)|2+ 1

π
ImΠ(OPE)(s)θ(s−s0)

=
1

24π2

m4
ρ
+m2

ρ
Γ 2

ρ

(s−m2
ρ
)2+m2

ρ
Γ 2

ρ

+
1

4π2

(

1+
αs

π

)

θ(s−s0), (9)

where s0 is the continuum threshold separating the con-
tributions from excited states, and we have omitted the
small mass of the pion.

By using the dispersion relation, we can obtain
the phenomenological representation for the Borel-
transformed correlation function, which has the following
form:

R(phen)(τ,s0,mρ,Γρ)=
1

π

∫ ∞

0

e−sτ ImΠ(phen)(s)ds. (10)

Then the master equation for the QCD sum rule can be
obtained by demanding the equivalence between Eq. (5)
and (10):

R(OPE)(τ)=R(phen)(τ,s0,mρ,Γρ), (11)

which can be used to obtain the predictions for s0, mρ

and Γρ.
Obviously, because of the truncation of OPE and

the simplicity of the phenomenological spectral density,
Eq. (11) cannot be valid for all τ , thus one requires a sum
rule window in which the validity of the master equa-
tion can be established. Usually, a sum rule window is
determined by demanding the highest dimension opera-
tor contributions be limited to 10% of total OPE contri-
butions and the continuum contributions be limited to
50% of total phenomenological contributions [15, 19, 30].
However, the setting of the percentages 10% and 50% is
somewhat arbitrary.

Benmerrouche et al. presented a method based on
the Hölder inequality which provides fundamental con-
straints on QCD sum rules [23]. The Hölder inequality
for integrals defined over a measure dµ [44, 45] is

∣

∣

∣

∣

∫ s2

s1

f(s)g(s)dµ

∣

∣

∣

∣

6

(
∫ s2

s1

|f(s)|pdµ

)1/p(
∫ s2

s1

|g(s)|qdµ

)1/q

, (12)

where 1/p+1/q=1 and p, q>1. Since ImΠ(s) is positive
because of its relation to spectral functions (and in some
cases to physical cross sections), it can serve as the mea-
sure dµ=ImΠ(s)ds in Eq. (12). By placing the excited
states and continuum contributions on the OPE side, we

obtain

R(OPE-ESC)(τ,s0)

≡R(OPE)(τ)−R(ESC)(τ,s0)

=R(OPE)(τ)− 1

π

∫ ∞

s0

e−sτ 1

4π

(

1+
αs

π

)

ds

=
1

π

∫ s0

0

e−sτ ImΠ(OPE)(s)ds, (13)

then the Hölder inequality for QCD sum rules can be
written as [23]

R(OPE-ESC)(ωτ1+(1−ω)τ2,s0)

6
[

R(OPE-ESC)(τ1,s0)
]ω [

R(OPE-ESC)(τ2,s0)
]1−ω

, (14)

where f(s) = e−ωsτ1 and g(s) = e−(1−ω)sτ2 were used.
The parameter ω is defined as ω = 1/p, which satisfies
06ω 61. For parameters τ1 and τ2 we demand τ1 <τ2.
Following Ref. [23], we will perform a local analysis on
Eq. (14) with τ2−τ1=δτ=0.01 GeV−2. The only starting
point of this inequality is that ImΠ(s) should be posi-
tive because of its relation to physical spectral functions
(including cross sections in the case of electromagnetic
currents), thus Eq. (14) must be satisfied if sum rules
are to consistently describe integrated physical spectral
functions. The Hölder inequality can be used to check
if a sum rule window is reliable [23, 24], or to give ex-
tra constraints on some physical quantities [25]. It can
also be used to determinate the QCD sum rule window
[26–28]. In this paper, we will use Eq. (14) as the only
constraint on the QCD sum rule window: by choosing
the maximally allowed region of the Hölder inequality,
we will determinate a sum rule window directly.

In order to match the two sides of the master equa-
tion (11) in the sum rule window, a weighted-least-
squares method [15] will be used in this paper. By ran-
domly generating 200 sets of Gaussian distributed phe-
nomenological input parameters with given uncertain-
ties at τj = τmin+(τmax−τmin)×(j−1)/(nB−1), where
nB=21, we can estimate the standard deviation σOPE(τj)
for R(OPE)(τj). Then, the phenomenological output pa-
rameters s0, mρ and Γρ can be obtained by minimizing

χ2=

nB
∑

j=1

(R(OPE)(τj)−R(phen)(τj ,s0,mρ,Γρ))
2

σ2
OPE(τj)

. (15)

After obtaining σOPE, 2000 sets of Gaussian distributed
input parameters with the same given uncertainties will
be generated. We will minimize χ2 to obtain a set of phe-
nomenological output parameters for each set and the
uncertainties of s0, mρ and Γρ can be estimated based
on these results.
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4 Numerical results

In our numerical analysis, we use the central values
of the input parameters (at µ0 = 1 GeV) from a recent
review article of QCD sum rules [5]. These values read

ΛQCD=0.353 GeV, 〈αsG
2〉=0.07 GeV4,

〈mqq̄q〉=0.007×(−0.246)3 GeV4,

καs〈q̄q〉2=κ×1.49×10−4 GeV6, (16)

where the factor κ indicates the violation of factorization
hypothesis in estimating the dimension-6 quark conden-
sates. The size of κ has been observed in different chan-
nels to be 2–4 [46–48], which is the scale we will consider
in our analysis.

Before fitting the two sides of the master equation
(11), we should determinate the sum rule window first.
In Fig. 1, we plot the region which is allowed by the
Hölder inequality (14) with κ = 2,3 respectively. For
larger factorization violation factor κ, the allowed region
shrinks. However, the main characteristics of the allowed
region, such as the existence of a lower bound on s0, and
the bound on τ , will persist for any value of κ from 2

to 4. From Fig. 1, we find that the αs corrections to
〈αsG

2〉 and 〈mqq̄q〉 extend the allowed region to a higher
τ region and lower s0 region. This extension is more
obvious in the case with a small κ. Thus according to
the Hölder inequality, the αs corrections to dimension-
4 operator condensates extend the validity of the sum
rule master equation. As a comparison, we also plot the
region obtained by demanding HDO/OPE < 10% and
ESC/total < 50% with s0 > 1GeV2. However, because
of the small order of magnitude, the αs corrections to
dimension-4 operators seem to not have important ef-
fects in the determination of the sum rule window from
the 50%-10% method. Whether these corrections are in-
cluded or not, the allowed region does not change a lot,
thus we do not plot the region for which such corrections
are not considered. From Fig. 1, we also observe that
the constraint on the upper bound of τ from the Hölder
inequality is more strict than the 10% method for s0,
providing that s0 is not too large. However, the con-
straint on the lower bound of τ is looser than that from
the 50% method. The largest proportion of ESC can be
60%–65% of the total phenomenological contributions.
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s
0
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G
e
V
2

τ/GeV 2

Fig. 1. (color online) The region allowed by the Hölder inequality (14) for κ=2 (left) and κ=3 (right). The region
with (blue) dots or (red) lines is allowed for the sum rule with or without αs corrections to 〈αsG

2〉 and 〈mqq̄q〉
respectively. The region surrounded by the (black) dashed line is obtained by the requirement of HDO/OPE <
10% and ESC/total < 50% with αs corrections to 〈αsG

2〉 and 〈mqq̄q〉.

Table 1. Fitted results with κ=2,3,4. All uncertainties of QCD input parameters are set to 10%.

include Πα
d=4 χ2/10−4 s0/GeV2 mρ/GeV Γρ/GeV

κ=2
Yes 1.1 1.37+0.12

−0.13 0.671+0.044
−0.056 0.102+0.012

−0.015

No 2.1 1.57+0.10
−0.11 0.739+0.032

−0.038 0.119+0.009
−0.010

κ=3
Yes 3.6 1.77+0.12

−0.13 0.793+0.037
−0.045 0.131+0.010

−0.012

No 5.1 1.93+0.10
−0.11 0.839+0.028

−0.034 0.142+0.008
−0.009

κ=4
Yes 7.9 2.09+0.12

−0.14 0.874+0.033
−0.040 0.149+0.009

−0.011

No 13 2.23+0.11
−0.12 0.911+0.027

−0.033 0.158+0.008
−0.009
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We cannot obtain a fixed sum rule window from Fig. 1
because s0 is not determined at first, thus in practice,
we will initially “guess” an s0, then we will obtain a sum
rule window [τmin,τmax] from Fig. 1, where τmin and τmax

are respectively the lower bound and upper bound of
the allowed τ region with the guessed s0. After finish-
ing the analysis by using this sum rule window, we can
check our initial choice of s0 with its fitted value and
adjust it iteratively until it is consistent with the results
of the analysis. After finishing this iterative procedure,
the sum rule window is completely determined, and all
outputs will be obtained self-consistently from the final
sum rule window.

The uncertainties of all input parameters in Eq. (16)
are set to 10%, which is a typical uncertainty in QCDSR
[15]. After finishing the fitting procedure, we obtain the
results which are listed in Table 1, where the median and
the asymmetric standard deviations from the median for
all output parameters are reported. All results are the
final statistical results from 2000 fitting samples, and we

report the results both with and without αs corrections
to 〈αsG

2〉 and 〈mqq̄q〉.
From Table 1 we find that the uncertainties of phe-

nomenological output parameters are less than 10% for
κ=3,4. Only with κ=2 does the uncertainty of Γρ reach
about 15%, but even in this case, the uncertainties of
s0 and mρ are still less than 10%. These results imply
that the fitted results are very stable with different input
parameters. After including the αs corrections, we find
all values of output parameters reduce about 4%-6% for
κ = 4. For small κ, the reduction is even more appar-
ent. This result is in contrast with the result in Ref. [32]
where the αs corrections increased the predicted value of
the ρ meson mass.

We also find that besides extending the allowed re-
gion by the Hölder inequality and reducing the output
parameters, the αs correction also reduces the value of
χ2. For a least-squares fitting, a smaller χ2 means a bet-
ter fitting, thus the fitted results are more reliable if these
αs corrections to dimension-4 operators are included.
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2 6
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m
ρ
/G

eV

Γρ /GeV

Fig. 2. Scatter plot of mρ and καs〈q̄q〉
2 (κ=3) and scatter plot of mρ and Γρ (κ=3).

Based on the 2000 fitting samples, the correlations of
all parameters can also be obtained. From the scatter
plot, shown in Fig. 2, we find that there exists a very
strong positive correlation between mρ and καs〈q̄q〉2,
which means a larger contribution from dimension-6 op-
erator condensate will lead to a larger mρ. From Fig. 2,
we also learn that a larger mρ is accompanied by a
larger Γρ, thus the determination of an exact value of
a dimension-6 operator condensate is extremely impor-
tant. We also find that there exists a weak negative
correlation between 〈αsG

2〉 and all output parameters,
thus any correction to 〈αsG

2〉 is important. However,
because of the small order of magnitude, 〈mqq̄q〉 is not
important in the sum rules for the ρ meson. Finally, a
larger ΛQCD also leads to smaller output parameters –
there exists a weak negative correlation between them.

From Table 1 we find that if we choose κ ∼ 3, the

fitted result (with 10% uncertainties on input parame-
ters) will cover the physical mass of ρ [29]. If we want
to find an exact match between the predicted mass and
the physical mass, then κ=2.8 is the best choice, which
leads to the following result:

s0=1.71+0.12
−0.13 GeV2,

mρ=0.774+0.037
−0.046 GeV,

Γρ=0.126+0.010
−0.012 GeV. (17)

However, the predicted width is lower than the physi-
cal value [29] by 16%, i.e., we meet a similar problem as
Ref. [40]. However, we can conclude from the scatter plot
between mρ and Γρ that it cannot be explained by the
uncertainty in the value of the four-quark condensate be-
cause if the width matches the experimental value, then
the mass will be too large.
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Shuryak once parameterized the spectral density
from the experimental data for the vector I = 1 chan-
nel by the following function [49]

1

π
ImΠρ(s)=

3

2π2

1

1+4(
√

s−mρ)2/Γ 2
ρ

+
1

4π2

(

1+
ᾱs(s)

π

)

1

1+e(E0−
√

s)/δ
, (18)

where E0 = 1.3 GeV, δ = 0.2 GeV and ᾱs(s) =
0.7/ln(

√
s/0.2 GeV). This function includes a resonance

peak (the first term of Eq. (18)) and excited states and
continuum contributions (the second term of Eq. (18))
which smoothly transition to the perturbative result of
the spectral density as s increases. Now we can compare
our spectral density model with Eq. (18). From Fig. 3,
we can conclude that the simple spectral density we are
using has characterized the main behavior of the ρ res-
onance peak. However, we also notice that the region
around s0 is the main incompatible region in the spec-
tral density. Although the value of s0 with κ=2.8 is very
close to E2

0 , the “step” at s0 in the spectral density is
unnatural. A smoothly varying spectral density should
be used in this region, and we conjecture that a better
description of the ESC may lead to a better prediction
for Γρ.
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0.00

0.05

0.10

0.15

s/GeV2

sp
ec

tr
al
  

d
en

si
ty

Fig. 3. The spectral density for the vector I = 1
channel. The dot-dashed line shows the spectral
density from Eq. (18) (mρ and Γρ are taken from
the PDG [29]) while the solid line shows the result
from our spectral density model (9) with the me-
dian fitted values of s0, mρ and Γρ with κ=2.8.
The dashed line and dotted line show the con-
tribution from the first term and second term in
Eq. (18) respectively.

To investigate our conjecture, we replace the θ func-
tion in the traditional ESC model 1

π
ImΠ(OPE)(s)θ(s−s0)

with a smooth function1) to construct a new ESC model
for the phenomenological spectral density as follows

1

π
ImΠ(ESC)(s)=

1

4π2

(

1+
αs

π

)

·1
2

(

tanh

(

s−s0

λ

)

+1

)

,

(19)

where we still associate s0 with the continuum thresh-
old while λ (> 0) is the parameter which controls the
transition of 1

π
ImΠ(ESC)(s) to the QCD continuum. Ob-

viously, when λ→0, the new ESC model will recover the
same ESC as in Eq. (9). Conversely, a larger λ will lead
to a flatter ESC contribution in the phenomenological
spectral density.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0

0.5

1.0

1.5

2.0

λ

χ2
/1
0

3
 

/GeV2

Fig. 4. (color online) The fitted value of χ2 for se-
lected λ. The dots joined with the (red) dotted
line show the values of χ2 with κ=3.0, while the
dots joined by the (black) solid line and the dots
joined by the (green) dashed line show the values
of χ2 with κ = 3.5 and κ = 4.0 respectively. All
χ2 fits with non-zero λ use the sum rule window
determined by the λ=0 Hölder inequality.

To obtain an impression of how the fit is affected by
λ, we first fix the sum rule window from the λ=0 Hölder
inequality constraint, then perform the least-χ2 fit (15)
for selected values of λ. Because all fits (with the same
κ) use the same sum rule window, we can identify the
preferred range of λ from values of χ2. In Fig. 4, we plot
this minimized χ2 as a function of λ for κ=3.0,3.5,4.0.
Although the evidence for a non-zero optimum value of λ
is marginal, the rapid increase in χ2 for large λ provides
an upper bound of approximately λ.1GeV2.

By setting λ=0.2,0.4,0.6,0.8,1.0 GeV2, we can obtain
the allowed (τ , s0) regions from the Hölder inequality re-
spectively, then the iterative fitting procedure introduced
in the previous section can be invoked. We plot ratios of
the fitted mass and width to the experimental values as
λ increases in Fig. 5 (related detailed fitted results are
listed in Table 2). From Fig. 5 and Table 2, we find that
a larger value of λ will generally lead to a smaller mρ,
and a larger Γρ (the fitted Γρ is not sensitive with λ with
λ<0.4GeV2), furthermore, increasing κ, increases both
mρ and Γρ. These tendencies demonstrate that with an
appropriately smoothed ESC and 0.4GeV2<λ<1GeV2,
we may obtain results for Γρ and mρ statistically consis-
tent with their experimental values.

1) We choose the present smooth function because it includes the needed asymptotic behavior and it is easy to handle in the dispersion
integral
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Fig. 5. (color online) The ratios of mρ/mPDG
ρ (joined by the (blue) dotted line) and Γρ/ΓPDG

ρ (joined by the (green)
dashed line) versus λ (left: κ=3.0, right: κ=3.5), where mρ and Γρ are the median fitted mass and width of the
ρ meson while mPDG

ρ and ΓPDG
ρ are the mass and width of the ρ meson listed in Review of Particle Physics [29].

The error bars show the uncertainties of the fitted results. All uncertainties of QCD input parameters are set to
10%.

Table 2. Fitted results with κ=3.0,3.5,4.0 and λ=0.2−1.0GeV2. All uncertainties of QCD input parameters are
set to 10%.

κ=3.0 κ=3.5 κ=4.0

s0/GeV2 mρ/GeV Γρ/GeV s0/GeV2 mρ/GeV Γρ/GeV s0/GeV2 mρ/GeV Γρ/GeV

λ=0.2 GeV2 1.75+0.12
−0.14 0.788+0.037

−0.045 0.130+0.010
−0.012 1.91+0.12

−0.14 0.832+0.035
−0.042 0.140+0.009

−0.011 2.06+0.12
−0.14 0.869+0.033

−0.041 0.149+0.009
−0.011

λ=0.4 GeV2 1.65+0.13
−0.14 0.773+0.038

−0.048 0.130+0.010
−0.012 1.82+0.13

−0.14 0.819+0.036
−0.044 0.140+0.010

−0.012 1.97+0.13
−0.15 0.857+0.034

−0.042 0.148+0.009
−0.011

λ=0.6 GeV2 1.50+0.13
−0.15 0.752+0.039

−0.049 0.132+0.010
−0.012 1.69+0.14

−0.16 0.800+0.037
−0.046 0.142+0.009

−0.011 1.85+0.13
−0.15 0.840+0.035

−0.043 0.150+0.009
−0.011

λ=0.8 GeV2 1.32+0.14
−0.16 0.737+0.038

−0.049 0.140+0.009
−0.011 1.51+0.14

−0.16 0.784+0.036
−0.046 0.148+0.009

−0.011 1.68+0.14
−0.16 0.823+0.035

−0.044 0.154+0.009
−0.010

λ=1.0 GeV2 1.11+0.15
−0.18 0.728+0.038

−0.049 0.155+0.008
−0.010 1.31+0.15

−0.17 0.773+0.036
−0.046 0.160+0.008

−0.009 1.47+0.14
−0.17 0.809+0.034

−0.043 0.165+0.008
−0.009
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Fig. 6. (color online) The ESC in the spectral den-
sity for vector I = 1 channel. The (red) dot-
dashed line shows the ESC from the second term
in Eq. (18), the (green) dotted line shows the re-
sult from our ESC model (19) with κ = 3.5 and
λ=0.8GeV2, and the (blue) solid line shows the
ESC from the phenomenological spectral density
(9) with κ=2.8.

To obtain an intuitive impression of the behavior of
the ESC contributions, we plot the two spectral density
models used in this paper in Fig. 6, where we also plot the

ESC from Shuryak’s spectral density (18). From this fig-
ure, we find that our new ESC model describes the main
behavior of Shuryak’s ESC [49] better than the tradi-
tional ESC model.

Finally, as a comparison, we also try the fitting pro-
cedure with the traditional phenomenological narrow
width spectral density

1

π
ImΠ(phen)=f 2

ρ
δ(s−m2

ρ
)+

1

4π2

(

1+
αs

π

)

θ(s−s0), (20)

where fρ is the coupling constant of the ρ meson. How-
ever, the outputs of s0 with κ=2–4 are too small, thus
the sum rule window departs from the allowed region
from the Hölder inequality. Even without violation of
factorization, we still cannot find a result in this pro-
cedure which is completely consistent with the Hölder
inequality.

5 Discussion and summary

In this paper, we have introduced a systematic sum
rule approach to give predictions for the hadronic mass
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and width. This approach is a synthesis of the Monte-
Carlo based QCD sum rule and the Hölder-inequality-
determined sum rule window, accompanied by a phe-
nomenological spectral density of Breit-Wigner form that
is normalized by the low-energy theorem. We apply
this approach to the ρ meson to re-analyze its phe-
nomenological properties and the corresponding theo-
retical uncertainties. We also calculate the αs correc-
tions to dimension-4 condensates in the OPE of the light
vector I = 1 current correlation function by using the
external field method in Feynman gauge. Our calcu-
lation confirms the previous results obtained using the
projector method [32], which have not previously been
considered in the existing sum rule analyses. Consider-
ing these higher order effects in the perturbation series,
we conducted a comprehensive reanalysis with the new
methodological approach. The findings of our numerical
analysis are:

1) The Breit-Wigner type spectral density model,
which provides a better description of physical spec-
tral density than the traditional single narrow resonance
spectral model, plays an important role in our procedure.
First, the sum rule window can be completely determined
by the Hölder inequality in this spectral density model,
thus we avoid the often criticized 50%–10% assump-
tions used to constrain the sum rule window in previous
Monte-Carlo based QCD sum rules analyses [15, 19, 21].
Furthermore, the traditional single narrow resonance
phenomenological spectral density is too over-simplified
to find a fitted result consistent with the Hölder inequal-
ity. Second, because of the low-energy theorem normal-
ization for the electromagnetic form factor in our phe-
nomenological spectral density, the degrees of freedom
during the fitting procedure reduces to three phenomeno-
logical output parameters, i.e., s0, mρ and Γρ, and im-
proves the ability of QCD sum rules to predict the width
of the ρ meson. The three-parameter model is a clear
improvement on the unphysical Γρ = 0 result [21] that
is found in the four-parameter spectral density model
1
π
ImΠ(s)=f 2

ρ

1
π

mρΓρ

(s−m2
ρ
)2+m2

ρ
Γ2

ρ

+ 1
π
ImΠ(OPE)(s)θ(s−s0).

2) Although most works in the literature do not con-
sider the effect of αs corrections to dimension-4 opera-
tors, we find they play an important role in the present
QCD sum rules analysis for the ρ meson by extending
the s0-τ region allowed by the Hölder inequality and im-
proving the goodness for fit between the theoretical side
and the phenomenological side of the master equation
for QCD sum rules. These radiative corrections also re-
duce the values of s0, mρ and Γρ by 4%–16%, depending
on the value of κ. Thus it is important to include these
corrections in our QCDSR approach, although the order
of magnitude of these corrections is small.

3) With 10% uncertainties for input parameters, the
optimal phenomenological results in our numerical anal-
ysis are: mρ=0.774+0.037

−0.046 GeV, Γρ=0.126+0.010
−0.012 GeV and

s0=1.71+0.12
−0.13 GeV2 with κ=2.8 from the traditional ESC

model. All the outputs are consistent with the experi-
mental values for the ρ meson. The factorization viola-
tion factor κ∼3 is also the expected size estimated from
many different channels. Extending our phenomenolog-
ical model to include a smooth transition to the QCD
continuum (similar to Ref. [49]) leads to generally better
agreement with the experimental values.

The successful application of our approach in the ρ

channel greatly motivates us to extend it to other chan-
nels. Since similar phenomenological spectral densities
can be constructed by inserting a complete set of inter-
mediate states for other hadrons which have dominant
decay modes, such extensions are expected to be appli-
cable. For example, by inserting two-pion intermediate
states in the correlation function for the I = 0 scalar
current, we can connect the phenomenological spectral
density with scalar pion form factor Fs(s). Then the re-
sult of Fs(0)=m2

π
in chiral perturbation theory [50] can

be used to reduce the number of the phenomenological
parameters to three. Furthermore, the Hölder inequality
constraint to determine the sum rule window of valid-
ity is similarly adaptable to other channels. Subsequent
work can examine the validity of our new method and
help us further improve it.

Appendix A

We calculate the αs corrections to 〈αsG
2〉 and 〈mqq̄q〉 by

using the external field method in Feynman gauge in space-
time dimension d=4−2ε.

The two-loop diagrams which contribute to αs corrections
to 〈αsG

2〉 are shown in Fig. A1. The final result of the αs

correction to 〈αsG
2〉 reads

Π〈αsG2〉(q
2)=

1

(q2)2
7

72π

αs

π
〈αsG

2〉, (A1)

where we have taken the mass of the light quark to be zero.
This result is consistent with the result obtained in Ref. [32]
from a different calculation method. Explicit results for the
diagrams in Fig. A1 are listed in Table A1, where we divide
the results into several parts according to the diagrams with
different kinds of interaction vertices.
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(1f)(1b) (1c) (1d) (1e) (1h)(1g)

(1i) (1j) (1l) (1n)(1m) (1o) (1p)

(3b)(3a)(2f)(2e)(2d)(2c)(2b)(2a)

(4a) (4b)

(1a)

(1k)

Fig. A1. Feynman diagrams for αs corrections to 〈αsG
2〉.

Table A1. Detailed results of αs corrections to 〈αsG
2〉.

diagrams coefficients for αs

(q2)2π
〈αsG2〉

Fig. A1: (1a)-(1p) − 1
16πε

+ 1
8π

ln
(

−q2

µ2

)

− 61
144π

+ γE

8π
−

ln(4π)
8π

+
ζ(3)
8π

Fig. A1: (2a)-(2f) 5
16πε

− 5
8π

ln
(

−q2

µ2

)

+ 5
24π

− 5γE

8π
+ 5ln(4π)

8π
+ 3ζ(3)

4π

Fig. A1: (3a)-(3b) − 11
32πε

+ 11
16π

ln
(

−q2

µ2

)

+ 11
64π

+ 11γE

16π
− 11ln(4π)

16π
− 7ζ(3)

8π

Fig. A1: (4a)-(4b) 3
32πε

− 3
16π

ln
(

−q2

µ2

)

+ 9
64π

− 3γE

16π
+

3ln(4π)
16π

(1d) (2b) (2c) (2d)

(3b) (3f) (3g) (3h)

(1a) (1b) (1c) (2a)

(3a) (3c) (3d) (3e)

Fig. A2. Feynman diagrams for αs corrections to 〈mqq̄q〉. Dots stand for light quark mass mq (mu=md≡mq).

Feynman diagrams which contribute to αs corrections to
〈mqq̄q〉 are shown in Fig. A2. After some calculations, we
obtain the final result of αs correction to 〈mqq̄q〉 as

Π〈mqq̄q〉(q
2)=

1

(q2)2
2

3

αs

π
〈mqq̄q〉, (A2)

where we have set the masses of light quarks to be equal for
convenience, i.e., mu =md =mq. The explicit results for the
diagrams in Fig. A2 are listed in Table A2.

Table A2. Detail results of αs corrections to 〈mqq̄q〉.

diagrams coefficients for 〈mq q̄q〉

Fig. A2: (1a)-(1d) 1
(q2)2

2
3

αs

π

Fig. A2: (2a)-(2d) − 1
(q2)2

8
3

αs

π

Fig. A2: (3a)-(3h) 1
(q2)2

8
3

αs

π
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