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Abstract: We study the sign distribution of generalized magnetic susceptibilities in the temperature-external mag-

netic field plane using the three-dimensional three-state Potts model. We find that the sign of odd-order susceptibility

is opposite in the symmetric (disorder) and broken (order) phases, but that of the even-order one remains positive

when it is far away from the phase boundary. When the critical point is approached from the crossover side, nega-

tive fourth-order magnetic susceptibility is observable. It is also demonstrated that non-monotonic behavior occurs

in the temperature dependence of the generalized susceptibilities of the energy. The finite-size scaling behavior of

the specific heat in this model is mainly controlled by the critical exponent of the magnetic susceptibility in the

three-dimensional Ising universality class.
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1 Introduction

One of the main goals of heavy ion experiments is
to locate the critical point, and/or the boundary of the
quantum chromodynamics (QCD) phase transition [1].
An expected QCD phase diagram in the temperature and
baryon chemical potential plane is sketched in Fig. 1(a),
where the system undergoes a first-order phase transition
at high baryon chemical potential (µB) and low temper-
ature [2–4]. With the decrease of µB and increase of
temperature, the first-order phase transition line is ex-
pected to end at a critical point in some theories, in
the three-dimensional Ising universality class [5, 6], al-
though no critical point has yet been found in 2+1 lattice
QCD [7]. At high temperature and vanishing chemical
potential, the calculations of lattice QCD have shown it
is a crossover [8].

To probe this expected phase diagram in heavy ion
experiments, the high-order cumulants of the conserved
charges are suggested as sensitive observables of the crit-
ical fluctuations [5, 9–13]. Theoretically, they corre-
spond to the generalized susceptibilities of the conserved
charges, and can be calculated by lattice QCD at van-

ishing µB [11, 14–17], and QCD effective models at finite
µB [18, 19]. Peak-like structures or oscillations occur
in the temperature dependence of high-order suscepti-
bilities. So non-monotonic behavior of high-order cumu-
lants of conserved charges is considered as a signal of the
critical point [20–23].

If the QCD critical point exists, it should be in the
three-dimensional Ising universality class. Based on the
universality of the critical behavior, it has been pointed
out that the fourth-order cumulant of the order param-
eter is negative when the critical point is approached on
the crossover side in this universality class [20].

The three-dimensional three-state Potts model shares
the global Z(3) symmetry with the finite temperature
QCD with infinitely heavy quarks [24]. The temperature
driven phase transition to a broken Z(3) symmetry phase
corresponds to the first order deconfining phase transi-
tion in QCD [25, 26]. When an external magnetic field is
turned on in the Potts model, the Z(3) symmetry is ex-
plicitly broken. As the magnetic field increases, the first
order phase transition is weakened and ends at a criti-
cal point (βc,hc) = 0.54938(2), 0.000775(10)), which is
in the three-dimensional Ising universality class [24, 27].
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Beyond the critical point, it is a crossover. It is interest-
ing to study the behavior of the generalized susceptibil-
ities of the magnetization, which is related to the order
parameter in this model [28].

The phase diagram of this model in the phase plane of
temperature and external field is presented in Fig. 1(b).
The first order phase transition line is showed by a solid
red line. It separates the whole phase plane into bro-
ken (ordered) and symmetric (disordered) phases. The
red star represents the critical point. On this phase dia-
gram, the sign distribution of the high-order cumulants is
studied. Near the phase boundary, we choose four lines,

such as the violet, blue, green and black dashed lines
in Fig. 1(b), to analyze the behavior of the generalized
susceptibilities of the order parameter when the critical
point is approached on the crossover side.

In the vicinity of the critical point, the specific heat,
which corresponds to the second-order susceptibility of
the energy, should be divergent in the thermodynamical
limit. In this paper, the finite-size behavior of the sec-
ond to fourth-order susceptibilities of the energy is also
studied in the vicinity of the critical point in the three-
dimensional three-state Potts model, as the red arrow in
Fig. 1(b) shows.

Fig. 1. (color online) Cartoon of phase diagrams of QCD on the temperature-baryon chemical potential plane (a),
and the three-dimensional three-state Potts model on the temperature-external magnetic field plane (b).

This paper is organized as follows. In Section 2,
the formalism of the generalized susceptibilities of the
magnetization and energy in the framework of the Potts
model is described and derived. In Section 3, the sign
distribution of the high-order magnetic susceptibilities
is presented and discussed in the temperature-external
magnetic field plane. The behavior of the second- to
fourth-order magnetic susceptibilities is analyzed when
the critical point is approached from the crossover side.
The temperature dependence of the second- to fourth-
order susceptibilities of the energy in finite-size systems
is presented and discussed in Section 4. Finally, the sum-
mary and conclusions are given in Section 5.

2 Generalized susceptibilities in the

framework of the Potts model

The partition function of the Potts model is defined
as [24],

Z(β,h)=
∑

{si}

e−(βE−hM), (1)

where si ∈ {1,2,3} is the spin at site i of a three-
dimensional cubic lattice. β = 1/T is the reciprocal of
temperature, and h=βH is the normalized external mag-

netic field. E and M denote the energy and magnetiza-
tion respectively, i.e.,

E=−J
∑

〈i,j〉

δ(si,sj), M=
∑

i

δ(si,sg). (2)

J is an interaction energy between nearest-neighbour
spins 〈i,j〉, and is set up as 1 in our calculations. sg

is the direction of the ghost spin, which the magnetiza-
tion of non-vanishing external field h > 0 prefers. The
order parameter of the system is defined as [29]

m=
3

2

〈M〉

V
−
1

2
, (3)

where V =L3 and L is the number of lattice points in
each direction. 〈M〉 is the mean of all the samples gen-
erated.

At vanishing external magnetic field h=0, the model
is expected to undergo a temperature driven first-order
phase transition due to spontaneous symmetry breaking.
It is similar to the pure gauge QCD theory, where the
corresponding order parameter is the Polyakov loop. It
plays the role of magnetization in the spin models, sig-
naling the spontaneous breaking of center symmetry of
the deconfined phase.

In the vicinity of the critical point of the three-
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dimensional three-state Potts model, the original op-
erators for the energy and magnetization, E and M ,
lose their meanings as operators, being conjugate to
the temperature-like and symmetry breaking couplings.
There is a linear relation of the couplings (β, h) to the
temperature and symmetry-breaking couplings (τ , ζ) in
the Ising model as follows,

τ=β−βc+a(h−hc), ζ=h−hc+b(β−βc). (4)

a and b are two known mixed parameters [27].
The susceptibility χ2 constructed from the magneti-

zation M can be obtained from the second-order deriva-
tive of the (reduced) free energy density (f =− 1

V
lnZ)

with respect to the external magnetic field,

χ2=−
∂2f

∂h2

∣

∣

∣

∣

T

=
1

V
(〈M 2〉−〈M〉2). (5)

Without 1/V , the right-hand part of Eq. (5) is the
second-order cumulant of the magnetization. The high-
order derivatives of the free energy density with respect
to h are the corresponding generalized magnetic suscep-
tibilities. The nth-order magnetic susceptibility is as fol-
lows,

χn=−
∂nf

∂hn

∣

∣

∣

∣

T

. (6)

For n=3, 4, 5, and 6, we have,

χ3=
1

V
〈δM 3〉, (7)

χ4=
1

V
(〈δM 4〉−3〈δM 2〉2), (8)

χ5=
1

V
(〈δM 5〉−10〈δM 3〉〈δM 2〉), (9)

χ6=
1

V
(〈δM 6〉−10〈δM 3〉2+30〈δM 2〉3

−15〈δM 4〉〈δM 2〉), (10)

where δM=M−〈M〉.
Similarly, the generalized susceptibilities of the en-

ergy (χE
n ) can be found from the derivatives of the (re-

duced) free energy density with respect to β. The form
of χE

n is the same as the nth-order susceptibility of the
magnetization. Replacing M by E in Eqs. (5), (7) and
(8), one can get the expressions for χE

2 , χ
E
3 and χE

4 , re-
spectively.

In this paper, the estimation of the generalized sus-
ceptibilities is based on Monte Carlo simulations of the
three-dimensional three-state Potts model, performed on
system sizes of L3 by the Wolff cluster algorithm [30].
The helical boundary conditions were used. For each
pair of couplings (β,h), we produced a total of 50000
independent configurations.

3 Fluctuations of generalized magnetic

susceptibilities

The sign distributions of χ3,4,5,6 on the whole T−h
plane for system size L=60 are presented in Fig. 2(a),
2(b), 2(c), and 2(d), respectively. The green and yel-
low areas correspond to the positive and negative values
of χ3,4,5,6, respectively. The solid red line presents the
first-order phase transition line. It ends at the critical
point, the red point. The red dashed line indicates the
crossover.
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Fig. 2. (color online) The sign distribution of
χ3,4,5,6 on the T−h plane, where the green and yel-
low areas are positive and negative, respectively.
The red solid line denotes the phase boundary.

In Fig. 2(a), the sign distribution of χ3 is separated
into two parts by the phase boundary. It is positive
(green) above the boundary, and negative (yellow) be-
low. Similarly, in Fig. 2(c), the sign distribution of χ5 is
separated into two parts by two narrow bands. One is
negative (yellow) above the transition line, and the other
is positive (green) below the transition line, so the sign
of χ5 changes three times. One change happens at the
phase boundary and the other two are at the lines near
the two sides of the boundary. Far away from the phase
boundary, the signs of both χ3 and χ5 are opposite in
symmetry and broken phases.

In contrast, as shown in Fig. 2(b) and 2(d), the sign
of χ4 changes twice, and that of χ6 four times. The phase
boundary is located in a yellow for χ4 and a green band
χ6. Far away from the phase boundary, their signs both
remain positive in the two phases.

So, over the whole phase space, the sign change hap-
pens only in the vicinity of the phase transition line. Far
away from the phase transition line, the sign of odd-
order susceptibility remains positive and negative in the
symmetric and broken phases, respectively, while that of
even-order susceptibility is positive in both phases. The
sign of odd-order susceptibility at high (low) tempera-
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Fig. 3. (color online) χ2(a), χ3(b) and χ4 (c) on the lines above, along and below the phase boundary (βt,h).

ture is associated with symmetry (broken) phase in the
Potts model.

The effective area of the phase transition related fluc-
tuations is relevant to the external field, and the system
size. The sign distributions of χ4, χ5, and χ6 in Fig. 2(b),
(c) and (d) show that the width of the bands changes
with the external field. It becomes wider and wider with
the increase of the external magnetic field. The bigger
the external field, the wider the width of the bands.

On the other hand, the finite system size makes the
fluctuation remain in a small temperature region in the
vicinity of the phase transition. The larger the system
size, the narrower the width of the bands, cf., Fig. 2 to
Fig. 6 of Ref. [28]. For an infinite system, the fluctua-
tion is divergent, and the width of the fluctuation area
is zero.

In order to analyze the behavior of the generalized
magnetic susceptibilities clearly when the critical point
is approached from the crossover side, four lines, as well
as the phase boundary itself, are chosen near the phase
boundary in the β−h plane. They are βt,h±∆β, with
∆β = 0.00005, and βt,h±2∆β, where βt,h = 1/Tt,h de-
notes the reciprocal of the phase transition temperature
at the corresponding external magnetic field. On each
line, we have chosen eleven values of h and calculated
the corresponding second-, third- and fourth-order mag-
netic susceptibilities, respectively. The results are shown
in Fig. 3.

These five lines are presented, from top to bottom, by
black circles, green triangles, red stars, blue diamonds
and violet crosses in Fig. 3(a), 3(b) and 3(c), for χ2,
χ3 and χ4 respectively. χ2 on the phase boundary (red
stars) decreases monotonically with the external field, as
do the green triangles and blue diamonds with temper-
ature deviating ∆β from the phase transition. When
the temperature deviates by 2∆β from the phase transi-
tion temperature, i.e., the black circles and violet crosses,
there seems to be a small peak. So even if on the phase

boundary, or very close to it, the non-monotonic fluctu-
ations are hard to observe in the second-order magnetic
susceptibility.

However, χ3 in Fig. 3(b) on the phase boundary stays
around zero, the same as shown in Fig. 2(a). When the
temperature deviates by 2∆β and ∆β (−2∆β and −∆β)
from the phase transition temperature, χ3 increases (de-
creases) monotonically with external field. So, along the
lines near the phase boundary, sign change and non-
monotonic fluctuations are not observable in χ3.

Along the phase boundary, χ4 is negative and in-
creases monotonically with external magnetic fields, as
shown by the red stars in Fig. 3(c). When the tempera-
ture deviates by ∆β from the phase transition tempera-
ture, χ4 is negative when the critical point is approached
from the crossover side, which is consistent with the pre-
diction in Ref. [20]. The sign of χ4 changes at the first-
order phase transition region, as shown by the green tri-
angles and blue diamonds. When it deviates by 2∆β
from the phase transition temperature, as shown by the
black circles and violet crosses in Fig. 3(c), the values
of χ4 are mostly positive in the interval of h studied.
Therefore, when it is not far from the phase transition
line, the sign change and non-monotonic fluctuations are
still observable in χ4.

4 Finite-size behavior of generalized sus-

ceptibilities of energy

In systems of sizes L=40, 50, 60 and 70, the temper-
ature dependence of the second- to fourth-order suscep-
tibilities of the energy is studied at the critical external
magnetic field h=hc. The results are shown in Fig. 4.
It is clear that χE

2 has a peak for each size in Fig. 4(a).
As the size increases, the peak becomes higher and its
position shifts to the higher temperature side. Tc is set
by the temperature of the peak with system size L=70
and its reciprocal 1/Tc=0.549395.
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Fig. 4. (color online) The temperature dependence of χE
2 (a), χ

E
3 (b) and χE4 (c) at the critical external magnetic

field h=hc.

The temperature dependence of χE
3 has an oscillation

structure. In the vicinity of Tc, its sign changes from pos-
itive to negative with increasing temperature. For χE

4 in
Fig. 4(c), it oscillates more violently. Its sign changes
twice. Near Tc, there is a deep negative valley. In dif-
ferent sizes of systems, the qualitative structure of χE

3 or
χE

4 is the same.
The finite-size scaling law for second-order phase

transitions is well established in statistical physics [31,
32]. In the vicinity of the critical point, the specific heat,
c=χE

2 /T
2, is a function of the temperature and system

size. It follows the finite-size scaling relation [33]

c=Lα/νF (tL1/ν), (11)

where t= T−Tc

Tc

is the reduced temperature. α and ν are
the critical exponents of the specific heat and the correla-
tion length, respectively. F (tL1/ν) is the scaling function
of scaled variable tL1/ν . At the critical point t=0, the
scaling function F (tL1/ν) is a constant independent of L.
So

χE
2 (L)∝L

α/ν . (12)

If we take the logarithm of Eq. (12), then

lnχE
2 (L)=(α/ν)lnL+C1, (13)

where C1 is a constant. At the critical point, the double
logarithm plot of χE

2 versus L is a straight line. When
the temperature deviates from the phase transition, the
scaling function is system size dependent. lnχE

2 is no
longer a linear function of lnL.

At h=hc and β=1/Tc=0.549395, the log-log plot of
χE

2 versus L is shown by the red line in Fig. 5. It is a
straight line, as expected. When the temperature devi-
ates from Tc, the log-log plot is not a straight line, just
as the blue and black lines show.

The slope of the red line is 1.93164 ± 0.02. This
is quite different from the critical exponent ratio α/ν≈
0.1746 in the three-dimensional Ising universality class,
but approximates the ratio λ/ν≈ 1.963, where λ is the

critical exponent of the magnetic susceptibility [34].
χE

2 is the second-order derivative of the free energy
to β. From Eq. (4), β is related to both τ and ζ. The
critical exponent yζ≈2.5 is bigger than yτ ≈1.6 [34], so
the finite-size scaling of χE

2 is mainly controlled by the
derivatives of the free energy to ζ, which is why the slope
of the red line in Fig. 5 approximates the ratio λ/ν but
not α/ν.
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Fig. 5. (color online) The log-log plot of χE
2 and

L at the critical external magnetic field and three
different values of β.

5 Summary and conclusions

Using the three-dimensional three-state Potts model,
we have studied the generalized magnetic susceptibili-
ties. Their sign distribution in the temperature-external
magnetic field plane has been presented. The behavior
of the magnetic susceptibilities has been discussed when
the critical point is approached from the crossover side.
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The temperature dependence of the second- to fourth-
order susceptibilities of the energy in different sizes of
systems has also been shown and discussed.

For the generalized magnetic susceptibilities, their
sign change happens only in the vicinity of the phase
boundary. The effective area of the phase transition re-
lated fluctuations is dependent on the external field and
system size. The bigger the external field and the smaller
the system size, the wider the area is.

Far away from the phase boundary, the sign of odd-
order susceptibility is positive and negative in the sym-
metric (disorder) and broken (order) phases, respec-
tively, while the sign of the even-order susceptibility re-
mains positive in both phases.

When the critical point is approached from the
crossover side, the second- and third-order of suscepti-

bilities remains monotonic, while the negative values of
the fourth-order susceptibility are still observable in the
vicinity of the critical point.

At the critical external magnetic field, the peak struc-
ture, oscillation or sign change can be observed in the
temperature dependence of the susceptibilities of the en-
ergy. Only at the critical temperature, the double log-
arithm plot of the second-order susceptibility of the en-
ergy versus the system size is a straight line. If the
temperature is away from the critical temperature, the
plot deviates from a straight line. From the slope of
the straight line, the finite-size scaling behavior of the
specific heat in the three-dimensional three-state Potts
model is mainly controlled by the critical exponents of
the magnetic susceptibility in the three-dimensional Ising
universality class.
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Nature, 443: 675 (2006)
9 M. A. Stephanov, K. Rajagopal, and E. V. Shuryak, Phys. Rev.

D, 60: 114028 (1999)
10 V. Koch, arXiv:0810.2520
11 M. Cheng et al, Phys. Rev. D, 79: 074505 (2009)
12 L. Adamczyk et al (STAR Collaboration), Phys. Rev. Lett.,

112: 032302 (2014)
13 L. Adamczyk et al (STAR Collaboration), Phys. Rev. Lett.,

113: 092301 (2014)
14 F. Karsch, Cent. Eur. J. Phys., 10: 1234 (2012)
15 A. Bazavov et al, Phys. Rev. Lett., 109: 192302 (2012)
16 R. Bellwied, S. Borsanyi, Z. Fodor, S. D. Katz, A. Pasztor, C.

Ratti, and K. K. Szabo, Phys. Rev. D, 92: 114505 (2015)

17 S. Borsanyi, Z. Fodor, S. D. Katz, S. Krieg, C. Ratti, and K.
K. Szabo, Phys. Rev. Lett., 111: 062005 (2013); Phys. Rev.
Lett., 113: 052301 (2014)

18 M. Asakawa, S. Ejiri, and M. Kitazawa, Phys. Rev. Lett., 103:
262301 (2009)

19 W. J. Fu and Y. L. Wu, Phys. Rev. D, 82: 074013 (2010)
20 M. A. Stephanov, Phys. Rev. Lett., 107: 052301 (2011)
21 B. Friman, F. Karsch, K. Redlich, and V. Skokov, Eur. Phys.

J. C, 71: 1694 (2011)
22 J. W. Chen, J. Deng, H. Kohyama, and L. Labun, Phys. Rev.

D, 93: 034037 (2016); Phys. Rev. D, 95: 014038 (2017)
23 X. Pan, L. Z. Chen, X. S. Chen, and Y. F. Wu, Nucl. Phys. A,

913: 206 (2013)
24 A. Patel, Nucl. Phys. B, 243: 411 (1984); A. Patel, Phys. Lett.

B, 139: 394 (1984)
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