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Abstract: Motivated by the large rates of  decays observed by the  and Belle collabora-
tions,  we  investigate  the  nonfactorizable  contributions  to  these  factorization-forbidden  decays,  which  can  occur
through a gluon exchange between the  system and the spectator quark. Our numerical results demonstrate that the
spectator  contributions  are  capable  of  producing  a  large  branching  ratio  consistent  with  the  experiments.  As  a  by-
product, we also study the Cabibbo-suppressed decays, such as  and the U-spin-related  decay,
which have so far received less theoretical and experimental attention. The calculated branching ratios reach the or-
der of , which is within the scope of the Belle-II and LHCb experiments. Further, the -asymmetry parameters
are also calculated for these decays. The obtained results are compared with the available experimental data and num-
bers from other predictions. We also investigate the sources of theoretical uncertainties in our calculation.
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1    Introduction

b→ qcc̄ q = d, s

cc̄
L = 0 ηc J/ψ

cc̄ L = 1

χc0 χc1 χc2 hc
χc1

V −A

In  the  Standard  Model  (SM)  of  particle  physics,  the
charmonium  decays  of B meson  arise  from  the  quark-
level  process  with ,  involving  tree  and
penguin  amplitudes.  The  S-wave  charmonium  states  are
produced from a  system with  the  orbital  angular  mo-
mentum , such as  and . These decays belong
to the  color-suppressed  category  and  receive  large  non-
factorizable contributions. For the orbital excitation of the

 assignments with ,  the spin and orbit  interaction
between the charm-anticharm quarks pair can create four
P-wave charmonium states, namely, , , , and .
Except  for  the  modes,  which  are  allowed  under  the
factorization hypothesis,  other  modes  are  prohibited  be-
cause  of  the  structure  of  the  weak  vertex  [1, 2],
where V and A denote the  vector  and  axial  vector  cur-
rents,  respectively.  However,  these  processes  can  occur
through a gluon exchange between the charmonium sys-
tem and the quark in other mesons, which induces the so-
called  nonfactorizable  contributions  [2].  Therefore,  the

factorization-forbidden  decays  of B meson  to  a P-wave
charmonium  state  can  provide  valuable  insights  into  the
nonfactorizable mechanism.

B+→ χc0K+

χc0

BABAR
BABAR

B→ χc0K
10−4

χc1

K∗

BABAR

B+→ χc2K+

BABAR
(1.1±0.4)×10−5

χc0
B→ hcK

Experimentally,  the  first  observation  of  the  decay
 was reported by the Belle  Collaboration [3]

using  decays to the pion or kaon pair, later confirmed
by the  Collaboration [4].  Subsequently,  both the

 [5-8] and Belle Collaborations [9, 10] performed
improved  measurements.  The  current  world  averages  of
the  absolute  branching  ratio  have  reached  the
order  of  [11], which  is  of  the  same  order  of  mag-
nitude as that of the factorization-allowed  mode. The
corresponding vector  mode has been searched for and
observed  by  the  Collaboration  [12, 13]  with  a
similar  rate.  Another  factorization-inhibited  decay,

, has been measured by the Belle [14, 15] and
 [16]  Collaborations  with  an  average  branching

ratio of  [11], which is an order of mag-
nitude smaller than that of the  mode. Several collab-
orations have also searched for the process  [17-
19].  The  upper  limit  of  the  current  branching  ratio  is
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3.8×10−5

hc

B+→ hcK+ B0→ hcK0
S

4.8σ

B→ χc2K B→ χc0K
BABAR

B+→ XccK+ Xcc

 at  90% confidence level  [11],  obtained during
the search for  by the Belle Collaboration [17]. Very re-
cently, the Belle Collaboration performed a search for the
decays  and  [20]. They found evid-
ence  for  the  former  with  a  significance  and  set  an
upper limit on the latter. These results are comparable to

 but  below  the  measured  rate  for .
Most recently, both the Belle [21] and  [22] Col-
laborations  present  the  measurement  of  the  absolute
branching fractions of , where  refers to a
charmonium state.

ć
B→ (ηc, J/ψ,χc0,c1)K

B→ χc0K

B→ χc0K B→ hcK

kT

B→ χc0K,hcK

The measured branching ratios in these factorization-
inhibited decays are surprisingly larger than the expecta-
tions from factorization,  which suggests  that  the  nonfac-
torizable contributions in B decays to charmonium can be
sizable. Several attempts have been made to address these
challenges.  Meli  analyzed the effects  of  soft  nonfactor-
ization  on  decays  [1]  using  the
light-cone  sum  rules  (LCSR)  approach.  The  calculated
branching ratio of the reaction , however, is too
small to accommodate the data because of the larger can-
cellation  between  the  twist-3  and  twist-4  pieces  in  the
nonfactorizable  contributions.  A  similar  conclusion  is
also drawn in [23] using the same method. The exclusive
B decays  to  the P-wave  charmonium  states  have  been
studied  within  the  framework  of  QCD  factorization
(QCDF) [24-29]. It  was found that the soft contributions
may  be  large,  as  infrared  divergences  arise  from  vertex
corrections as well as endpoint singularities owing to the
leading  twist  spectator  corrections.  However,  Beneke
pointed out that the concerned decays may occur through
the  color  octet  mechanism  [30], and  the  endpoint  diver-
gence  in  hard  spectator  scattering  factorizes  and  can  be
absorbed  into  color  octet  operator  matrix  elements  [31].
The  and  decays  [32, 33]  have  been
investigated under  the  perturbative  QCD  (PQCD)  ap-
proach based on the  factorization theorem [34-37], in
which the  vertex  corrections  are  ignored  and  the  end-
point singularity is cured by including the parton's trans-
verse  momentum.  Without  endpoint  singularity,  the
PQCD  approach  has  so  far  been  successfully  applied  to
the  studies  of  various  factorization-allowed  charmonium
decays of the B meson [38-50]. Most predictions are con-
sistent with  the  current  experiments.  Under  another  ap-
proach  [51, 52],  by  considering  intermediate  charmed
meson  rescattering  effects,  the  authors  claimed  that  the
rescattering  effects  could  provide  the  large  part  of  the

 amplitudes.
Generally, the nonfactorizable dynamics include both

the vertex corrections and spectator amplitudes. We agree
with the comment made in [32]: the PQCD formalism for
the  vertex  corrections  requires  the  charmonium  meson
wave functions, dependent on the transverse momenta, as
the  necessary  nonperturbative  inputs,  which  are  not  yet

B→ χc2K

B/Bc

available completely. The authors of [27] confirm that the
vertex corrections are numerically small, and the spectat-
or corrections are large and dominant in the QCDF. Fur-
thermore,  the  previous  PQCD  calculations  [32, 33]
demonstrate that the spectator contributions are sufficient
to account for the measurements. Motivated by the same
idea,  we  have  reason  to  believe  that  it  is  appropriate  to
analyze  other  factorization-inhibited  decays,  such  as

,  in  the PQCD approach.  Moreover,  we update
the P-wave  charmonium  distribution  amplitudes  (DAs)
based on our previous study [53], where the new univer-
sal  nonperturbative  objects  are  successful  in  describing
the P-wave charmonium decays of the  meson [53-55].

The  layout  of  this  paper  is  as  follows:  In  Section  2,
we present  our  theoretical  formulae  based  on  the  PQCD
framework. The  input  parameters  together  with  the  nu-
merical results and discussions are presented in Section 3.
Finally, we present the summary in Section 4. The relev-
ant  meson  distribution  amplitudes  are  presented  in  the
Appendix.

2    Analytic formulas

Pi ki i = 1, 2, 3

For  the  factorization-inhibited B decays  in  question,
only  the  nonfactorization  spectator  diagrams  contribute,
which are displayed in Fig.  1.  In the rest  frame of the B
meson, we define  and  for  to be the four-
momenta of the mesons and quarks in the initial and final
states,  as  indicated  in Fig.  1.  In  terms  of  the  light-cone
coordinates, they are parametrized as [55]

P1 =
M
√

2
(1,1,0T), P2 =

M
√

2
(1,r2,0T),

P3 =
M
√

2
(0,1− r2,0T), k1 =

(
M
√

2
x1,0,k1T

)
,

k2 =

(
M
√

2
x2,

M
√

2
x2r2,k2T

)
, k3 =

(
0,

M
√

2
x3(1− r2),k3T

)
,

(1)

r = m/M

xi kiT

ϵL

where  represents  the  ratio  of  the  charmonium
mass m to  the B meson  mass M.  We  neglect  the  light
pseudoscalar  meson  mass  for  simplicity.  and  rep-
resent  the  parton  longitudinal  momentum  fractions  and
parton  transverse  momenta,  respectively.  Similar  to  the
vector  charmonium, the longitudinal  polarization vectors

 of an axial-vector charmonium can be defined as

ϵL =
1
√

2r
(1,−r2,0T), (2)

ϵ2
L = −1

ϵL ·P2 = 0
ϵµν(λ) λ

ϵµ

which satisfy the normalization  and the orthogon-
ality . For  a  tensor  charmonium,  the  polariza-
tion  tensor  with  helicity  can  be  constructed  via
the  polarization  vector  [56-58], whose  detail  expres-
sions can be found in Refs. [53, 54].
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The Hamiltonian referred to in the SM is written as [59]:

Heff =
GF√

2
{ξc[C1(µ)Oc

1(µ)+C2(µ)Oc
2(µ)]

− ξt

10∑
i=3

Ci(µ)Oi(µ)}, (3)

GF ξc(t) =

V∗c(t)bVc(t)q

Oi(µ) Ci(µ)

µ

where  is  the  Fermi  coupling  constant  and 
 is  the  production  of  the  Cabibbo-Kobayashi-

Maskawa (CKM) matrix element.  and  are the
local  four-quark  operators  and  their  QCD-corrected
Wilson  coefficients  at  the  renormalization  scale , re-
spectively.  Their  explicit  expressions  can  be  found  in
Ref. [59].

Φi

In the PQCD approach, the decay amplitudes are ex-
pressed as the convolution of the hard kernel H with the
relevant meson light-cone wave functions 

A(B→ χcP) =
∫

d4k1d4k2d4k3Tr[C(t)ΦB(k1)

×Φχc
(k2)ΦP(k3)H(k1,k2,k3, t)], (4)

Φ

where “Tr” denotes the trace over all Dirac structures and
color indices. t is the energy scale in the hard function H.
The meson wave functions  absorb the nonperturbative
dynamics  in  the  hadronization  processes.  For  definitions
of  the P-wave  charmonium wave  functions,  please  refer
to  our  previous  study  [53],  whereas  for  those  of B and
light pseudoscalar mesons, one can consult Ref. [60]. We
list  the  relevant  meson  distribution  amplitudes  and  the
corresponding parameters  in  the  Appendix.  As  men-
tioned before, because only the nonfactorizable spectator
diagrams contribute to the hard kernel H, the momentum
convolution integral in Eq. (4) would involve all  the ini-
tial and  final  states  altogether.  The  perturbative  calcula-
tions  can  be  performed  without  endpoint  singularity.  In
the following,  we  compute  the  amplitudes  of  the  con-
cerned decays.

(V −A)⊗ (V −A)

We mark subscripts S, A,  and T to  denote the scalar,
axial-vector,  and  tensor  charmonium  in  the  final  states,
respectively.  The  decay  amplitudes  for 
operators read as

MS =−16

√
2
3
πC f M4

∫ 1

0
dx1dx2dx3

∫ ∞

0
b1b2db1db2ϕB(x1,b1){−ψs

S (x2)2rcr[ϕA
P(x3)−4rpϕ

P
P(x3)]

+ψv
S (x2)[2rpϕ

P
P(x3)(r2(x1+ x3−2x2)− x3)+ϕA

P(x3)(r2(x1−2x3)−2x1+2x2+ x3)]}αs(t)S cd(t)h(α,β,b1,b2), (5)

MA =−16

√
2
3
πC f M4

∫ 1

0
dx1dx2dx3

∫ ∞

0
b1b2db1db2ϕB(x1,b1){ψL

A(x2)[2rpϕ
P
P(x3)(r2(x1− x3)+ x3)

−ϕA
P(x3)(r2(3x1−2x2−2x3)−2x1+2x2+ x3)]−4rrcrpψ

t
A(x2)ϕT

P(x3)}αs(t)S cd(t)h(α,β,b1,b2), (6)

MT =−
32
3
πC f M4

∫ 1

0
dx1dx2dx3

∫ ∞

0
b1b2db1db2ϕB(x1,b1){ψT (x2)[2rpϕ

P
P(x3)(r2(x1− x3)+ x3)

−ϕA
P(x3)(r2(3x1−2x2−2x3)−2x1+2x2+ x3)]−4rrcrpψ

t
T (x2)ϕT

P(x3)}αs(t)S cd(t)h(α,β,b1,b2), (7)

C f = 4/3 rc = mc/M
rp = m0/M mc

m0

x2↔ 1− x2

r2 α β

with the color factor  and mass ratios 
and ,  where  is  the  charm  quark  mass  and

 is  the  chiral  scale  parameter.  For  simplicity,  in  the
above formulas,  we  have  combined  the  two  decay  amp-
litudes  in Fig.  1(a) and 1(b),  because  their  hard  kernels
are symmetric under , and dropped the power-
suppressed terms of order higher than .  and  repres-
ent the virtuality of the internal gluon and quark, respect-

ively, expressed as

α = x1x3(1−r2)M2, β = [(x1− x2)(x3+r2(x2− x3))+r2
c ]M2.

(8)

The hard scale t is chosen as the largest scale of the virtu-
alities of the internal particles in the hard amplitudes:

t =max(
√
α,

√
β,1/b1,1/b2). (9)

B→ χcPFig. 1.    (color online) Nonfactorizable spectator diagrams for decays , where P stands for final-state hadron, pion, or kaon.
 

Chinese Physics C    Vol. 44, No. 11 (2020) 113104

113104-3



S cd(t)
(V −A)⊗ (V +A)

The  details  of  the  functions h and  the  Sudakov  factors
 are  provided  in  Appendix  A  of  Ref.  [45]. To  de-

termine  the  decay  amplitudes  from  the 
operators, we carry out the Fierz transformation to obtain
the  appropriate  color  structure  for  factorization  to  work;
they satisfy the relations

M′S ,T =MS ,T , M′A = −MA. (10)
By combining  the  contributions  from  different  dia-

grams with the corresponding Wilson coefficients, we ob-
tain the total decay amplitudes as

A = ξcC2M− ξt

[
(C4+C10)M+ (C6+C8)M′

]
, (11)

CPand the -averaged branching ratio is then expressed as

B(B→ χcP) =
G2

FτB

32πM
(1− r2)

|A|2+ |Ā|2
2

, (12)

Ā

A

where  denotes the corresponding charge conjugate de-
cay amplitude, which can be obtained by conjugating the
CKM elements in .

3    Numerical results

τB+ = 1.638 τBs
= 1.51

τB0 = 1.51
λ = 0.22506 A = 0.811

ρ̄ = 0.124 η̄ = 0.356 MB = 5.28
MBs
= 5.37 mχc0

= 3.415 mχc2
= 3.556

mhc
= 3.525

m̄b(m̄b) = 4.18 m̄c(m̄c) = 1.275
MS

m0 = 1.6±0.2

To estimate  the  contributions  from  the  decay  amp-
litudes,  we  must  specify  the  various  parameters  used  in
our numerical analysis throughout this paper. We employ
the  meson  lifetimes  ps,  ps,  and

 ps  [11].  The  parameters  relevant  for  the
Wolfenstein  parameters  are , ,

,  and  [11].  We  consider 
GeV,  GeV,  GeV, 
GeV, and  GeV for the meson masses [11] and

 GeV,  GeV for  the b and c
quark  “running ”  masses  in  the  scheme.  The  chiral
masses  relate  the  pseudoscalar  meson  mass  to  the  quark
mass, which is set as  GeV [61]. The decay
constants  (GeV) can be extracted from other decay rates
or evaluated  from  the  QCD  sum  rules,  which  are  sum-
marized here [11, 60, 62]:

fB = 0.19±0.02, fBs
= 0.23±0.02, fπ = 0.131,

fK = 0.16, fχc0
= 0.36, fχc2

= 0.177,
f⊥χc2
= 0.128, fhc

= 0.127, f⊥hc
= 0.133. (13)

CP
Using these input parameters and employing the ana-

lytic formulas presented in Section 2, we derive the -
averaged branching ratios with error bars as follows:

B(B+→χc0K+)=(1.4+0.4+0.3+0.7+0.5+0.7
−0.3−0.3−0.6−0.3−0.4)×10−4=(1.4+1.3

−0.9)×10−4,

B(B+→χc2K+)=(3.2+0.8+0.6+0.4+0.2+0.9
−0.7−0.7−0.5−0.4−0.6)×10−5=(3.2+1.4

−1.3)×10−5,

B(B+→hcK+)=(3.5+1.0+0.7+0.5+0.2+1.3
−0.8−0.7−0.4−0.2−0.7)×10−5=(3.5+1.9

−1.3)×10−5,

B(B+→χc0π
+)=(3.6+1.0+0.8+2.4+1.5+2.1

−0.7−0.8−1.6−0.8−1.3)×10−6=(3.6+3.7
−2.4)×10−6,

B(B+→χc0π
+)=(3.6+1.0+0.8+2.4+1.5+2.1

−0.7−0.8−1.6−0.8−1.3)×10−6=(3.6+3.7
−2.4)×10−6,

B(B+→χc2π
+)=(1.0+0.3+0.2+0.2+0.1+0.3

−0.2−0.2−0.2−0.1−0.2)×10−6=(1.0+0.5
−0.4)×10−6,

B(B+→hcπ
+)=(1.1+0.3+0.2+0.2+0.1+0.4

−0.2−0.2−0.2−0.1−0.2)×10−6=(1.1+0.6
−0.4)×10−6,

B(Bs→χc0K̄0)=(4.3+1.4+0.8+2.7+1.8+2.4
−1.0−0.7−2.0−1.1−1.6)×10−6=(4.3+4.4

−3.0)×10−6,

B(Bs→χc2K̄0)=(1.1+0.4+0.2+0.1+0.2+0.5
−0.2−0.2−0.3−0.1−0.2)×10−6=(1.1+0.7

−0.5)×10−6,

B(Bs→hcK̄0)=(1.2+0.4+0.2+0.2+0.1+0.5
−0.3−0.2−0.2−0.1−0.3)×10−6=(1.1+0.7

−0.5)×10−6,
(14)

ωb = 0.40±0.04
ωb = 0.50±0.05 Bs

B/Bs

m0 = 1.6±0.2

mc(b)

0.75t 1.25t Λ
(5)
QCD = 0.25±0.05

B ∝ f 2
χc

v2

where the second "equal to" sign in each row denotes the
central  value  with  all  uncertainties  added  in  quadrature.
The theoretical errors correspond to the uncertainties ow-
ing to the shape parameters (1)  GeV for
the B meson and  GeV for the  meson,
(2)  decay  constant  of  the  meson, which  is  ex-
pressed  in  Eq.  (13),  (3)  chiral  scale  parameter

 GeV [61] associated with the kaon or pion,
which  reflects  the  uncertainty  in  the  current  quark
masses, (4) heavy quark masses  within a 20% range,
and  (5)  hard  scale t,  defined  in  Eqs.  (5)-(7),  which  we
vary from  to , and  GeV. In
general, the uncertainties induced by these parameters are
comparable.  The  uncertainties  stemming  from the  decay
constants of  charmonium  states  are  not  presented  expli-
citly,  which  affect  the  branching  ratios  via  the  relation

. We  have  matched  the  sensitivity  of  the  branch-
ing  ratios  to  the  charm quark  velocity v inside the  char-
monium  DAs  in  Eq.  (A4).  The  variation  of  in  the
range 0.25-0.35  indicates  that  the  difference  in  our  res-
ults does not exceed 10%, which suggests that the relativ-
istic corrections may not be significant for these decays.

τB0/τB+

Further,  because  isospin  is  conserved  in  the  heavy
quark  limit,  we  can  obtain  the  branching  ratios  of  the
neutral  counterpart  by  multiplying  the  charged  ones  by
the lifetime ratio :

B(B0→ χcK0) =
τB0

τB+
B(B+→ χcK+),

B(B0→ χcπ
0) =

τB0

2τB+
B(B+→ χcπ

+). (15)

From Eqs. (5)-(7), it can be seen that each decay amp-
litude  receives  contributions  from  both  the  twist-2  and
twist-3 DAs of the charmonium state, the results of which
are  displayed  separately  in Table  1,  with  all  the  input
parameters considered at their central values. We simply
symbolize them as “twist-2” and “twist-3”, respectively,

B+→ (χc0,χc2,hc)K+

10−3

Table 1.    Values of decay amplitudes from twist-2 and twist-3 char-
monium  distribution  amplitudes  for  decays.
Results are given in units of  GeV3.

Decay amplitudes Twist-2 Twist-3 Total

A(B+→ χc0K+) 13 + 21i − 4 − 4i 9 + 17i

A(B+→ χc2K+) 5.9 + 8.3i − 0.2 − 0.6i 5.7 + 7.7i

A(B+→ hcK+) 5.9 + 8.5i − 1.1 + 0.2i 4.8 + 8.7i
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fχc0
> fχc2

∼ fhc

while the label  “total” corresponds to the total  contribu-
tions.  The  numerical  results  indicate  that  the  dominant
contribution comes from the twist-2 DA. This can be un-
derstood from the formulas expressed in Eqs. (5)-(7): the
contribution  of  the  twist-3  DA  is  power-suppressed  as
compared to that of the twist-2 DA. As we have used the
same  asymptotic  model  of  the  twist-2  DA  for  the  three
charmonium states  [see  Eq.  (A3)],  these  decay  amp-
litudes  are  governed  by  their  different  decay  constants.
The  relation  among  the  decay  constants 
expressed in  Eq.  (13)  roughly  implies  the  hierarchy  pat-
tern presented in Table 1. For the twist-3 piece, the vari-
ous asymptotic behaviors and tensor decay constants con-
tribute to different values.

x2 1− x2
c̄

Aa Ab

As  discussed  in  Refs.  [63, 64],  for  the  nonleptonic
two-body  decay  of  the B meson,  if  the  emitted  particle
from the weak vertex is a pseudoscalar or vector meson,
there is  a  destructive  interference  between  the  two  non-
factorizable spectator diagrams presented in Fig. 1 owing
to  the  symmetric  twist-2  DAs  of  the  emitted  meson.
However, in this study, all the twist-2 DAs of the emitted
charmonium state  are  antisymmetric  under  the  exchange
of the momentum fractions  of the c quark and  of
the  quark [see Eq. (A3)], which reverses the construct-
ive or  destructive  interference  situation.  To  be  more  ex-
plicit,  we present  the values of  two spectator  amplitudes
in Table  2,  where  and  denote the  decay  amp-
litudes  from Fig.  1(a) and Fig.  1(b),  respectively.  It  can

Aa
Ab

be seen that the constructive interference between  and
 can  enhance  the  total  decay  amplitudes.  Therefore,

the  large  decay  rates  for  these  factorization-forbidden
modes are comparable to those naively factorizable decays.

B(B+→ χc0K+)

B(B+→ χc0K+) ∼ 10−7

B→ χc0K

B→ hc(χc2)K

To  make  a  comparison,  we  also  collect  the  various
available  theoretical  predictions  evaluated  in  LCSR  [1,
23], QCDF [26-28, 31], and PQCD [32, 33] as well as the
current world average values from the PDG [11] presen-
ted  in Table  3.  The  LCSR  calculations  mainly  focus  on
the  decay.  There  are  lager  discrepancies
in their numerical results [1, 23]. The LCSR prediction of

 [1]  is  far  too  small  and  clearly
ruled  out  by  experiment.  Three  QCDF calculations  exist
for the concerned decays.  As mentioned in the Introduc-
tion,  the  QCDF  suffers  the  infrared  divergences  arising
from the  vertex  diagrams  and  endpoint  divergences  ow-
ing to spectator amplitudes in the leading-twist order. The
main  reason  for  the  different  numerical  results  is  the
treatment  of  these  divergences.  In  [27],  the  infrared  and
endpoint  divergences  were  regularized  by  a  nonzero
gluon mass  and  the  off-shellness  of  the  quarks,  respect-
ively. The authors found that the  is dominated
by  the  spectator  contribution,  whereas  the  contributions
arising from  the  vertex  are  numerically  small.  Sub-
sequently, the same scheme is applied to the 
decays  [28]  with  the  exception  of  neglecting  the  vertex
corrections. In Ref. [31], the authors used the space-time
dimension as the infrared regulator, whereas the endpoint
divergence  was  absorbed  into  the  color  octet  operator
matrix  elements.  The  scheme  used  in  [26]  is  that  a
nonzero binding energy is introduced to regularize the in-
frared  divergence,  and  the  spectator  contributions  are
parameterized in a model-dependent way. In general, our
results  are  more  consistent  with  the  QCDF  predictions
from [31] within the low charm quark mass region. Com-
pared with previous PQCD calculations [32, 33], we up-
date  the  charmonium  distribution  amplitudes  and  some

B+→ (χc0,χc2,hc)K+

10−3

Table 2.    Values of decay amplitudes from nonfactorizable diagrams
(a) and (b)  for  decays.  Results  are presented
in units of  GeV3.

Decay amplitudes Aa Ab Total

A(B+→ χc0K+) 3 + 3i 6 + 14i 9 + 17i

A(B+→ χc2K+) 3.3 + 0.4i 2.4 + 7.3i 5.7 + 7.7i

A(B+→ hcK+) 1.8 + 0.5i 3.0 + 8.2i 4.8 + 8.7i

10−4Table 3.    Branching ratios (in units of ) of Cabibbo-favored decays from various theoretical studies in literature [1, 23, 26-28, 31-33]. Data have
been taken from PDG 2018 [11].

Modes This study LCSR QCDF PQCD Data [11]

B+→ χc0K+ 1.4+1.3
−0.9 (1.7±0.2)×10−3  [1] 0.78+0.46

−0.35  [26] 5.61 [32] 1.50+0.15
−0.13

1.0±0.6 [23] 2 ∼ 4 [27]

1.05 [28] b

B0→ χc0K0 1.3+1.2
−0.8 – 1.13 ∼ 5.19 [31] a 5.24 [32] 1.11+0.24

−0.21 ×10−2

B+→ χc2K+ 0.32+0.14
−0.13 – 1.68+0.78

−0.69  [26] – 0.11±0.04

0.03 [28] b

B0→ χc2K0 0.29+0.13
−0.12 – 0.28 ∼ 3.98 [31] a – < 0.15

B+→ hcK+ 0.35+0.19
−0.13 – 0.27 [28] b 0.36 [33] 0.37±0.12

B0→ hcK0 0.32+0.18
−0.12 – 0.29 ∼ 0.53 [31] a – < 0.14 c

µ = 4.4 1.4×10−5 B0→ hcK0
S

aQuoted range represents variation in charm quark mass.bWe quote result with  GeV. cCited upper limit  is for  [20].

Chinese Physics C    Vol. 44, No. 11 (2020) 113104

113104-5



B(B→ χ0K)

hc

B+→ χc0K+ B+→ hcK+

(1.1 ∼ 3.5)×10−4 (2 ∼ 12)×
10−4

B+→ χc0K+

B(B+→ hcK+)

input  parameters  in  this  study.  Our  predictions  on
 yield  typically  smaller  values  than  those  of

[32]  and  are  closer  to  the  current  experimental  average
[11]. For the  mode, both the current PQCD result and
the  previous  calculations  from [28, 33] are  well  consist-
ent  with  the  present  data.  Two  earlier  papers  [51，  52]
studied the decays of  and  by in-
cluding the rescattering effects.  The evaluated branching
ratios  lie  in  the  ranges  and 

,  respectively.  Although  the  rescattering  effects  can
enhance the branching ratio of  to match the
data,  the  value  of  may  be  overestimated
owing to uncontrollable theoretical uncertainties.

B+→ χc2K+

BABAR

From Table 3, one can see that the  chan-
nel is predicted to have a threefold larger branching ratio
when compared with the data, which is dominated by the
Belle  experiment  [15].  gave  the  upper  bounds
(the values) [16] as follows:

B(B+→ χc2K+) < 1.8(1.0±0.6±0.1)×10−5,

B(B0→ χc2K0) < 2.8(1.5±0.9±0.3)×10−5, (16)

BABAR

B(B+→ χc2K+) = 3.0×10−6

10−4

where the  uncertainties  are  statistical  and systematic,  re-
spectively. It  seems  that  their  central  values  are  some-
what different  and  suffer  from sizeable  statistical  uncer-
tainties. Our branching ratio for the neutral mode is com-
parable  with  the  upper  limit  of  [16].  It  is  worth
noting that the predictions from QCDF on this mode have
a relatively  big  spread.  For  example,  the  QCDF  predic-
tion  from  [28]  led  to ,  which
is  too  small  compared  to  the  measured  value.  However,
another QCDF prediction, of the order of  [26], is too
large. As pointed out in [26], the number can be adjusted
to the right magnitude with an appropriate choice for the
parameters of the spectator hard scattering contributions.
The  large  numerical  difference  between  the  two  QCDF
calculations is mainly caused by the large twist-3 spectat-
or contribution, which can be traced to the infrared beha-
vior of the spectator interactions.

B0 B+

B(B0→ χc0K0)

B0→ K0
S π
+π−

BABAR

As  mentioned  above,  the  charged  and  neutral  decay
modes differ in the lifetimes of  and  in our formal-
ism; the predicted branching ratios have almost the same
magnitude. However, the data of  in Table
3 is  two  orders  of  magnitude  smaller  than  those  of  the
charged one. This number was obtained in the LHCb ex-
periment  from  the  Dalitz  plot  (DP)  analysis  of  the

 decays [65]. It indicates a tension with the
similar  amplitude  analysis  performed  in  the  ex-
periment [8, 66, 67]. One can see that all the model calcu-
lations  in Table  3 are  substantially  larger  in  magnitude
than the  LHCb  data.  Improved  measurements  are  cer-
tainly needed for this decay mode.

π K̄
∼ 10−6

BABAR

The decays with  and  in the final state have relat-
ively small  branching ratios ( )  owing to the CKM
factor suppression. Experimentally, only the  col-

B(B+→ χc0,c2)×B(χc0,c2→ π+π−) < 1.0×10−7

B→
πππ B(χc0→ π+π−) =
2
3

(8.51±0.33)×10−3 B(χc2→ π+π−) =
2
3

(2.23±0.09)×
10−3 2/3

laboration reported  the  upper  limits  of  the  branching  ra-
tio products 
by  applying  DP  analysis  on  the  charmless  decay 

.  Combining  the  experimental  facts 
 and 

 [11],  where  the  factors  of  are  attributed  to
isospin, we can infer the experimental upper bounds:

Bexp(B+→ χc0π
+) < 1.8×10−5,

Bexp(B+→ χc2π
+) < 6.7×10−5. (17)

There is substantial room for our predictions to reach the
experimental  upper  limits.  As  these  Cabibbo-suppressed
decays  have  received  less  attention  in  other  approaches,
we await future comparisons.

CP

CP
Adir

CP CP
CP

The  asymmetry  arises  from  the  interference
between the tree and penguin amplitudes. Using the same
definition as that in Ref. [55], we study direct  viola-
tion  and mixing-induced  asymmetry S for the de-
cays in question. The two -violating parameters can be
expressed as

Adir
CP =

|Ā|2− |A|2
|Ā|2+ |A|2

, S f =
2Im(λ f )
1+ |λ f |2

, (18)

λ f = η f e−2iβ(s)
Ā
A η f = 1(−1) CP

β(s)

CP

CP
10−4

Vts

Vtd Adir
CP

10−2

CP

with  and  for -even  (odd)
final  states.  is one  of  the  angles  of  the  unitarity  tri-
angle in the CKM quark-mixing matrix [11]. Our numer-
ical results are tabulated in Table 4, where the errors are
induced by the same sources as the ones expressed in Eq.
(14).  As  the  hadronic  parameter  dependence  cancels  out
in  Eq.  (18),  these  asymmetries  are  more  sensitive  to
the  heavy  quark  masses  and  the  hard  scale.  It  is  evident
that direct  violations for decays involving K are very
small, of the order of , owing to an almost null weak
phase from the CKM matrix element . For other chan-
nels, the weak phase from  will enhance  substan-
tially to the level of . Because the penguin contribu-
tion is small compared to that of the tree, the mixing-in-
duced  asymmetry S in Eq. (18) is approximately ex-

CPTable 4.    PQCD predictions for  asymmetry parameters.

Modes Adir
CP S f (%)

B0→ χc0K0
S −5.5+0.1+0.0+0.4+3.3+2.5

−0.2−0.0−0.9−2.1−3.2 ×10−4 −69.8+0.0+0.0+0.0+0.0+0.1
−0.0−0.0−0.0−0.0−0.1

B0→ χc2K0
S −5.2+0.1+0.0+0.2+1.5+2.7

−0.0−0.0−0.1−0.0−3.0 ×10−4 −69.8+0.0+0.0+0.0+0.0+0.1
−0.0−0.0−0.0−0.0−0.1

B0→ hcK0
S 1.3+0.0+0.0+0.0+0.2+1.0

−0.0−0.0−0.0−0.1−0.7 ×10−4 69.4+0.0+0.0+0.0+0.0+0.0
−0.0−0.0−0.0−0.0−0.0

B0→ χc0π
0 1.2+0.1+0.0+0.3+0.5+0.6

−0.0−0.0−0.2−0.7−0.4 ×10−2 −63.8+0.1+0.0+0.1+0.3+1.0
−0.2−0.0−0.2−0.4−0.2

B0→ χc2π
0 9.9+0.3+0.0+0.5+0.1+6.1

−0.1−0.0−0.5−2.1−5.1 ×10−3 −63.6+0.1+0.0+0.0+0.5+0.6
−0.1−0.0−0.0−0.4−0.6

B0→ hcπ
0 −2.5+0.1+0.0+0.1+0.6+1.6

−0.0−0.0−0.0−0.0−2.0 ×10−3 70.8+0.1+0.0+0.0+0.1+0.2
−0.1−0.0−0.0−0.2−0.2

B0
s → χc0K0

S 1.1+0.1+0.0+0.3+0.7+0.6
−0.1−0.0−0.1−0.7−0.3 ×10−2 4.5+0.2+0.0+0.2+0.4+0.7

−0.2−0.0−0.2−0.2−0.8

B0
s → χc2K0

S 9.6+0.3+0.0+0.2+0.7+3.9
−0.7−0.0−0.6−2.8−4.4 ×10−3 4.9+0.2+0.0+0.0+0.4+0.8

−0.2−0.0−0.0−0.5−0.6

B0
s → hcK0

S −2.5+0.0+0.0+0.1+0.8+1.3
−0.0−0.0−0.1−0.3−1.7 ×10−3 4.2+0.0+0.0+0.0+0.1+0.3

−0.1−0.0−0.0−0.2−0.3
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−η f S ≈ sin(2β)

sin(2β) = 0.695±0.019
2βs = (2.55±1.15)×10−2

β(s)

pressed as . It is clear from Table 4 that the
predicted values of S are not  significantly different  from
the  current  world  average  values 
and  [11]. With  further  experi-
mental data in the future, these modes can serve as altern-
atives to extract the CKM phases .

ACP(B+→
χc0K+) = −0.20±0.18 −0.14±
0.15+0.03

−0.06 −0.96±0.37±0.04 BABAR
−0.065±0.20+0.035

−0.024

CP
ACP

10−3

CP
CP

B0→ χc0K0
S BABAR

Experimentally,  the  world  average  of 
 based on the measurements 

 [6] and  [7] from  and
 [10]  from  Belle.  It  should  be  noted

that  the  number  from  [7]  has  a  large  and  non-Gaussian
uncertainty and  its  difference  from  zero  is  not  statistic-
ally  significant.  All  measured  direct  violations  are
consistent with zero. Because LHCb has measured  to
the  accuracy  of , it  is  conceivable  that  an  observa-
tion of  violation in other decays will be feasible in the
near  future.  The  mixing-induced  asymmetry  for

 decay is measured by  [66] with two
solutions:

S (B0→ χc0K0
S ) = −0.69±0.52±0.04±0.07, Solution I,

S (B0→ χc0K0
S ) = −0.85±0.34±0.04±0.07, Solution II,

(19)
where  the  last  uncertainty  represents  the  dependence  of
the DP  signal  model.  We  can  note  that  the  first  experi-
mental solution is more favored by our calculation.

4    Conclusion

The factorization-forbidden decays of the B meson to
charmonium have been revisited in the PQCD formalism,
which is free from endpoint singularities. The charmoni-
um distribution amplitudes are updated based on our pre-

B+→ χc0K+ B+→ hcK+

χc2
π K̄

CP
CP

CP
sin(β(s))

β βs

vious  study.  We  find  that  the  dominant  contribution
comes  from  the  leading-twist  charmonium  distribution
amplitudes.  The  constructive  interference  between  the
two nonfactorizable  spectator  diagrams enhances the de-
cay rate, which can be compatible with the factorization-
allowed  decays.  The  obtained  branching  ratios  of  the

 and  decays  are  essentially  in
agreement with the current data, whereas estimates of the

 decays are found to be larger, typically by a factor of
3.  For the decays involving  or  in  the final  state  not
yet measured, the calculated branching ratios will be fur-
ther  tested  by the  LHCb and Belle-II  experiments  in  the
near  future.  We  further  estimate  the -violating para-
meters.  As expected, the direct  asymmetries in these
channels  are  very  low  owing  to  the  suppressed  penguin
contributions.  The  mixing-induced  asymmetries  are
close to ,  which suggests  that  these channels  can
provide  a  cross-check  on  the  measurement  of  the  CKM
phases  and .

We  have  also  collected  other  theoretical  results,
whenever available, in Table 3 and made a detailed com-
parison.  The  predicted  branching  ratios  for  most  decay
processes have similar magnitudes, whereas they can dif-
fer by several factors for specific decay modes. In gener-
al, our predictions are more consistent with the data com-
pared to these earlier analyses.

ω fB m0

CP

We  discussed  the  theoretical  uncertainties  arising
from the hadronic parameters,  such as , ,  and ,  in
the meson wave function,  heavy quark masses,  and hard
scale, which can significantly affect the branching ratios,
whereas  the  asymmetries  are  found  to  be  relatively
stable with respect to variations in the hadronic paramet-
ers.  The  reasonably  accurate  results  obtained  will  be
tested at existing and forthcoming hadron colliders.

Appendix A: Meson distribution amplitudes

The light-cone meson distribution amplitudes are,  in principle,
not  calculable  in  PQCD,  but  they  are  universal  for  all  the  decay
channels. In this Appendix, we present explicit expressions for the
meson distribution amplitudes appearing in the decay amplitudes in
Section 2. First, for the B meson distribution amplitudes, we adopt
the model [36, 37, 60]

ϕB(x,b) = Nx2(1− x)2 exp

− x2 M2

2ω2
b

−
ω2

bb2

2

 , (A1)

ωb = 0.4 ωb = 0.5

Bs

fB

with the shape parameters  GeV and  GeV for the B
and  mesons, respectively. The coefficient N is related to the de-
cay constant  by normalization:∫ 1

0
ϕB(x,b = 0)dx =

fB

2
√

6
. (A2)

The distribution amplitudes of  the P-wave charmonium states,
defined via the nonlocal matrix element, have been derived in Ref.
[53]; we collect their expressions as follows:

ψv
S (x) =

fS
2
√

6
NT x(1− x)(2x−1)T (x)

ψs
S (x) =

fS
2
√

6
NST (x),

ψL
A(x) =

fA
2
√

6
NT x(1− x)(2x−1)T (x),

ψt
A(x) =

f⊥A
2
√

6

NL

2
(1−2x)2T (x),

ψT (x) =
fT

2
√

6
NT x(1− x)(2x−1)T (x),

ψt
T (x) =

f⊥T
2
√

6

NT

4
(2x−1)[1−6x+6x2]T (x), (A3)

where

T (x) =


√

x(1− x)(1−4x(1− x))3

[1−4x(1− x)(1− v2/4)]2


1−v2

, (A4)

and v is  the  charm  quark  velocity,  which  denotes  the  relativistic
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v2 = 0.3 NL,T,S

corrections  to  the  Coulomb  wave  functions  [68].  We  consider
 for charmonium. The normalization constants  can be

determined  using  the  corresponding  normalization  condi-
tions [53].

The kaon and pion meson distribution amplitudes up to twist-3
are determined using the light-cone QCD sum rules [61, 69]:

ϕA
K (x) =

3 fK√
6

x(1− x)[1+aK
1 C3/2

1 (2x−1)+aK
2 C3/2

2 (2x−1)],

ϕP
K (x) =

fK
2
√

6
[1+0.24C1/2

2 (2x−1)],

ϕT
K (x) =

fK
2
√

6
(1−2x)[1+0.35(10x2 −10x+1)],

ϕA
π (x) =

3 fπ√
6

x(1− x)[1+aπ2C3/2
2 (2x−1)],

ϕP
π (x) =

fπ
2
√

6
[1+0.43C1/2

2 (2x−1)],

ϕT
π (x) =

fπ
2
√

6
(1−2x)[1+0.55(10x2 −10x+1)], (A5)

with the Gegenbauer polynomials

C3/2
1 (x) = 3x, C3/2

2 (x) = 1.5(5x2 −1), C1/2
2 (x) = (3x2 −1)/2. (A6)

µ = 1

The Gegenbauer moments for the twist-2 LCDAs are used with the
following updated values at the scale  GeV [70]:

aK
1 = 0.06, aK/π

2 = 0.25. (A7)
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