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Supersymmetric AdS4 vacua in N=3 gauged supergravity
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Abstract: We study the maximally supersymmetric AdS backgrounds of matter-coupled N=3 gauged supergravity

in four dimensions. We find that to admit supersymmetric AdS vacua, the gauge group can only be of the form

G0×H⊂SO(3,n) with G0=SO(3),SO(3,1) or SL(3,R) and H a compact group of dimension n+3−dim(G0). We also

show that these AdS vacua have no moduli, namely they correspond to critical points in field space.
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1 Introduction

The AdS/CFT correspondence has been extensively
studied since its original proposal. Among the vari-
ous specific correspondences, the AdS4/CFT3 correspon-
dence is especially interesting and important in many as-
pects. For example, it gives fruitful implications for the
dynamics of the worldvolume theory of M2-branes [1, 2],
and for condensed matter physics systems [3, 4].

Apart from the N = 1,2,4,8 cases, the AdS4 back-
ground with N=3 supersymmetry generally arises from
a compactification of eleven-dimensional supergravity
on a tri-Sasakian manifold, for example, N 010 [5]. Its
Kaluza-Klein spectrum and the properties of dual su-
perconformal field theories (SCFT) have been studied in
many articles. Also, this AdS4×N 010 compactification
can be described by an effective four-dimensional N =3
gauged supergravity [6, 7] which is coupled to 8 vector
multiplets and has a SO(3)×SU(3) gauge group. In
the AdS/CFT viewpoint, the SO(3) factor corresponds
to the SO(3) R-symmetry, and the SU(3) factor to the
flavor symmetry of the dual N = 3 SCFT in three di-
mensions with OSp(3|4)×SU(3). Furthermore, some
supersymmetric deformations and generalizations have
been researched in these years (see Ref. [8] and refer-
ences therein).

Besides the above compact gauge group, one can still
consider other types of gauge groups. In this paper, we
will consider N=3 gauged supergravity theories with ar-
bitrary n matter multiplets and study their AdS vacua
and moduli spaces, which encode useful information for
the corresponding SCFTs. We will find that, though
the N =3 supergravities can have various compact and
noncompact gauge groups, to allow the maximally super-

symmetric AdS vacua to exist, the constraints will reduce
the group to only three forms. Furthermore, in the AdS
vacua all the allowed gauge groups break spontaneously
to their maximal compact subgroups. Meanwhile, the
flat directions of the potential become Goldstone bosons
of the symmetry breaking, which suggests that no moduli
of the field space can exist.

This paper is organized in the following way. In Sec-
tion 2, we briefly review the basic properties of matter-
coupled four-dimensionalN=3 gauged supergravity that
will be needed in the following analysis. In Section 3, we
analyze the conditions for the existence of maximally su-
persymmetric N = 3 AdS4 backgrounds and determine
the allowed structure of the full gauge groups. In Sec-
tion 4, we show that the supersymmetric AdS vacua have
no moduli, namely they correspond to critical points in
field space. The conclusion is given in Section 5.

2 N=3 gauged supergravities

We begin with a brief review of the general struc-
ture of matter-coupled N = 3 gauged supergravity in
d = 4 spacetime dimensions [9]. We will take most of
the conventions in Refs. [9, 10] with the metric signature
(−,+,+,+).

The generic spectrum consists of the supergravity
multiplet and n vector multiplets. The supergravity
multiplet contains the graviton gµν , three gravitini ψµA,
three vector fields AµA, and one spin-1/2 fermion χ. The
indices A,B,···=1,2,3 denote the SU(3)R R-symmetry
triplets. The n vector multiplets will be labeled with the
indices i,j=1,...,n, and each multiplet contains a vector
Ai

µ, four spin-1/2 gaugini λ
i
A,λ

i, which form a triplet and
a singlet of SU(3)R, and three complex scalars ziA. The
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chirality condition of all fermionic fields are

γ5ψµA=ψµA, γ5ψ
A
µ =−ψ

A
µ , γ5χ=χ,

γ5λA=λA, γ5λ
A=−λA, γ5λ=−λ. (1)

The 3n complex scalars or 6n real scalars ziA of the
vector multiplets form the coset manifold

M=
SU(3,n)

SU(3)×SU(n)×U(1)
. (2)

This coset can be parameterized by the coset representa-
tive LΛ

Σ with the indices Λ,Σ,···=(A,i),···=1,...,n+3,
which can be further split as LΛ

Σ=(LΛ
A,LΛ

i). LΛ
Σ is an

element of SU(3,n), and therefore suggests the metrics of
the canonical SU(3,n) and the manifoldM respectively

ηΛΣ = L∗

Λ
ALΣ

A−L∗

Λ
iLΣ

i, (3)

MΛΣ = L∗

Λ
ALΣ

A+L∗

Λ
iLΣ

i, (4)

where ηΛΣ=(δAB,−δij).
The three vector fields AA from the gravity multi-

plet and the n vector fields Ai from the vector multi-
plets can be collectively denoted as AΛ = (AA,Ai). As
argued in Ref. [10], accompanied with their magnetic
dual, these n+3 electric vector fields generally transform
in the fundamental representation (n+3)C of SU(3,n).
But the Lagrangian containing only electric fields is in-
variant only under the subgroup SO(3,n) of the global
SU(3,n). Then all possible gauge groups should be sub-
groups of SO(3,n), and this leads to the result that the
electric gauge fields transform only among themselves.
Therefore a real fundamental representation (3+n)R of
SO(3,n) will become the representation in which the ad-
joint representation of the gauge group is embedded.

To gauge a particular subgroup G ⊂ SO(3,n) ⊂
SU(3,n), the structure constants fΛΣ

Γ which appear in
the gauge algebra,

[TΛ,TΣ]=fΛΣ
ΓTΓ , (5)

where TΛ are gauge generators, should satisfy two con-
ditions,

fΛΣΓ=fΛΣ
ΠηΠΓ = f[ΛΣΓ ], (6)

f[ΛΣ
∆fΓ ]∆

Π = 0, (7)

which are the well-known linear and quadratic con-
straints, respectively.

The bosonic Lagrangian, which only contains non-
vanishing metric and scalars, is

e−1L=
1

4
R−

1

2
PAi
µ P µ

Ai−V, (8)

where PAi
µ is the veilbein of the coset manifold (2) and

is given by the (A,i)−components of the Maurer-Cartan
form

ΩΛ
Γ=L−1

Λ
Σ
(

dLΣ
Γ+fΣ

∆ΠA∆LΠ
Γ
)

. (9)

The scalar potential is written as

V =−2SABS
AB+

2

3
UAU

A+
1

6
NiAN

iA+
1

6
MiB

AMiB
A, (10)

where after dressing the structure constants,

CΛ
ΣΓ=LΠ

ΛL−1
Σ
∆L−1

Γ
Ξf∆Ξ

Π , (11)

the fermion-shift matrices are defined by:

SAB =
1

4

(

εBCDCA
CD+εABCCD

DC
)

UA = −
1

4
CB

BA, NiA=−
1

2
εABCCi

BC ,

MiA
B =

1

2

(

δBACiD
D−2CiA

B
)

. (12)

The potential can also be expressed as

V =
1

8
|CiA

B|2+
1

8
|Ci

AB|2−
1

4

(

|CA
BD|2−|CA|

2
)

, (13)

where CA=−CAB
B.

We still need the supersymmetric transformations of
the fermions, which will take important roles for finding
supersymmetric solutions in the following section:

δψµA = DµεA+SABγµε
B, (14)

δχ = UAεA, (15)

δλi = −PA
iµγ

µεA+NiAε
A, (16)

δλiA = −PB
iµγ

µεABCε
C+MiA

BεB. (17)

The covariant derivative of the parameter εA is defined
as

DµεA=∂µεA+
1

4
ωab
µ γabεA+QµA

BεB+
1

2
nQµεA, (18)

where QA
B and Q are the SU(3)×U(1) composite con-

nections.

3 Maximally supersymmetric AdS back-

grounds

Now we follow the strategy of Refs. [11–13] and study
the conditions for the theory to admit maximally super-
symmetric AdS vacua. For the supersymmetry to be un-
broken, we need that in the background all the variations
of the fermion fields (14)-(17) vanish,

〈

δψµA

〉

=
〈

δχ
〉

=
〈

δλi
〉

=
〈

δλiA
〉

=0, (19)

where
〈

·
〉

suggests that we calculate the quantity in the
AdS vacua. As γµ and the identity matrix are linearly in-
dependent from each other, the vanishing of

〈

δλi
〉

infers
that

NiA=−
1

2
εABCCi

BC=0, (20)

in which Eq. (12) is used. Then we can get

CiAB=0. (21)
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This is also the condition we can get from MiA
B=0 by

〈

δλiA
〉

=0. The condition
〈

δχ
〉

=0 also suggests

UA=−
1

4
CB

BA=0. (22)

With these results, we conclude that the background
value of the scalar potential V (13), which is equal to the
cosmological constant, is reduced to

Λ=
〈

V
〉

=−
1

4
|CABC |

2. (23)

We see that as long as CABC is nontrivial the background
is indeed AdS. Actually, as we will show below, these
structure constants always form a group SO(3) and take
the form CABC = gεABC where g is the coupling con-
stant. Then the maximally supersymmetric AdS vacua
infer that

Λ=
〈

V
〉

=−
3

2
g2. (24)

For further analysis, we still need to specify the fol-
lowing structure constants:

CABC , CAij , Cijk. (25)

Different choices of these structure constants will lead
to different gauged supergravities that admit the above
maximally supersymmetric AdS4 vacua. Now we will
use the linear and quadratic constants (6), (7) to find
the various possible gauge groups.

Firstly, for the most simple case, we can let all
CAij =Cijk = 0, and only CABC 6= 0. Then Eq. (7) be-
comes the usual Jacobi identity and Eq. (6) shows that
these non-vanishing structure constants should take the
form CABC=gεABC , which form an SO(3) algebra. Ac-
tually this corresponds to the pure gauged supergravity
with no vector multiplets.

For the case CAij=0 but CABC 6=0, Cijk 6=0, Eq. (7)
becomes two separate Jacobi identities for CABC and
Cijk, which forms two commuting compact groups. The
gauge group is therefore

G=SO(3)×H⊂SO(3,n), (26)

where SO(3) is related to the unbroken R-symmetry of
the theory, and H is a compact subgroup of SO(n). As
G is compact, clearly it satisfies Eq. (6).

Now we analyse the most general case where all
CABC ,CAij ,Cijk in Eq. (25) can take non-vanishing val-
ues. For this case, we can choose a specific vector mul-
tiplet basis so as to split Cijk into two disjoint subsets
Cı̃̃k̃ and Cı̂̂k̂, where the former subset has no common
indices with CAij . Then from Eq. (7) these Cı̃̃k̃ sat-
isfy the usual Jacobi identity again, and correspond to a
group H⊂SO(q), q≤n. The remaining CABC ,CAı̂̂ and
Cı̂̂k̂ correspond to a non-compact group G0⊂SO(3,m),
m=n−q. Clearly SO(3) is a subgroup of G0. Then we

get the total gauge group

G=G0×H⊂SO(3,n). (27)

Generally, as with other gauge supergravities, we can
further suppose that the gauge group G should be semi-
simple. The Cartan-Killing form of G0 must be embed-
dable in the SO(3,n) canonical metric ηΛΣ (3), and this
says that G0 can have at most three compact or three
non-compact generators. Still consideringG0 should con-
tain SO(3) as a subgroup, the only possibilities are

G0=SO(3), SO(3,1), SL(3,R). (28)

This is in agreement with the result in Ref. [10]. It is
worth noting that the compact group H takes no role in
the AdS vacua, consistent with the fact that all scalars
in the coset manifold are H singlets.

For the N =3 gauge supergravity, besides the above
forms of G0, this group factor can still take the following
forms

G0=SO(2,2), SO(2,1), SO(2,1×SO(2,2). (29)

These G0×H satisfy the constraints (6) and (7) and so are
admissible gauge groups. But as analyzed in Ref. [10],
all these gauge supergravity theories will either give no
AdS vacua or suggest that the AdS vacua are neither
supersymmetric nor stable.

4 Moduli spaces of AdS background

We have determined the N=3 maximally supersym-
metric AdS4 backgrounds, and now we begin to study
the moduli spaces of these backgrounds. The moduli are
the flat directions of the manifold M (2) that are not
specified by the conditions (19). To do so, we vary the
supersymmetry conditions

δNiA=δMiA
B=δUA=0, (30)

and look for their continuous solutions in the vicinity of
the supersymmetric background.

As stated below (4) in Section 2, though we origi-
nally have 3n complex scalars ziA, when considering the
gauge groups which transform the vector fields among
themselves but not with their magnetic dual, the global
SU(3,n) is restricted to SO(3,n). At the same time, its
complex, fundamental representation (3+n)C can also
split into two real, fundamental representation (3+n)R

of SO(3,n). In the gauged (3+n)R, the corresponding
scalar fields are real and we denote them as φiA.

Then we parameterize the variations of the coset rep-
resentative,

δLΛ
A=

〈

LΛ
i
〉

δφiA, δLΛ
i=

〈

LΛ
A
〉

δφiA, (31)

and the variations of their inverse,

δL−1
A
Λ=

〈

L−1
i
Λ
〉

δφiA, δL−1
i
Λ=

〈

L−1
A
Λ
〉

δφiA. (32)
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Then as discussed in Ref. [11], the only nontrivial
condition of Eq. (30) is

δCABi=−CABCδφ
i
C+2Cij[Aδφ

j

B], (33)

and all solutions of this equation take the form

δφAi=CAijλ
j . (34)

where λj are some real parameters. In these equations
(also in the following) we suppress the bracket

〈

·
〉

to
simplify the notation. As we have split the index i into
ı̃ and ı̂, with CAı̃̃=0, Eq. (34) actually is

δφAı̂=CAı̂̂λ
̂, δφAı̃=0. (35)

For all the nontrivial scalars δφAı̂, we note that the
(A,ı̂)-components of the gauged Maurer-Cartan form (9)
are

PAı̂=L
−1
A

ΛdLΛı̂+CAı̂̂A
̂. (36)

This form appears quadratically in the bosonic La-
grangian (8) and therefore suggests a mass term for ev-
ery Aı̂ in the preimage of CAı̂̂. As there is precisely
one massive vector Aı̂ for every λı̂, we conclude that
all non-trivial scalars (35) are Goldstone bosons eaten
by massive vectors. Therefore there are no physical flat
directions left and the moduli spaces only consist of crit-
ical points in the field space. For a further step, as CAı̂̂

correspond to non-compact generators of G0, the mas-
sive vectors also break the gauge group to its maximally

compact subgroup

G=G0×H→SO(3)×H. (37)

5 Conclusion

In this paper, we have studied the AdS backgrounds
and the moduli spaces of the matter-coupled four-
dimensional N = 3 gauged supergravity theories. We
have shown that though these gauge supergravities can
have various compact and noncompact gauge groups, to
admit the maximally supersymmetric stable AdS vacua,
the constraints on the structure constants will reduce the
group to only three forms, namely G0×H⊂SO(3,n) with
G0=SO(3),SO(3,1),SL(3,R) and H a compact group of
dimension n+3−dim(G0). We have further shown that in
the maximally supersymmetric AdS vacua all the allowed
gauge groups break spontaneously to their maximal com-
pact subgroups, which suggests that the flat directions
of the potential becomes Goldstone bosons and are eaten
by the massive vector fields. Then no moduli of the field
space can exist.

Finally we note that all gaugings studied here involve
only electric vector fields, namely they are of electric
type. But similar to Ref. [14], we expect searches for
more general gaugings in which the dual magnetic fields
are also involved and some other possible gauge groups
may arise.
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