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Abstract: We studied the m = 0 limit of different components of Wigner functions for massive fermions. Comparing

with the chiral kinetic theory, we separated the vanishing and non-vanishing parts of vector and axial-vector compon-

ents, up to the first order of #. Then, we discussed the possible physical meaning of the vanishing and non-vanishing

parts and their different behaviors at thermal equilibrium.
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1 Introduction

It is widely believed that in relativistic heavy-ion col-
lisions (HICs), a new phase of matter called quark-gluon
plasma (QGP) is created [1, 2]. In non-central HICs, a
strong magnetic field is created by fast moving nuclei [3,
4]. Furthermore, these systems have a large total angular
momentum or vorticity in the fluid picture [5]. The ef-
fects of magnetic field and vorticity on QGP systems
have been of great interest, both experimentally and the-
oretically, in recent years. These include various anomal-
ous transport phenomena, such as the chiral magnetic ef-
fect (CME) [6-8] and chiral vortical effect (CVE) [8-10].
The vorticity also has a direct effect on the polarization of
the hadrons produced during freeze-out [11-13]. The po-
larization of A hyperons has been measured by the STAR
collaboration [14], and the results indeed indicate a non-
zero spin alignment in the direction of the total angular
momentum.

Due to chiral symmetry restoration, in QGP, the u and
d quarks have only a very small current mass and are of-
ten treated as chiral fermions. However, it is still worth
checking whether the effect of finite mass is really negli-
gible. Moreover, A hyperons consist of s quarks, whose
mass is larger and cannot be ignored. Therefore, the the-
oretic study of massive fermions is as important as that of
massless ones.

Because these phenomena are closely related to the
evolution of quantum systems, kinetic theory is a natural
choice for studying them [15-18]. Based on the Wigner
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function formalism [19-22], the kinetic theories of both
massive [23-25] and massless fermions [26-34] are stud-
ied. One of the advantages of the Wigner function form-
alism is that it includes spin degree of freedom naturally,
which is essential in the study of magnetic field and vorti-
city related phenomena. Further, it is possible to connect
the kinetic description to the hydrodynamic one [31, 35-
37], as the latter is used in the quantitative simulation of
HIC events.

Although for spin 1/2 particles one expects that the
m =0 limit of massive representation would connect to
the massless one smoothly, this is not explicitly shown in
the Wigner function formalism, especially when quantum
correction is taken into consideration. This is also related
to the translation or definition of different components in
this theory. More detailed discussions can be found in
[23, 24].

In this paper, we propose a way of splitting the axial
vector component of the Wigner function. With this split-
ting, we show that the massive Wigner function can in-
deed go back to the massless one. We also show that our
splitting has a certain physical meaning. We will first in-
troduce the structure of Wigner function formalism for
both massive and massless fermions and their solution up
to the 1st order of 7. Then, we demonstrate how to separ-
ate both the vector component and the axial vector com-
ponent into a vanishing part and a non-vanishing part in
the m =0 limit, as well as the physical meaning of the
non-vanishing part. At the end, we briefly discuss some
possible equilibrium distributions.
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2 Covariant Wigner function

The covariant Wigner function for spin 1/2 fermions
in the presence of an external electromagnetic field is
defined as [20]

il j dsA(x+sy)y y
I b+ 2),

(M

1
iqff% dsA(x+sy)y is

Wap(x, p) = f d*yel s (P (x - %)e

where ¢ is the charge of a fermion, and e
the gauge link that ensures gauge invariance. As we are
considering "free" fermions without fermion-fermion in-
teractions, the Wigner function follows the kinetic equa-
tion

ih
VTl +9* =Dy —m)W =0, )
where
IT, = p, —thz dssF,,(x—ihsd )0}, 3)
D,=d,~q f dsFy (- ifis,)). @)

W satisfies the relationship yoW'yy = W, so it can be
decomposed using the Dirac matrices [38]

1 :
W=7 [F(x, p)+1iysP(x, p) + v, V*(x, p) + v, vsAH (x, p)

1
+ EO'#VSHV(X,[?)]. Q)

Inserting Eq. (5) into Eq. (2), we arrive at the equa-
tions for all components:

"V, = mF, (6)
h
ED'UA# = mP, (7)
1
I, F = SAD'S = mV, ®)
—hD,P + €,5pI1"S 7P = 2mA,,, )
1
Eh(D" Vy =D,V + €uopll” AP = mS (10)
and
hD*V, =0, (11)
#A,, =0, (12)
1 4
SADuF +11'S =0, (13)
h VQop
I, P+ ZG”WPD S =0, (14)
h (o
TV, = T1,V, = 5 o D7 AP = 0. (15)

These equations can be solved by expanding all oper-
ators and functions as series of 7 and finding solutions or-
der by order. For each order, not all components are inde-
pendent, as they must follow the constraints given by the
equations above. Thus, we can use a certain number of
components to express all others. For these "free" com-
ponents, their corresponding kinetic equations are given
by the equations that are one order higher, as the derivat-
ives always contain 7.

The Oth order solution is [23]:

PO =0, (16)
FO = mfOs(p? —m?), (17)
V" = pufyo(p* - m?), (18)
SO = %e,m,p pT AP (19)

Here, we choose fy, or F, together with A, to be the
independent components. There is also one constraining
equation for ALO):

PAY =0, (20)

Thus, there are all-together 4 degrees of freedom. It is
also possible to use S, instead of A, as a free compon-
ent. The total degree of freedom is the same after taking
into consideration all the constraint equations.

The same procedure can be used for massless fermi-
ons. However, in the massless case, the vector compon-
ents V, and A, decouple from the others, and at the Oth
order, they can be expressed as [28]

VY = pu s, 1)
AY = p f0s(p?). (22)

3 Massless limit

At first glimpse, the m — 0 limit for V, is quite clear,
but for A, it is not. Actually, in the massive case, there is
no very simple and unique expression for A,, with only
one constraining equation. In order to make a comparis-
on with the massless case, we propose the following sep-
aration:

A/(IO) — (p;t 1&0) _ 9/(10))6(172 _ m2). (23)

From Eq. (20), we can determine the relation between
79 and OLO) :

1) = p-68")s(p* ~m*) = 0. (24)

However, there is still one redundant degree of free-

dom. For a given A,, we can change 9,(10) by an arbitrary

vector that is parallel to p, and modify ff(‘o) according to
Eq. (24). The new set will also give the same A,(JO). To re-
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move this arbitrariness, we must fix ffio) . This can be
achieved by introducing an auxiliary time-like vector n,
and requiring

69 .n=0. (25)
These will lead to the relation
A0 .

0=, (26)
p-n

Different choices of n correspond to different values
of fﬁo) and 0,(10). Therefore, it is important to choose an 7,
with proper physical meaning. One of the natural choices
is relating n, to the local "average velocity," which cor-
responds to fluid velocity in ideal hydrodynamics [39].
Then, this can be related to the physical fact that when
observed in different reference frames, the helicity of
massive fermions can be different. For comparison, al-
though we can write the same expresion for f‘(,o) and Vf,o),

‘(/0) actually does not depend on n because V' is propor-
tional to p,,.

Regarding the masslese case, from Eq. (21), we can
see that relation in Eq. (26) holds naturally. Now, we only
have to prove that 9,(10) vanishes when m goes to zero.
This can also be demonstrated using n,. If we assume
that the Wigner function will not diverge when m goes to
0, then Eq. (19) requires that 0;0) vanishes. We can re-
write it in another form to see this more clearly:

6 6(p? —m?) = _—Z;neﬂwpnvs a 27)

As p-n is generally not zero, 920) must vanish when m
goes to 0.

Therefore, we can see that the m — 0 limits for both,
V,(,O) and Af,o) are the same as those for the massless solu-
tions.

Next, we proceed to the 1st order components. Simil-
ar to the Oth order case, we can also use fy and A, as free
components; then, we will have [25]:

1
PO = DA, (28)
1

FO =mfOo(p? =) = 5o ol DAY,
(29)

VD —p FD5(0? —m?) + qPu FoP e AOB

u =Puly o\p —m 2m2(p2 _ mz) €afop )4
+ ﬁgﬂwrpDvp(rA(O)p,
(30)
1
1 1 1 VYO

Afl) — (p# ‘i ) _9/(1 ))6(p2 _m2)_ Wqﬂfﬂ'ﬂp D V(O)P’
(1)

1 1
() _ (0) 0) 1
Siw = 5-DuV,” =D,V )+ —ewapp” AP (32)

Vl(,l) can be rewritten as
1 e 2 2
Vi =pufyo(p? —m?)

p
- ﬁeaﬁapp”nﬂv’e((’)ﬁ)a(pz —m?)
+ %ﬁeﬂvgpF“ﬂprf)é(pz -m?)

1
+ zp—.nq,vgpn"(D"H(O)‘T)6(p2 -m?)

1 0 2 2
- h)—_neﬂmpnvp"mpfg N6(p? —m?). (33)

In this derivation, we used the Schouten identity
Pu€vopd + DvEopiu + Po€otuy + Pp€uvo + Pa€wop =0 and also
D,o(p* —m?) = %6(;)2 —-m?). If we take the massless
limit, 0,(10) vanishes and one can easily check that Eq. (33)
goes back to

V;(ll) =I7;4f\(/1)5(172 _ m2) + zip2€/_lV(TpFo_ppvf/§0)6(p2 _m2)

1
(0) 2 2
- meyvdpnvpa(wa Yo(p~—m?),

(34)
which is the same as the result for chiral fermions [28].
For n,, we can use the same definition as in the Oth order
case.
For Af}), we rewrite it as

~ 1
Al(ll) :(pﬂ 1;1) _ 0}(}))5(1)2 _ mZ) _ 2p2 EyV(rppVDo— V(O)p
1
- zp—,neﬂmnvp"(Dﬂfé“))a(pz—mz), (35)

7D 2 2y m 1
6, 6(p°—m )__2p_~nE”WTanS( Jop

- —mzq € n"F"’”f(O)(S(p2 -m?)

2pn(p—my Pty ’
(36)

AD .y

£76" = m?) =
pn
q v 0) ¢ 2 2

- nyvo‘pnﬂp Fo—pfv o(p” —m”).

(37)

Again, 6, should vanish in the massless limit, and the
remaining part is the same as the massless expression
[28]. Thus, we have shown explicitly that up to the first
order of 7, the massive Wigner function can connect to
the massless one continuously. This is consistent with the
results found in Refs. [23, 24]. Actually, at the lowest or-
der, the dipole-momentum tensor X,, used in [23] can be
expressed as
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1
Ty = %eympp‘ré‘). (38)
Using the same procedure as that for deriving Eq.
(33) and Eq. (35), this can be shown to be equal to
p%neﬂmpn"A”, which is the spin tensor used in [24]. When
taking m — 0, it will go to —-€uepp7n, as required by
[23]. Therefore the different formulations are connected,
and this connection is closely related to the massless lim-
it itself.
We should also check the meaning of f, and f4. In
our case

vO .4

0

Ve (39)
AO .,

= (40)

b _ VOon g

g &t ' FP (050~ ), (41)

pn 2pPpen

I _ AD .y q

t €wropt P FP fO8(p? —m?). (42)

pn 2p’pen

These are consistent with the massless case. It is
already known that fy is the particle number density. In
the massless case, fx is the difference between left and
right handed particles, or the chiral imbalance. Now that
we have a continuous expression, we might call f4 chiral
imbalance as well, but in the massive case it is not a con-
served charge. However, we observe that when choosing
the same n,, the expression of ffxo) becomes different in
some literature, such as [24], while the massless limit is
the same. 6, might be viewed as the real spin degree of
freedom. In the massless case, especially in chiral kinetic
theory, this is not seen because the spins of chiral fermi-
ons are bound to their momentum. Of course, the degrees
of freedom are not lost. We could discuss massless Dirac
fermions, and they will have two degrees of freedom in
the S, component. It is only because V, and A, de-
couple from S ,,, F" and P that the latter are not included
in the usual chiral kinetic theories. In contrast, in the
massive case, the chiral states are not energy eigenstates,
and the spin degree of freedom is coupled to other ones,
just as S, is coupled to A,. In fact, in the massive case,
it is possible to use S, instead of A, as free components
to construct the entire kinetic theory [23].

4 Kinetic equations and solutions

The discussion above naturally leads to the question
of what is the equilibrium distribution of all components.
We will only consider Oth order components in this sec-
tion. The transport equations for the Oth order compon-
ents are:

0) _
p-DHfY =0, 43)
(p- DO ~ gF0”") — pup-Df” = 0. (44)

Without the collision term, one cannot determine the
true equilibrium state only from the kinetic equation.
However, we can still perform some general discussions.
The equation for f‘(,o) is just a Boltzmann-type equation
without a collision term. It would be natural to assume
that in equilibrium, f‘(,o) takes the form of the usual
Fermi-Dirac distribution. In the other equation, there is
also a Boltzmann-type equation for f/io) , coupled to a
BMT equation [40] involving GLO). A straightforward
guess is that 130) also takes the Fermi-Dirac distribution,

leaving the equation for Hf,o) as
p-DEY - gF, 00 = 0. (45)

However, if f;o) really is the chiral imbalance, as sup-
posed, with finite mass it should be dispersed over time
and, at least at a classical level, reach zero at equilibrium.

In the massless situation, we have

V= R0 (46)
V== (47)
1
(0)
=, 48
e esen(pm = (48)

where y =+ and — correspond to the right-handed and
left-handed components, respectively. u, isthe corres-
ponding chemical potential. If the right-handed and left-
handed components are balanced, we would have
M+ = p— = p; then

2
o__ = 4
Vv esgn(pn)—”'”{“ +1 ’ ( 9)

0 = 0. (50)

This is consistent with the massive situation we just
discussed.

Of course, when f;‘()) =0, there is always a trivial
solution Hf,o) =0, giving an ALO) value of zero. However, if
AI(,O) is the average spin of the system, it should not al-
ways be zero. We can imagine starting from a special ini-
tial state, in which the spins of all particles are polarized
along one direction. With the addition of a collision term,
either the spin itself is conserved, or it is coupled to the
orbital angular momentum; however, the total angular
momentum is conserved. Either way, it is very unlikely
that the average spin will evolve to exactly zero at equi-
librium. Therefore, in general we should expect non-zero
A, even at equilibrium. In the special case of only a con-
stant thermal vorticity wy, = 3(8,8,—9,8,), where B, =
%, there is a very interesting solution
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0}(‘0) = aeﬂmpn"p"wpﬂpd, (51)

0 0, (52)

where a is an undetermined variable quantifying the
"strength" of the polarization. We can see that now ALO) is
non-zero, but fso) is zero. By our previous translation of
fa, this solution means that there is non-zero spin polariz-
ation without any chiral imbalance, which is physical.

For another special case with a homogeneous electro-
magnetic field and no vorticity, there is also a similar
solution

0 = bF,,p", (53)

0 = 0. (54)

By this solution we require there being no electric
field F,,n” = 0.

These two simplified cases show that it is at least pos-
sible to have zero chiral imbalance but non-zero average
spin at equilibrium. For the more complicated case with
both vorticity and magnetic field, there also are solutions,
such as [41]:

1 , h
- D L —
e T e
However, this solution is differernt from the above
ones as now even at the Oth order, A-n is not zero, thus

giving a non-zero fj.

€nopp’ DTVOP. (55)

S Summary

By performing a special splitting of the axial vector
component of the covariant Wigner function for massive
fermions, we showed that the m =0 limit can be taken,
and that the results are consistent with the massless
Wigner function. We also discussed the different meanings
of the split parts and their possible equilibrium values.

The author thanks Xinli Sheng, Yu-Chen Liu, Xu-
Guang Huang, and participants of the QKT2019 work-
shop for very helpful discussions. Part of this work was
done during XG's visit to the Institute of Theoretical
Physics, Frankfurt University.

The author became aware of related work [42] after
the completion of this study.
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