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Abstract: We investigate many-body correlations caused by two- and three-body (2-, 3bd) forces. Shell-model

effective interactions derived from ab initio methods (coupled-cluster method, no-core shell model) are adopted.

Vlow-k potentials, based on many-body perturbation theory, are also tested, especially for their cut-off dependence.

We compare the central, tensor and spin-orbit interactions from microscopic theory to the fitted interactions. After

the inclusion of the three-body force, the matrix elements become fairly close to those fitted directly to experimental

data. Calculations of neutron-rich oxygen isotopes are performed, to clarify the effects of 3bd forces, tensor, and

spin-orbit interactions on the nuclear binding and excitation energies. We find that the 3bd force can influence the

binding energies greatly, which also determines the drip line position, while its effect on excitation energies is not

very pronounced. The spin-orbit force, which is part of the 2bd force, can affect the shell structure explicitly, at least

for neutron-rich systems.

Keywords: shell model, effective interactions, tensor force, three-body force

PACS: 21.60.Cs, 21.30.Fe, 21.60.De DOI: 10.1088/1674-1137/42/11/114103

1 Introduction

The precision of effective interactions is a critical ele-
ment for reliable predictions. Microscopic derivations of
effective interactions in valence space for the shell model
have been studied for decades, since the pioneer work by
Gerry Brown and Tom Kuo in 1966. They derived the
effective interactions by the reaction-matrix G method,
via the sum of particle-particle ladder diagrams from
the Hamada-Johnston nucleon-nucleon potential [1, 2].
Many efforts have been made to obtain effective in-
teractions microscopically, which can give precise pre-
dictions on nuclear structure properties. To renormal-
ize nuclear potentials into the limited model space, the
Wilsonian renormalization group (WRG) method [3],
the Lee-Suzuki method [4], the unitary transformation
method [5], etc., have been developed. In particular,
the renormalization group has been used to obtain the
model-independent low momentum nucleon-nucleon in-
teraction Vlow-k [6].

On the other hand, understanding nuclear struc-

ture properties in a non-perturbative way has been an
important objective of theoretical nuclear research for
quite a long time. Different types of ab initio ap-
proach have been developed, e.g. the no-core shell
model (NCSM) [7], Green-function-Monte-Carlo method
(GFMC) [8], in-medium similarity renormalization group
(IM-SRG) method [9], coupled-cluster (CC) method [10],
etc. With the increase of computing power, improve-
ments in numerical methods and the progress of micro-
scopic theory, more and more nuclei can now be studied
by ab initio methods. The heaviest nucleus calculated
by an ab initio approach to date is 48Ca [11]. In order to
compensate for the increasing dimensions of the many-
body wave function, the core has to be re-introduced.
Thus, non-perturbative effective interactions in valence
space have recently been developed. Within the NCSM,
attempts have been made to generate the effective inter-
actions in a given valence space by the projection method
from the full Hamiltonian [12, 13]. Similarly, the IM-
SRG method [14] and CC [15] approach also produce
effective interactions for the shell model. The agree-
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ment between the shell-model calculations with non-
perturbative effective interactions and the results from
ab initio methods has been tested. Thus, the deriva-
tion of non-perturbative effective interactions provides
another way to study heavier nuclei starting from first
principles.

Previously, we have studied [16–19] the systematics of
monopole parts of shell-model effective interactions and
their effects on shell evolution. We have also studied the
Kuo-Brown interactions, which were the first microscopic
interactions derived for the shell model, and compared
the non-perturbative interaction from the NCSM with
other effective interactions. In the present paper, we
study the contribution of the three-body (3bd) force to
the effective interactions, by using the non-perturbative
effective interactions derived by the CC method from
the chiral effective field. We also study the Vlow-k interac-
tions from the chiral potential. In particular, we apply
two low-momentum on-shell-equivalent potentials which
are characterized by different cutoffs. Thus the effect of
short-range correlations from different cutoffs can also
be seen.

The paper is structured as follows. We introduce the
basic concepts in Section 2. In Section 3, we provide the
analysis of the effective interactions and perform shell
model calculations. Conclusions are drawn in Section 4.

2 Theoretical framework

For finite nuclei with particle number A, the A-body
problem is extremely difficult to handle, and a perturba-
tive method is usually adopted, such as

HA =
A∑

i=1

p2
i

2m
+
∑

i<j

V ij
NN=(T+U)+(VNN−U)

= Ho+Hres, (1)

where V ij
NN is the nucleon-nucleon interaction, Ho is the

unperturbed part of the Hamiltonian, which is supposed
to dominate the Hamiltonian (by choosing the auxiliary
one-body potential U), and Hres is the residual interac-
tion. Such a treatment is used in many-body pertur-
bation theory (MBPT). In the shell model, the effec-
tive Hamiltonian HA

SM
is further truncated in the valence

space, as

HA
SM
=H0+H1+V A

2 , (2)

where H0 is the interactions of the nucleons in the inert
core, H1 is the one-body part, related to interactions be-
tween valence particles and the core nucleons, and V A

2

is the two-body part, for the interactions among valence
particles.

For the choice of nuclear potential, the chiral effec-
tive potential, which can be traced back to low-energy
QCD [20], is becoming more and more popular. It also

provides a way to build up the nuclear interactions and
currents in a systematic way. In this framework, the
three-body force appears naturally at next-to-next-to-
leading order (N2LO). For the study of low-energy nu-
clear physics, a cut-off momentum Λ is chosen so that
all fields with momentum greater than Λ are integrated
out, and the low momentum interaction Vlow-k can be ob-
tained within Λ [21]. Shell-model effective interactions
are then further derived by including the perturbation
diagrams up to third order in Vlow-k by way of the Q-box
plus folded-diagram method.

To test the effect of the cutoff dependence of Vlow-k in-
teractions, we choose two different cutoffs, 2.0 fm−1 and
2.6 fm−1. In Ref. [21] it was found that the cutoff should
be larger than m2π∼1.4 fm−1. However, it cannot be too
large (depending how high Elab is when fitting the NN
potentials to the empirical phase shifts). Furthermore,
the convergence will become bad with increasing cutoff.
In Ref. [22], a cutoff of 2.6 fm−1 was used, and the
authors stated that such a large cutoff can include more
short-range correlations, which can partly absorb the ef-
fect of the three-body force. Therefore, we would like
to compare the contribution of short-range correlations
with the three-body force in the present paper.

G. R. Jansen et al. [23] derived the valence-space
effective interactions for the shell model (they call it
coupled-cluster effective interactions, CCEI) from the
CC method in the singles-and-doubles approximation
with Λ-triples correction (Λ-CCSD(T)). CCEI is derived
by expanding the original many-body Hamiltonian in a
form suitable for the shell model:

HCCEI=HAc

0 +HAc+1
1 +HAc+2

2 , (3)

where HAc

0 , HAc+1
1 , and HAc+2

2 are the core, one-body,
two-body, and higher-body valence-cluster Hamiltoni-
ans. The chiral potential with two-body force at the
level of N3LO and three-body force at N2LO were
used for their work. The agreement between shell
model calculations with CCEI and Λ-CCSD(T) calcu-
lations was tested. They also showed that the results
from A-independent CCEI are closer to the results from
Λ-CCSD(T) calculations than the A-dependent CCEI.
Thus, they have built a shell-model effective interaction
for the full valence space (sd shells) based on the CC
theory. We use their CCEI in our work, to compare with
Vlow-k interactions. We also adopt the ab initio shell-
model interactions from the NCSM [24]. All of these
interactions are derived from chiral potentials (N3LO).

The monopole components of the effective interac-
tions [25], which are the angular-momentum averaged
two-body matrix elements, can have a dominating effect
on the shell evolution. They can be given as,

V (jj′;T )=

∑
J
(2J+1)V (jj′jj′;JT )∑

J
(2J+1)

, (4)
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where the summations run over all Pauli-allowed values
of the angular momentum J .

We also use the spin-tensor decomposition
method [26–29] to decompose the two-body-matrix-
elements (TBMEs) of the effective interactions into cen-
tral force, tensor force, and spin-orbit force. Since shell
model effective interactions are valence-space truncated,
a special spin-orbit interaction called the anti-symmetric
spin-orbit force (ALS) can occur, which can break the
relative parity in the TBMEs. The possible origins of
ALS are core polarization, high-order terms of pertur-
bations or three-body forces [30, 31]. A strong ALS
component may indicate large contributions from the
3bd force or high-order perturbations.

3 Calculations and discussion

To study the systematics of microscopic methods, we
adopt the effective interactions derived by ab initio meth-
ods, i.e. the CC method [23] and the NCSM [24]. The
Vlow-k interaction is calculated by the MBPT code [32],
and used here for comparison. In these microscopic
methods, the same chiral potential is accepted (two-bode
(2bd) force at the level of N3LO and 3bd force at the level
of N2LO). Takaharu Otsuka et al. [33] have proved that
the 3bd force can have a large impact on neutron-rich
nuclei. Especially, they showed that the microscopic de-
scription of the drip line of neutron-rich oxygen isotopes
can only be given correctly by the 3bd force.

We will focus on the neutron-neutron parts of ef-
fective interactions in the present paper (in the follow-
ing parts, all the effective interactions are for neutron-
neutron parts only). All the effective interactions are
for the sd-shells. We also use USDB interactions in this
work. The USDB interaction has been optimized from
fitting to experimental data by the linear combination
method [34]. Thus, it can be seen as “pseudo” experi-
mental data (this kind of interaction is also called an em-
pirical interaction in the literature). We will test the con-
tributions of the 3bd force to the TBMEs and monopole
components of shell-model interactions. The cutoff de-
pendence from Vlow-k interactions will also be studied,
and the short-range correlations compared with the 3bd
force.

First, we study the systematics of TBMEs directly.
As shown in Fig. 1, we have compared the TBMEs of
several effective interactions to those from the Vlow-k ap-
proach with cutoff 2.0 fm−1. In the figure, all the TBMEs
with 2bd force only are fairly close to each other, inde-
pendent of the microscopic methods. 2bd and 3bd forces
have been included in the effective interactions (CCEI)
derived by the CCSD(T) calculation [23]. It can be seen
that most TBMEs from CCEI are less attractive than
the interactions with 2bd force only. The CCEI is much

closer to the USDB interaction (“pseudo” experimental
data). Thus, the 3bd force is a necessary component for
the effective interaction.
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Fig. 1. (color online) Different sets of TBMEs are
compared to those derived by the Vlow-k approach
with cutoff 2.0 fm−1. The TBMEs derived by the
NCSM, those from the Vlow-k approach with cutoff
2.6 fm−1, and those derived from CCSD(T) cal-
culations are shown. The former two interactions
are derived with 2bd force only, and the last one
includes 2bd and 3bd forces. TBMEs from USDB
are also included for comparison.
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Fig. 2. (color online) The monopole parts of the
effective interactions. The monopole elements of
the NCSM (2bd force only) and CCSD(T) method
(2+3 body force), and USDB interactions are
shown. The monopole strength from Vlow-k inter-
actions with the cutoff in the range of 2.0 fm−1 to
2.6 fm−1 is plotted as a shaded area (the strength
with cutoff 2.0 fm−1 is more attractive).

Second, we compare the monopole components of
these effective interactions, as shown in Fig. 2. The
monopole terms in the Vlow-k approach with different
cutoffs are shown as a shaded area. More information
from short-range correlations (the high momentum part
of NN interactions) is included when one increases the
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cutoff of Vlow-k interactions. However, in the range of
Λ=2.0∼2.6 fm−1, the monopole elements of the Vlow-k in-
teractions are systematically more attractive than those
of the USDB interaction. Thus, the so-called monopole
defects cannot be cured by the tuning of the cutoff in
Vlow-k interactions. The variances between the interac-
tions with different cutoffs are not very large, except for
the monopole term between s1/2 orbitals. The monopole
interactions from NCSM are also very similar to those
from the Vlow-k approach. Only after the explicit inclu-
sion of the 3bd force does the monopole elements be-
come close to the empirical values (monopole strength of
USDB).

The central, tensor, ALS and LS forces in these
monopole elements are shown in Figs. 3(a-d) respectively.
From Fig. 3(a), it can be seen that the curves of the
monopole components contributed by the central force
are nearly parallel to each other. Again, the strength
of the central force derived by the NCSM is very close
to that obtained by the Vlow-k approach. As shown in
the figure, the 3bd force gives a strong repulsive contri-
bution to the central interactions, and by including the
3bd force, the monopole terms from the central force are
very close to those of the empirical interaction USDB.
By increasing the cutoff Λ in the Vlow-k approach, more
short-range correlations can be absorbed into the effec-
tive interactions, so the resulting monopole components
with cutoff 2.6 fm−1 can be more repulsive than those

with the cutoff 2.0 fm−1. However, it can be seen in
the figure that this effect from increasing the cutoff is
much smaller than that from the inclusion of the 3bd
force. Since the central force gives large contributions to
the binding energy of nuclei, it can be expected that the
contributions from the 3bd force to the binding energy
are also large through the channel of central interaction.

In Fig. 3(b), the monopole components of the ten-
sor force are given. The N3LO potential (2bd force) has
a strong tensor channel, and it is reduced by the 3bd
forces. The tensor force is weak in the empirical inter-
action. Figure 3(c) shows the ALS force. The empirical
interaction has a strong ALS component. The micro-
scopic interactions with 2bd force only have a weak ALS
force, no matter whether the interactions are derived by
the Vlow-k method or NCSM. It can be seen that the 3bd
force has increased the ALS force explicitly, so that the
resulting ALS components have become quite close to
those in the empirical interaction. In Fig. 3(d), it is
seen that LS force has the smallest contributions to the
monopole terms, and its strength is quite uncertain.

In Figs. 3(b-d) one can also find that in these non-
central interactions, the effective interactions by the Vlow-k

approach with different cutoffs are very close. Thus, the
short-range correlations in the 2bd force mainly affect
the effective interactions through the channel of the cen-
tral interaction.
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We then do shell-model calculations to study how
the different components of effective interactions influ-
ence the nuclear properties. The neutron-rich oxygen
isotopes are chosen for the test of neutron-neutron in-
teractions. The binding and excitation energies are cal-
culated, as shown in Figs. 4 and 5, respectively. These
two observables can reflect important features of effective
interactions. To study how different components in effec-
tive interactions, especially the 3bd force, tensor force,
ALS force, and LS force, affect the shell structure, we use
five sets of effective interactions: the complete interac-
tion with 2bd plus 3bd forces (derived by the CCSD(T)
method), the interaction without the 3bd force, the inter-
action without the tensor force, the interaction without
the ALS force, and the interaction without the LS force.
Through comparison of the results with the complete and
incomplete interaction, one can see the effects of differ-
ent components directly. In this work, we only study the
effects from the two-body effective interactions. When
we do these calculations, the single particle energies are
fixed to the original values derived by the CCSD(T).

In Fig. 4(a), one can see that the discrepancies be-
tween the results with 2bd plus 3bd forces and those
with the 2bd force only are large, and increase with the
adding of neutrons. Thus, the 3bd force is necessary for
the correct description of the binding energies, especially
for neutron-rich systems. Also, it can be seen clearly in
the figure that one has to include the 3bd force to give

a correct drip-line position. Using the effective interac-
tion with the 2bd force only, 26O is still bound. After
the inclusion of the 3bd force, 24O is bound and 26O be-
comes unbound, consistent with experimental data. The
calculated binding energy of 26O is less bound than the
experimental values. The reason might be that the con-
tinuum effect cannot be taken into account properly in
the framework of the shell model. In Ref. [35], by con-
sidering the continuum effect and 3bd force in the CC
method, the binding energy of 26O is more consistent
with the experimental data.

In Fig. 4(b), the calculation results of binding en-
ergies using the effective interaction with and without
tensor force are very close. This may indicate that for
the neutron-rich nuclei, while the neutron-neutron inter-
action dominates, the tensor force has a small contribu-
tion to the binding energies. By comparing the results
in Fig. 4(c) with those in Figs. 4(a) and (b), one can find
that the ALS force has a more explicit effect on binding
energy than the tensor force but a smaller contribution
than the 3bd force. In Fig. 4(d), it is seen that LS force
can also influence the binding energies explicitly. How-
ever, for this neutron-rich isotope chain, its contribution
to the binding energy is like a simple shift, and the shell
structure is not changed much by the LS force. Thus,
from this picture, one can learn that the 3bd force is
most essential for the binding energies.
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Fig. 4. (color online) Ground-state energies for the oxygen isotopes, relative to 16O by using different sets of
interaction. 2bd plus 3bd forces (derived by the CCSD(T) method), the interaction without the 3bd force, the
interaction without the tensor force, the interaction without the ALS force, and the interaction without the LS
force are labeled as “Full”, “w/o tensor”, “w/o ALS” and “w/o LS” respectively.
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Fig. 5. (color online) The first 2+ excitation energies for the oxygen isotopes, relative to 16O by using different sets
of interaction. 2bd plus 3bd forces (derived by the CCSD(T) method), the interaction without the 3bd force, the
interaction without the tensor force, the interaction without the ALS force, and the interaction without the LS
force are labeled as “Full”, “w/o tensor”, “w/o ALS” and “w/o LS” respectively.

The results for the excitation energies are shown in
Fig. 5. In this case, the 3bd force has a less pronounced
effect. Thus, as for the excitation energies, which are
energies relative to the ground state, we may still have
a good calculation without the explicit inclusion of the
3bd force. The effect from the tensor force is stronger
than the LS force, but weaker than the 3bd force and
ALS force. In particular, the magic gap at N =14 for
the oxygen isotope can only be given by the ALS force.
In Fig. 5(c), the first 2+ states are about the same for
18−22O, for the interaction without ALS. After the in-
clusion of ALS, the first 2+ excitation energy of 22O
(N=14) becomes higher, comparable to the experimen-
tal data. The ALS force, as one special component in
the two-body spin-orbit interaction, exists in the shell
model mostly because of the valence-space truncation.
It can be traced back to the core polarization, higher
order perturbations, and 3bd forces [30, 31]. Thus, the
importance of the ALS components can be seen as the
indicator of those many-body correlations.

4 Summary and conclusion

We have studied the effective interactions derived
from chiral effective field theory by different microscopic
methods. We have used the interactions from the Vlow-k

approach with different cutoffs and the NCSM and CC
theory ab initio methods .

We have learned that the discrepancies between the
interactions using the same potential from different
methods are not very large. The 3bd force can greatly
improve the precision of effective interactions. The in-
teraction with 2bd and 3bd forces is very close to the
empirical interaction which is fitted from experimental
data. The central and non-central monopole elements
of these effective interactions were compared, and it was
found that the 3bd force can change the central inter-
action quite a lot. For the neutron-neutron interaction,
the 3bd force reduces the strength of the tensor force and
increases the spin-orbit (ALS) interaction.

We have also studied the binding and excitation en-
ergies of the oxygen isotopes. The 3bd force is essential
for the description of the nuclear binding energy. The
ALS interaction can have a larger effect than the tensor
force. Especially, for the description of the magic gap
of N = 14 in oxygen isotopes, ALS plays an important
role. Since the ALS force mostly originates from the 3bd
force, it can be seen as another indicator for the impor-
tance of the 3bd force and other many-body correlations
absorbed by the mapping from full-space CCSD(T) cal-
culations into the truncated model space.
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