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1 Introduction

In the energy range between the mass of the ψ(3770)
(just above the smallest open charm production thresh-
old of D0D̄0) and 4.7 GeV, which contains quite a
few open charm production thresholds, several vector
charmonium-like structures (known as Y states, e.g.
Y (4260), Y (4360), Y (4660) ...) have been discovered
in e+e− annihilation into hidden-charm final states [1–
6]over the past decade. Their strong coupling to the
hidden-charm final states and the difficulty in fitting all
of the Y states to the potential model prediction [7] in-
dicates that they could be exotic particle candidates,
like hybrids, tetraquarks, meson molecules and so on [8].
The exclusive cross sections of e+e− annihilation into
open charm final states could give the detailed coupling
strength of these charmonium-like states to the open
charm final states and could help in understanding the
nature of these charmonium-like states. Such exclusive
open charm cross sections have been measured by the
BaBar [9–11] and Belle [12–17] experiments through ini-
tial state radiation (ISR) and by the CLEO-c [18] experi-
ment with a set of scan data. The errors in CLEO-c’s re-
sults are relatively small but the observed exclusive cross
sections are not corrected for the radiative correction. As

the event selection efficiency in this CLEO-c measure-
ment does not depend on the radiative correction, it is
possible to apply the radiative correction directly to the
observed cross sections to get the Born cross sections,
which have a clear definition and are more convenient in
result comparison and theoretical application.

In this paper, we calculate the ISR correction to the
observed exclusive cross sections of the open charm pro-
duction in e+e− annihilation measured by CLEO-c [18],
including the channels e+e−→D0D̄0, D∗0D̄0+c.c., D∗0D̄∗0,
D+D−, D∗+D−+c.c., D∗+D∗−, D+

s D
−

s , D∗+s D−s +c.c.,
D∗+s D∗−s , D∗D̄π+c.c., and D∗D̄∗π. With the calculated
ISR correction and the vacuum polarization (VP) correc-
tion from Ref. [19], we obtain the exclusive Born cross
sections of open charm production in e+e− annihilation.
The uncertainties of the final Born cross sections from
both the statistical errors of the original measurements
and the method to calculate the ISR correction are es-
timated. By summing up the radiatively corrected ex-
clusive open charm cross sections, we also obtain the
Born-level inclusive open charm cross section.

This paper is organized as follows: the theoretical
formulae for the radiative correction are described first,
followed by the calculation procedure, and finally the fi-
nal results are presented.

Received 20 November 2017, Revised 1 February 2018, Published online 20 March 2018

∗ Supported in part by National Natural Science Foundation of China (NSFC) (11235011, 11475187, 11521505, U1632106), the Ministry
of Science and Technology of China (2015CB856701), Key Research Program of Frontier Sciences, CAS, (QYZDJ-SSW-SLH011) and the
CAS Center for Excellence in Particle Physics (CCEPP)

1)E-mail: dongxiangkun14@mails.ucas.edu.cn

2)E-mail: llwang@ihep.ac.cn

3)E-mail: yuancz@ihep.ac.cn

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded
by SCOAP3 and published under licence by Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy
of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Publishing Ltd

043002-1



Chinese Physics C Vol. 42, No. 4 (2018) 043002

2 Radiative correction

At a center-of-mass energy
√
s, the experimentally

observed cross section (σobs) of e+e− annihilation is the
integral of the radiative function F (x,s) and the dressed
cross section σdre(s(1−x)) ≡ σB(s(1−x))/|1−Π(s(1−
x))|2 [20],

σobs(s)=

∫ xm

0

F (x,s)σdre(s(1−x)) dx

=

∫ xm

0

F (x,s)
σB(s(1−x))

|1−Π(s(1−x))|2 dx, (1)

where σB(s) is the Born cross section and 1/|1−Π(s)|2
is the VP factor. The integral variable x=s′/s, where s′

is the e+e− center of mass energy squared after emitting
ISR photons. The upper limit of the integral xm=1−sm/s,
where

√
sm is the production threshold of a specific chan-

nel.
The radiative function F (x,s) is expressed as

F (x,s)=xβ−1β(1+δ′)−β(1−1

2
x)+

1

2
β2(2−x)ln 1
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32
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where α is the fine-structure constant andme is the mass
of the electron.

To extract the Born cross section from the observed
one, we define

1+δ(s)=σdre(s)/σobs(s) (5)

as the ISR correction factor and factorize the Born cross
section as

σB(s)=(1+δ(s))
σobs(s)

1/|1−Π(s)|2 . (6)

3 Calculation of ISR correction factors

3.1 Methods to connect the data

To calculate the ISR correction factor, we need the
full information of the observed cross section σobs depen-
dence on the energy squared s, not only the discrete ex-
perimental data. Five methods to connect the observed
cross sections at discrete energy points (the cross section

at the threshold is fixed to zero) are considered and listed
below.

1) Linear interpolation, connecting the experimental
data points with straight lines.

2) Cubic spline interpolation with natural boundary
conditions1). The second derivatives at both ends are
zero.

3) Cubic smoothing spline2).
4) B-spline interpolation of order three3).
5) B-spline with uniformly placed knots4).
(Only the linear interpolation is considered for

e+e−→D∗+s D∗−s and D∗D̄∗π.)
In addition, BaBar and Belle have published the ex-

clusive cross sections of some channels of charm produc-
tion in e+e− annihilation at the energy region overlap-
ping with that of CLEO-c. In order to make our re-
sults more reliable, for a given channel we combine the
data of CLEO-c with those of BaBar or Belle and con-
nect them with linear interpolation as an additional con-
nection method, as illustrated in Fig. 1. To be spe-
cific, we consider the data of BaBar [10] for the chan-
nel e+e− → D∗0D̄0 +c.c, Belle [12] for D0D̄0, D+D−,
Belle [13] for D∗+D−+c.c., D∗+D∗−, and Belle [16] for
D+

s D
−

s , D
∗+
s D−s +c.c.. Since both BaBar and Belle obtain

their results using the ISR method, we do not apply the
ISR correction to their data.

Fig. 1. (color online) Illustration of the additional
linear connection curve (dashed line) for e+e−→

D∗0D̄0+c.c., where the Belle data [13] and CLEO-c
data are combined (only statistical errors shown
here). This curve serves as the initial input of
the ISR factor calculation for the additional con-
nection method and is then updated within the
iterative procedure described later in the text.

A comparison of the six curves for the channel e+e−→
D∗+D−+c.c. is shown in Fig. 2.

For the channel e+e−→D0D̄0 and e+e−→D+D−, the
energy points, from

√
s=3.970 to 4.260 GeV at which

CLEO-c [18] experiment is performed, are far from the

1) pp = csape(x, y, ’second’) in Matlab, http://mathworks.com/help/curvefit/csape.html

2) pp = csaps(x, y) in Matlab, http://mathworks.com/help/curvefit/csaps.html

3) pp = spapi(3, x, y) in Maltab, http://mathworks.com/help/curvefit/spapi.html

4) values = spcrv([x; y], 3) in Matlab, http://mathworks.com/help/curvefit/spcrv.html
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Fig. 2. (color online) The connection curves of the
cross sections for e+e−→D∗+D−+c.c.. The Belle
data are from Ref. [13].

production thresholds around 3.74 GeV. We use the ex-
perimental data from Belle [12] to fill the energy gap.

3.2 Iteration

The ISR correction factor is obtained in an iterative
method via

σobs
i+1(s)=

∫ xm

0

F (x,s)σdre
i (s(1−x)) dx, (7)

1+δi+1(s)=σ
dre
i (s)/σobs

i+1(s), (8)

σdre
i+1(s)=(1+δi+1(s))σ

obs(s) (9)

with σdre
0 (s) = σobs(s). The iteration is continued un-

til the difference between the two consecutive results is
smaller than the given upper limit, 1% of the statistical
error of the observation. The results from the last iter-
ation, denoted by σdre

f (s) and 1+δf(s), are regarded as
the final dressed cross section and ISR correction factor,
respectively.

For example, following the above iteration procedure,
we get the ISR correction factors for e+e−→D∗+D−+c.c.
with the linear interpolation and the results converge
quickly, as shown in Fig. 3.

Fig. 3. (color online) The ISR correction factors
1+δ(s) for e+e−→D∗+D−+c.c. with the linear
interpolation of the cross sections after iterations.

4 Dressed cross sections

We can get the dressed cross sections simultaneously
with the ISR correction factors from the observed cross
sections via Eq. (9). Besides the connection methods,
the errors of the observed cross sections also impact the
obtained dressed cross sections. The systematic errors of
the CLEO-c experiment are postulated to be the same
percentage of the central values of the observed cross
sections (Table III in Ref. [18]), which have no modifi-
cation to the line shape and in turn the ISR correction
factors. (For e+e−→D0D̄0 and D+D−, the systematic
errors should be treated in the same way as the statis-
tical errors, since Belle data are involved and their sys-
tematic errors are independent of those of the CLEO-c
data.) While considering the statistical errors of the ob-
served cross sections which are independent between en-
ergy points, the line shape and the obtained dressed cross
sections could be different. To investigate the effects of
the statistical errors of the observation on the dressed
cross sections, we perform samplings of the σdre

0 (s) ac-
cording to a Gaussian distribution at each energy point,
where the mean value and the standard deviation of the
Gaussian distribution are the central value and the sta-
tistical error of the observed cross section, respectively.
(The negative cross sections from the samplings are dis-
carded.) Following the iteration procedure with a certain
connection method, we obtain the dressed cross sections
for each sampling.

After 30,000 samplings we get a distribution of the
dressed cross section at each energy point. We find that
most results satisfy a Gaussian distribution, so the fitted
mean and standard deviation are taken as the central
value and the statistical error of the dressed cross sec-
tion. However, at some energy point the observed cross
section is so small that it is possible to get some sampled
values which yield very small (going to zero during itera-
tions) ISR factors or equivalently very small dressed cross
sections. This also indicates that at these energy points
all the observed events could be from ISR. For these re-
sults, if there is a small amount of σdre

f (s) accumulating
at zero, we ignore it and still try to fit the sampling re-
sults with Gaussian distributions (Fig. 4(a)), and if the
accumulation at zero dominates, we try to estimate the
upper limit for the dressed cross section (Fig. 4(b)).

Different results are obtained after applying the cal-
culation procedure with different connection methods,
denoted by σdre

i = αi±εsta,i where αi and εsta,i are the
central value and the statistical error respectively from
the i-th connection method. As an example, the re-
sults with different connection methods for the chan-
nel e+e−→D∗+D−+c.c. are illustrated in Fig. 5. The
final dressed cross section is expressed in the form of

σdre = α±εsta
+εISR+

sys

−ε
ISR−
sys

(the systematic error of CLEO-c
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measurements is not included here) where the central
value α and the statistical error εsta are from the lin-
ear interpolation method, and the systematic error εISR±

sys

is derived from the total error εISR±
tot and the statistical

error εsta by εISR±
sys ≡

√

(εISR±
tot )2−(ε±sta)2. At each energy

point the upper/lower value of the total error from the
ISR correction is estimated by

εISR+
tot =max({αi+εsta,i−α}), (10)

εISR−
tot =max({α−αi+εsta,i}) (11)

where max({xi}) yields the maximum xi. Note that
εISR±
sys is just an estimation of the uncertainty from the
connection methods. For the simulation results de-
scribed by the 90% upper confidence limit, we just take
the biggest upper limit among these different connection
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Fig. 4. (color online) Examples of simulation re-
sults not satisfying Gaussian distributions. It is
acceptable to describe (a) with a truncated Gaus-
sian distribution while for (b) we only estimate an
upper limit.

Fig. 5. (color online) The dressed cross sections
from different connection methods for e+e− →

D∗+D−+c.c.

methods as the result considering the systematic uncer-
tainties from the correction methods.

5 VP factors and Born cross sections

To obtain the Born cross sections, we divide the
dressed cross sections by the VP factors 1/|1−Π(s)|2,
which are calculated in Ref. [19] and listed in Appendix .
The obtained exclusive Born cross sections are shown in
Fig. 6 and listed in Appendix .
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Fig. 6. (color online) Born (corrected) and ob-
served cross sections for the exclusive open charm
meson productions in e+e− annihilation with
combined statistical and systematic (only ε

ISR±
sys

for the corrected cross sections) errors.

Summing up all the exclusive cross sections in Fig. 6,
we can obtained the inclusive Born cross section. At
most of the energy points the exclusive results have sym-
metric statistical errors so the summing up is straight
forward. For some energy points, part of the exclusive
results have asymmetric statistical errors. In such cases,
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we also try to obtain the summed results through a toy
MC method. We sum the exclusive cross sections after a
certain sampling for each channel and get distributions
for the summed cross section after the 30,000 samplings
(see Section 4). These distributions are quite symmetric
and can be fitted by a Gaussian distribution to yield the
central value σB

inc and the statistical error εISR
sta,inc. The

systematic errors from ISR for the summation are all
estimated by

εISR±
sys,inc=

√

∑

i

(εISR±
sys,i )

2, (12)

assuming the systematic errors of different exclusive
channels are independent, where i is the index of exclu-
sive channels. As mentioned in Section 4, the systematic
errors of the original measurement are assumed to be
the same percentage of the central values within a cer-
tain channel. For the Born cross section, the same per-
centage of the central values are taken directly as part of
the systematic errors for this channel, denoted by εCLEOc

sys,i .
Assuming that this part of systematic errors for different
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Fig. 7. (color online) Comparison between the ra-
diative correction performed by CLEO-c and this
study. The “exclusive” curves represent the sum-
mation of exclusive cross sections. In Ref. [18],
the total charm cross sections determined by sum-
ming up the exclusive measurements (blue dashed
line) and by inclusive charm counting method (red
dashed line) are not exactly the same. It is there-
fore clearer to compare the nominal overall radia-
tive correction factors, shown in the second figure
here.

channels are independent, they are summed up in the
same way as Eq.(12) to yield this part of the system-
atic error of the inclusive Born cross section, denoted by
εCLEOc
sys,inc . Putting what we obtained above together, we
get the final results for the inclusive Born cross section
for e+e− annihilation into open charm final states, which
are listed in Appendix .

A comparison between the inclusive Born cross sec-
tion obtained by this study and by CLEO-c is illustrated
in Fig. 7. The top figure shows the cross sections and the
bottom one shows the differences between the nominal
overall radiative correction factors (1+δ)·|1−Π|2=σB/σobs.
No significant difference is observed. In principle, it is
more reasonable to obtain the inclusive cross section by
summing up the exclusive ones because by treating each
channel separately, the individual open-charm produc-
tion thresholds and different exclusive cross section line
shapes can be implemented in the ISR correction.

6 Summary and discussion

In summary, we have obtained the Born cross sec-
tions for charm production in e+e− annihilation after
correcting the observed cross sections measured by the
CLEO-c experiment for initial state radiation and vac-
uum polarization. A Monte Carlo sampling method is
used to estimate the uncertainty of the corrected cross
sections caused by the original statistical errors. The
uncertainty from the connection of the observations at
discrete energy points is estimated with different con-
nection methods when we determine the errors of the
Born cross sections and regarded as a part of the sys-
tematic error. It turns out that such systematic errors
are of the same order of magnitude as the statistical er-
rors. In addition, we make our results more reliable by
taking the corresponding data obtained by the Belle and
BaBar collaborations into consideration.

The Born cross sections for the exclusive open charm
meson productions in e+e− annihilation, which are from
the observations at CLEO-c corrected for ISR and VP
effects, can provide more conventional information to de-
termine the relative decay strength into different charm
mesons for the charmonium(-like) states in the open
charm region and can be easily compared or combined
with the results from other experiments. Besides, the
summation of the radiatively corrected exclusive cross
sections, which is more reliable than that obtained by
correcting the observed inclusive cross section directly,
can be used in the calculation of the anomalous mag-
netic moment of muon g−2 and the vacuum polarization
factor 1/|1−Π(s)|2.
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Appendix A

Inclusive Born cross sections and vacuum polarization factors

Table A1. Inclusive Born cross sections and VP factors (from Ref. [19]) at the 13 energy points. σB
inc is the inclusive

Born cross section. The following four columns are different types of errors of the inclusive Born cross section
defined in the text. The last column is the VP factor.

√
s/GeV σB

inc/nb εISR
sta,inc/nb εISR+

sys,inc/nb εISR−
sys,inc/nb εCLEOc

sys,inc /nb 1/|1−Π(s)|2

3.970 5.73 0.24 0.25 0.25 0.14 1.0480 ± 0.0009

3.990 6.92 0.32 0.35 0.37 0.17 1.0472 ± 0.0008

4.010 8.45 0.20 0.26 0.22 0.20 1.0445 ± 0.0008

4.015 9.99 0.64 0.71 0.70 0.23 1.0448 ± 0.0008

4.030 12.96 0.50 0.52 0.59 0.25 1.0492 ± 0.0008

4.060 11.54 0.48 0.56 0.56 0.23 1.0517 ± 0.0009

4.120 9.64 0.47 0.55 0.49 0.20 1.0508 ± 0.0007

4.140 9.93 0.41 0.44 0.44 0.22 1.0524 ± 0.0007

4.160 10.01 0.29 0.29 0.33 0.22 1.0527 ± 0.0007

4.170 9.48 0.09 0.10 0.13 0.20 1.0546 ± 0.0007

4.180 8.99 0.40 0.40 0.41 0.20 1.0553 ± 0.0007

4.200 7.29 0.49 0.50 0.60 0.17 1.0564 ± 0.0007

4.260 3.81 0.19 0.21 0.21 0.15 1.0521 ± 0.0006

Exclusive Born cross sections

Table A2. The Born cross sections for final states consisting of two neutral non-strange charm mesons. The first
error of each cross section is statistical and the second is systematic (εISR

sys ). The upper limits are at 90% confidence
level.

√
s/GeV σB(D0D̄0)/nb σB(D∗0D̄0+c.c.)/nb σB(D∗0D̄∗0)/nb

3.970 < 0.033 2.800 ± 0.165+0.020
−0.001 ···

3.990 0.076 ± 0.056+0.001
−0.072 3.319 ± 0.218+0.091

−0.130 ···
4.010 < 0.044 4.007 ± 0.032+0.118

−0.035 ···
4.015 < 0.005 4.752 ± 0.442+0.212

−0.253 0.377 ± 0.132+0.001
−0.028

4.030 0.385 ± 0.102+0.040
−0.075 3.605 ± 0.262+0.114

−0.156 2.813 ± 0.178+0.001
−0.165

4.060 0.443 ± 0.100+0.073
−0.072 2.268 ± 0.199+0.161

−0.001 2.817 ± 0.179+0.001
−0.149

4.120 0.283 ± 0.091+0.046
−0.061 1.296 ± 0.173+0.075

−0.001 2.929 ± 0.198+0.001
−0.001

4.140 0.114 ± 0.057+0.024
−0.072 1.280 ± 0.142+0.057

−0.001 2.725 ± 0.164+0.033
−0.024

4.160 0.120 ± 0.041+0.001
−0.052 1.171 ± 0.098+0.040

−0.001 2.874 ± 0.118+0.001
−0.056

4.170 0.139 ± 0.016+0.001
−0.021 1.217 ± 0.033+0.026

−0.076 2.546 ± 0.035+0.018
−0.030

4.180 0.144 ± 0.058+0.001
−0.032 1.134 ± 0.135+0.040

−0.001 2.280 ± 0.153+0.001
−0.047

4.200 0.149 ± 0.075+0.012
−0.033 0.906 ± 0.170+0.060

−0.001 1.831 ± 0.193+0.001
−0.062

4.260 0.036 ± 0.024+0.006
−0.024 1.038 ± 0.077+0.087

−0.029 < 0.006

Table A3. The Born cross sections for final states consisting of two charged non-strange mesons. The first error of
each cross section is statistical and the second is systematic (εISR

sys ). The upper limits are at 90% confidence level.
√
s/GeV σB(D+D−)/nb σB(D∗+D−+c.c.)/nb σB(D∗+D∗−)/nb

3.970 0.048 ± 0.040+0.001
−0.025 2.743 ± 0.162+0.049

−0.020 ···
3.990 0.017 ± 0.030+0.022

−0.001 3.343 ± 0.219+0.088
−0.067 ···

4.010 0.090 ± 0.033+0.001
−0.069 3.985 ± 0.186+0.107

−0.001 ···
4.015 < 0.035 4.545 ± 0.427+0.210

−0.133 ···
4.030 0.190 ± 0.052+0.031

−0.028 3.769 ± 0.260+0.037
−0.134 2.007 ± 0.245+0.069

−0.098

4.060 0.558 ± 0.079+0.111
−0.057 2.183 ± 0.194+0.183

−0.001 3.034 ± 0.298+0.018
−0.210

4.120 0.291 ± 0.066+0.088
−0.038 1.506 ± 0.174+0.055

−0.001 2.593 ± 0.296+0.238
−0.107

4.140 0.146 ± 0.043+0.022
−0.034 1.291 ± 0.138+0.072

−0.060 2.940 ± 0.274+0.104
−0.103

4.160 0.164 ± 0.031+0.019
−0.015 1.331 ± 0.098+0.001

−0.025 2.762 ± 0.190+0.001
−0.140

4.170 0.141 ± 0.014+0.013
−0.010 1.205 ± 0.032+0.041

−0.034 2.566 ± 0.043+0.001
−0.032

4.180 0.169 ± 0.041+0.018
−0.015 1.241 ± 0.128+0.042

−0.001 2.260 ± 0.256+0.001
−0.054

4.200 0.148 ± 0.051+0.021
−0.022 0.942 ± 0.161+0.057

−0.028 1.482 ± 0.300+0.001
−0.319

4.260 0.048 ± 0.018+0.006
−0.046 0.954 ± 0.071+0.093

−0.049 < 0.038
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Table A4. The Born cross sections for final states consisting of two strange charm mesons. The first error of each
cross section is statistical and the second is systematic (εISR

sys ). The upper limits are at 90% confidence level. The
systematic error (εISR

sys ) for e
+e−→D∗+s D̄∗−s is not estimated so only the statistical one is presented.

√
s/GeV σB(D+

s D−s )/nb σB(D∗+s D−s )/nb σB(D∗+s D∗−s )/nb

3.970 0.136 ± 0.035+0.001
−0.031 ··· ···

3.990 0.168 ± 0.043+0.015
−0.067 ··· ···

4.010 0.349 ± 0.042+0.001
−0.025 ··· ···

4.015 0.308 ± 0.092+0.012
−0.034 ··· ···

4.030 0.191 ± 0.052+0.007
−0.107 ··· ···

4.060 0.043 ± 0.032+0.009
−0.020 ··· ···

4.120 0.026 ± 0.029+0.010
−0.001 0.630 ± 0.085+0.020

−0.066 ···
4.140 0.023 ± 0.025+0.006

−0.001 0.867 ± 0.082+0.015
−0.026 ···

4.160 < 0.014 1.125 ± 0.018+0.001
−0.017 ···

4.170 0.034 ± 0.005+0.001
−0.016 1.104 ± 0.017+0.002

−0.011 ···
4.180 < 0.027 1.042 ± 0.087+0.001

−0.015 ···
4.200 0.017 ± 0.026+0.015

−0.001 0.914 ± 0.114+0.001
−0.034 ···

4.260 0.051 ± 0.027+0.008
−0.041 < 0.001 0.585 ± 0.036

Table A5. The Born cross sections for final states consisting of two charm mesons and an extra pion. The first error
of each cross section is statistical and the second is systematic (εISR

sys ). The systematic error (εISR
sys ) for e

+e−→D∗D̄∗π
is not estimated so only the statistical one is presented.

√
s/GeV σB(D∗D̄π+c.c.)/nb σB(D∗D̄∗π)/nb

4.060 0.201 ± 0.114+0.001
−0.048 ···

4.120 0.076 ± 0.090+0.076
−0.050 ···

4.140 0.544 ± 0.121+0.001
−0.052 ···

4.160 0.464 ± 0.084+0.034
−0.001 ···

4.170 0.532 ± 0.032+0.016
−0.001 ···

4.180 0.714 ± 0.135+0.029
−0.001 ···

4.200 0.895 ± 0.179+0.001
−0.057 ···

4.260 0.703 ± 0.120+0.001
−0.090 0.393 ± 0.082
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