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Accurate correction of arbitrary spin fermion quantum tunneling from
non-stationary Kerr-de Sitter black hole based on corrected Lorentz
dispersion relation”
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Abstract: According to a corrected dispersion relation proposed in the study on the string theory and quantum grav-
ity theory, the Rarita-Schwinger equation was precisely modified, which resulted in the Rarita-Schwinger-Hamilton-
Jacobi equation. Using this equation, the characteristics of arbitrary spin fermion quantum tunneling radiation from
non-stationary Kerr-de Sitter black holes were determined. A number of accurately corrected physical quantities, such
as surface gravity, chemical potential, tunneling probability, and Hawking temperature, which describe the properties

of black holes, were derived. This research has enriched the research methods and enabled increased precision in

black hole physics research.
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1 Introduction

Hawking used the quantum theory to postulate that a
black hole radiates particles outside its event horizon.
Presently, this radiation is known as the Hawking radi-
ation. The Hawking black hole radiation theory pro-
foundly reveals intimate connections among the gravita-
tion theory, the quantum theory, and the thermodynamic
statistical physics. Hawking did not use the concepts of
quantum tunneling and potential barrier in his specific
calculation, nor did he consider the influence of the
particles' emission on the black hole's mass or its event
horizon, although he had used the quantum tunneling ef-
fect when proposing the black hole radiation [1, 2]. Such
a calculation resulted in the Hawking radiation having a
precise form of the Planck blackbody radiation, but also
led to the paradox of the black hole “information loss”.

Such an information loss (non-conservation) would lead
to a major crisis in quantum theory.

Hawking's theory of tunneling radiation spurred re-
searchers to study black holes. Kraus, Parikh, Wilczek et
al. studied the quantum tunneling radiation of black holes
by considering the energy conservation conditions in the
radiation process, and explained Hawking's thermal radi-
ation satisfactorily. This theory not only revised Hawk-
ing's pure thermal radiation theory, but also promoted the
research and development of black hole physics [3-10].
Then, the semi-classical Hamilton-Jacobi method was
proposed for studying the black holes' tunneling radi-
ation [11, 12]. Using this method, the Klein-Gordon
equation describing the behavior of "spin 0" particles was
rewritten as action, and then was expanded using the
Wentzel-Kramers-Brillouin (WKB) approximation. The
terms containing /i (which was considered as a small
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quantity) were ignored, and the semi-classical Hamilton-
Jacobi equation (herein referred to as the H-J equation)
was obtained. Subsequently, the semi-classical H-J meth-
od was extensively developed to study Hawking radi-
ation and black hole temperature. Kenner and Mann ef al.
firstly used the semi-classical method to study the
quantum tunneling of fermions with spin-1/2 [13, 14].
They decomposed the field equation into the "spin up"
and "spin down" cases, and obtained the tunneling rate of
Dirac particles and the temperature of black holes. Baner-
jee et al. proposed an extended Hamilton-Jacobi method,
beyond the semi-classical approximation, by considering
all the terms in the expansion of the one-particle action
[15]. Yang and Lin developed the semi-classical method
and derived the H-J equation from the Dirac equation for
spin-1/2 fermions by selecting the gamma matrix in high-
er-dimensional and lower-dimensional curved space-time
[16, 17]. Later, this semi-classical H-J method was gener-
alized to the Rarita-Schwinger equation (herein referred
to as the R-S equation) for spin-3/2 fermions, from which
the H-J equation was also obtained [18-21]. That is to
say, the H-J equation can uniformly describe the dynam-
ic behavior of arbitrary spin fermions in the curved space-
time. Chen, Gecim et al. studied the effects of quantum
gravity on black holes utilizing the semi-classical H-J
method and introducing the generalized uncertainty prin-
ciple (GUP) [22-32]. Through this semi-classical H-J
method, the calculation process was simplified, and so
the amount of calculations was greatly reduced.

Recent research on the quantum gravity theory sug-
gested that the Lorentz dispersion relation needed to be
modified for high energies [33-38]. Accordingly, the
quantum tunneling radiation at the event horizon of a
black hole has to be modified, owing to the conservation
of energy and momentum. Since the H-J equation in the
curved space-time corresponds to the Lorentz relation of
energy and momentum in the curved space-time, the cor-
rection of the Lorentz dispersion relation will inevitably
correct the H-J equation of particles in a strong gravita-
tional field, which will lead to the correction of physical
quantities such as the quantum tunneling rates of fermi-
ons or bosons and the black hole temperature. Although
the modification of the Lorentz dispersion relation is only
a small correction on the Planck scale, it significantly im-
pacts the quantum tunneling radiation properties of black
holes [39-43]. Accurately correcting the tunneling of ar-
bitrary spin fermions at the event horizon of a black hole
is a subject that merits further studies.

Some studies have been done on the correction of the
tunneling radiation of static and stationary black holes
[19-21, 44-51]. Actually, real black holes in the universe
appear as non-stationary black holes, owing to evapora-
tion, accretion, or mergers. For non-stationary black
holes, Zhao et al. proposed a method for determining the

black hole temperature at the event horizon — the so-
called tortoise coordinate transformation [52]. Sub-
sequently, a series of studies were conducted on non-sta-
tionary black holes [53-57]. However, only a few studies
have been reported on the correction of the quantum tun-
neling radiation from non-stationary black holes based on
the corrected Lorentz dispersion relation, which merits
further studies. In this paper, the arbitrary spin fermion
quantum tunneling from a non-stationary Kerr-de Sitter
black hole is studied, using the corrected Lorentz disper-
sion relation.

The remainder of this paper is organized as follows.
In section 2, the dynamics equation of fermions in the
non-stationary Kerr-de Sitter space-time is derived, based
on the corrected Lorentz dispersion relation. In section 3,
some precisely corrected, important physical quantities
describing the quantum tunneling characteristics of arbit-
rary spin fermions are obtained, subsequently yielding the
black hole temperature. In section 4, the study conclu-
sions and some discussions, including that on the black
hole entropy, are presented.

2 Correction of the dynamic equation for ar-
bitrary spin fermions in non-stationary
Kerr-de Sitter space-time

The modified Lorentz dispersion relation proposed in
string theory and quantum gravity theory is [36-38, 58, 59]

Py =P +m’ =(Lpo)"p*, (1)
where L is a constant on the Planck scale. When @ =2 is
considered, the general fermions' dynamic equation—R-S

equation [60, 61] can be extended to the Kerr-de Sitter
curved space-time as [19-21]

(y”Dﬂ + % - O’FlYtDtijj)‘//mmak =0, 2

where y* is the gamma matrix in curved space-time, sat-
isfying the following condition:

.y =2¢"1, 3)

and D, is the covariant derivative operation symbol of
curved space-time, that is

D, =aﬂ+gﬂ+%eA,,, &)

where Q, is the rotational connection in curved space-
time. As quantum scale corrections, 0<o <1, so
oy’ Dy’ D g, .., is a small term. This matrix equation
can only be solved in the specific curved space-time, so
the fermions' wave function is set first as

U/p— =§a.---meés, (5)

125104-2



Chinese Physics C Vol

.44, No. 12 (2020) 125104

where S is the action of fermions with mass m in the
space-time of the Kerr-de Sitter black hole.
In order to solve Eq. (2), we rewrite it as

(iY"0,S +m+0y" 0,8y ;S Ve, 0, = 0, (6)

where ©=0,1,2,3;j=1,2,3. For a non-stationary black
hole, we use the advanced Eddington coordinate v to rep-
resent the dynamic characteristics. To solve Eq. (6),
define

I =iy' + 0o, Sy, TV=iy"+0d,Sy"y",
mp=m—og"(0,5)%, (7)

so Eq. (6) becomes
(T¥3,S +mp)éa,--a, = 0. (8)
Multiplying both sides of Eq. (8) by I'*4,.S, we obtain

(T 3,8 0,S — M3, e, =0, )

(T*T70,8 8, —m3)en,a, = 0. (10)

Egs. (9) and (10) are equivalent. Adding Eqs. (9) and (10)
and considering Egs. (7) and (3), we obtain

(80,8 0,S —2i00,S " 0,5 ¥"0,S — (0,5 8" 3,8 )* + m* —2morg” (9,8 ) + % (g")* (0,5 ) 14,0, = 0. (11)

Dividing both sides of Eq. (11) by —29,S ¢"9,.S , we obtain

2 2 2 ) 2 2/ vwy2 4
iry,S - g"0,850,8 —o°(0,5¢"9,8 )" +m"—2mog"(8,5)" +0°(g")(,S) Eqa, = 0. (12)
20,5 g"d,S
Defining
_8"0,50,8 —*(0,58"8,S)? +m* —2marg™(8,8)* + 5 (g™)*(,5)* ;3

= 20,5¢"8,8 : (13)
Eq. (11) becomes (@Y V0,8 0 +m))g,a, = 0. (16)

(ia-yuaus +m)éq,.a, = 0. (14)
Multiplying both sides of Eq. (14) by ioy*d,S , we obtain
(V"Y' 3,8 3,8 +m)éq,.a, = 0. (15)

In Eq. (15), 1 and v are interchanged, yielding Eq. (16) as

Adding Eq. (15) and Eq. (16) and combining with Eq.
(3), we obtain

(028"8,8 0,8 +m)ey, .., = 0. (17)

Eq. (17) is a matrix equation. In fact, it is an eigenvalue
equation, which has a non-zero solution when its coeffi-
cient determinant is zero. That is

o-zg“"BﬂS 0,8 + {—

Taking notice of g*',5d,S = —m?, Eq. (18) becomes

8"0,50,S + m* —2mog"" (0,8 )* - 2mod,S g 9,8 — (8,5 g 3,8 )* + o*(g")*(8,8)* = 0.

We have maintained the correction item of o in Eq.
(19), so Eq. (19) is the precisely corrected R-S equation
considering the corrected Lorentz dispersion relation. Ob-
viously, it is actually also an accurately corrected H-J
equation; we call Eq. (19) the Rarita-Schwinger-
Hamilton-Jacobi equation (R-S-H-J equation). In the fol-
lowing, we will use this precisely corrected R-S-H-J
equation to study the dynamic behavior of arbitrary spin
fermions in the non-stationary Kerr-de Sitter space-time;
thus, we will study the properties of black holes.

§"0,80,S — (0,5 8" 0,5)* + m* —2mcg" (8,5 )* + o*(g")*(8,S)* 2 B
20,8 g"0,S

=0. (18)

(19)

3 Accurate correction of arbitrary spin fermi-
on tunneling from the non-stationary Kerr-
de Sitter black hole

In the advanced Eddington-Finkelstein coordinate, the
line element of the non-stationary Kerr-de Sitter black
hole can be written as [62, 63]
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1
ds? =As (A= Agd?® sin® 6)dv?
)
—2VA(dv - asin®6dy)dr — A—d92
0
2a 2, 2 .2
+AE[A9(r +a”)—A,]sin” 6dvde
1
A [Ag(r* +a®) — Ay sin? 0] sin” 0dg?, (20)
where
1 -2
A=[1+=Ad*|
( 3“)

2

T =% + a* cos? 0,

1
Ay =’ +a*>-2Mr- §Ar2(r2 + aZ),

1
Ag =1+ §Aa2 cos? 0,

M =M(©),
a=a(). 21
M is the mass of the black hole, and « is the angular mo-
mentum per unit mass of the black hole. From Eq. (20),
the non-zero components of the contravariant metric
tensor of the black hole are

0o a’sin’g

AT
11:_ﬂ
E’
22=_ﬁ
>
3B __ 1
ApAZsin’ 6’
go1:g10:_’”2+a2
VAT’
03 _,30___¢4
g =g AAT
13 _ 31 a
g =g =- . (22)
VAY

According to the zero hypersurface condition, the event

horizon equation satisfies
af of
W —— —— =, 23
£ 0x, Ox, 23)

where f'is a hypersurface. Since the Kerr-de Sitter space-
time is axisymmetric, Eq. (23) is independent of ¢, so
ZTZ =0, and the equation of the event horizon of the Kerr-
de Sitter black hole can be expressed as

2 2 2
goo{g—{} +g“{g—{} +g22{%} +2g01(69—{g—]:=0. (24)

Its zero hypersurface is

f=fry,0 =0, (25)

where 7 is the function of v and 6, r = r(v,0). In order to
obtain the position of the event horizon of the black hole,
we need to calculate the rate of change of f with respect
to each of its components. Taking the partial derivative of
Eq. (25), we obtain

of __ofor
v Orov
af _ afor
00~ 0r oo (26)

so Eq. (24) becomes

ar)? ar)’ or

00 1, 2 01

T g2 4001~ (27
g {av} g +8 {69} 8 o 27)
Substituting the expressions of g%, g!!, g2, ¢% in Eq. (22)
into Eq. (27), when r — ry, the equation of the event ho-
rizon is obtained as follows

a*sin® 0i%, — 209 VA(ry + a®)ig + AAgA + A2Ar7 = 0, (28)

where
_Ory
=5
’ _ai’ H
r H —E,
which represents the change of the position of the event
horizon with time and angle, respectively. For the Kerr-
de Sitter black hole, substituting Eq. (22) into Eq. (19) —
the accurately corrected R-S-H-J equation, the specific
expression of Eq. (19) is

48?2 88> 48> 88>
00 | 99 11 )99 2 )90 3309
g{m}+g{w}+g{w}+g{w}

I

(29

as oS oS oS as oS
20192 90 | 5,039 00 1399 09
T8 6v6r+g av dyp or dyp
oS as oS as

2 oo 22 1,0092 0192 039
o mo-av § ov T8 or T8 oy

88> as*
—ZngOO{E} +02(g00)2{5}

48?2 88 ) > 48> 48?2
_ 2] 0092 0199 0309 _
R R e
(30)

Since the event horizon of the black hole varies with
time, it requires using a generalized tortoise coordinate
transformation to solve the tunneling probability of fermi-
ons from the event horizon of the black hole. The Kerr-de
Sitter black hole is an axisymmetric black hole, so we
perform the following transformation

r. =1+ 1 In 22T rH(V’Q),
2K FH(V(),Q())
Ve =V—1V0,
6. =6 - 6. (€29)
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Taking the partial derivative of Eq. (31), we obtain
H_S _ 08 2k[r—ru(v,0)]+1
Or  Or. 2k[r—ru(v,0)]

as a5 s
v Ov. Or 2k[r—ru(v,0)]
s oS aS 'y
=z _=_ i 32
00 80, Or. 2«[r—ru(v,0)] 32
where
(7
F(v,6) =6r”a(v’ ),
A%
, ory(v,8
it =00 (33)

which implies that the position of the event horizon var-
ies with time and angle, respectively. In the Kerr-de Sit-

ter space-time, the action of arbitrary spin fermions can
be expressed as follows:

S =S Wi, s, s, 90). (34)
Although S cannot be separated, it is certain that
A ©
.
oS
— =n, 35
5% =" (39)
and let
oS
=Py. 36
o = P (36)

Eq. (30) is further simplified by writing the second-order
small quantity as O(c?), which is not considered in the
separation of variables; thus, we obtain

88> as\? 88> 48>
_ 00 ) 99 11 )99 209 33 ) 09
(1 ~dmag {a} *e {a} *e {69} *e {&P}

aS dS
+2(1- 2m0')g0] 5 or +2(1 - ma’)go3

(’9_S6_S+2
v dp

3S 4
B =" 4m’+0(c?»=0.

or dyp 7

Substituting Egs. (32), (33), (35), and (36) into Eq. (37), we obtain (for compactness, the symbol (v, §) of the independ-

ent variables is omitted in the following.)

222

(1 —4mo-)g00r}rj(2 +g“{2k[r— rul+ 1}2 +g7ry —-2(1 —ma’)gm{ZK[r— rgl+1}tig (S 2
2k[r—rg] or.

—{-2(1- 4m0')g00r'H +2(1- m(r)gO] {2«[r—rg] + 1w o5

Let

or,
03 . 13 2272 as
+H{=2(1 -mo)g ign+2g " 2k[r—rul+ 1}n—2g¢"r; Py } 3
Ty
+[(1- 4ma’)gooa)2 -2(1- ma')gOSwn + gZZPgK + g33n2 +m? = O(c)2«[r—ry] = 0. (38)
Substituting Eq. (22) into Eq. (38), and using r — ry to simplify the obtained equation, we obtain
(1 —4mo)a® sin? 072, + Ay AgALK[r — ryg + 1) + A2 2 = 2(1 = ma)Ag VAG? + a?){2k[r — ry] + L}ig (85 )*
2«[r—ry] or,
2 20 2 2 as
—2{—(1 —4mo)a” sin” Oy + (1 —mo)Ag \/Z(r +a ) 2k[r—ryl+ 1}}w6r
, oS
+2{=a(l —mo)ign +abg VAQRK[r — rg]+ 1}n— A2Ar2Py ) - =0. (39)
P dmar)a® sin® 072 + MAgA2k(r — ryg] + 1} + A2r2 = 2(1 — mo)Ag VA(r? + a®)2(r — ry] + iy
0~ 2k[r—ry] ’
Bo ={—(1 —4mor)a® sin® Oy + (1 — mo)Ag VAG? + a®)2k[r — ry] + 1)},
Co ={—a(l —ma)ign+ang VAQRKr — ry] + 1\n— A2Ar2 Py ). (40)
Dividing both sides of Eq. (39) by By, Eq. (39) becomes
Ag (8S)* . 8S . CodS
— -2 2— =0. 41
Bo{(?r*} ‘“ar* " By dr. 0 @0
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.. ) 2 ) .
When r — ry, the limit of the coefficient of {g—f} at the event horizon should be equal to one, that is

i Ay (1—4mo)a®sin® 072 + M AgA(2k[r — rp] + 112 + A2r 2 = 2(1 —mo)Ag VA(? + a®)(2«[r — ry) + )iy
m — =
r—ry By 2«[r — rgl{=(1 = 4mo)a? sin® Oy + (1 = mo) Ag VA2 + a®)(2«[r — ry] + 1)}

=1. (42)

In Eq. (42), the limit of the denominator is zero when r — ry; thus, the limit of the numerator should also be zero
when r — ry. Using L'hopital's rule, we can work out « as

2 1
rg—M— EAV?_I— gAaer)AgA—Z(l —ma) VAAgrutuy

(% +a2) VAAG+ 2% +a2) VAAgHy — a2 sin® O — 200AN,

[1+ 07— (om)* +---1, (43)

where
ml(r}, +a®) VAAg +2(r2, + a*) VAAgiy — 4a® sin® 0]
(% +a2) VAN +2(r% + a?) VAAgiy — a? sin® Oy — 206AN,

For the Schwarzschild space-time, it can be proved that /i =m. « is the precisely corrected surface gravity at the
event horizon. Taking lim,_,,, %Z = wq, We obtain

m=

(44)

Ay VAan + AgryPg. — (1 —mo)aign

w = [(1+om —(om')>+---1, (45)
’ Ao VA, +a2) - a? sin® Oy
[
where tain
m[Ag VA(r2, + a?) — 4a® sin® Oy | K(r—ri)+ 1
= . (46) S, =1li —wp) £ (W - wp) ] — g
Ng VA(r%, +a?) — a2 sin® Oy = [(@=wo)+(w=wp)] k(r—rg) "
wp 1s the exact corrected chemical potential. Combined =ri (w—wo)i(a)—wg). (49)
with Egs. (42) and (45), Eq. (41) can be written as fol- 2K
lows when r — ry According to the tunneling theory, we obtain the tunnel-
95 )2 55 ing probability of an arbitrary spin fermion in the space-
{ 3 } —(w- wo){ 3 } =0 47) time of the Kerr-de Sitter black hole
Ty Ty

= —-2(ImS ; —ImS _
s 0s 2k(r—rp)+1 exp[-2(ImS ; —ImS _)]

Substituting — = in Eq. (32) into Eq. 271(w — wp)
or  or, «k(r—ry) =expl - o0
(47), we obtain K
as | k(r—rg)+1 B w—wy
{E}+ = [(w—wo) + (w—wp)] =) (48) = exp{ T } . (50)
When r — ry, the residue theorem can be applied to ob- where

2 1
| (r,,, -M- §Arz - gAaZrH)AgA —2(1 = mo) VAAgryiy

H= 5=
27 (12, + a?) VANg + 2(r2, + a?) VADgiy — a2 sin® Oriy — 200AN

[1+0m— (o)’ +---]. (51)

[

In Eq. (51), Ty is the precisely corrected Hawking Sitter black holes, including the surface gravity, chemic-
temperature at the event horizon of the black hole. This is al potential, tunneling probability of arbitrary spin fermi-
a new form of the Hawking temperature expression for ons, and Hawking temperature. The correction is indic-

the Kerr-de Sitter black holes. ated by the parameter o. From Egs. (43), (45), (50), and
From the demonstration in this section, we note that (51), it is observed that for a non-stationary Kerr-de Sit-
using the modified R-S-H-J equation based on the correc- ter black hole, the surface gravity, chemical potential,

ted Lorentz dispersion relation, we have obtained a series tunneling probability, and Hawking temperature change
of precisely corrected physical quantities of the Kerr-de with time as the event horizon surface changes. The

125104-6



Chinese Physics C  Vol. 44, No. 12 (2020) 125104

chemical potential also varies with angle 6.
4 Discussion and conclusion

In this paper, based on the modified Lorentz disper-
sion relation on the quantum scale and with the condition
a =2 selected, we derived the modified R-S-H-J equa-
tion by properly selecting the transformation matrix and
using the semi-classical method. By using the derived R-
S-H-J equation, we solved the dynamic Kerr-de Sitter
black hole using the tortoise coordinate transformation,
and obtained the accurately corrected surface gravity,
chemical potential, tunneling probability, and Hawking
temperature. Although the correction term o is a small
quantity, it is still worth further studying.

Another important physical quantity in the thermody-
namics of black holes is the black hole entropy. Accord-
ing to the first law of thermodynamics, the entropy S* of
a black hole can be expressed as

dM = TdS* +VdJ + UdQ. (52)

1 3

2 1
(rH -M- —AI’?_I - gAaer) AgA -2 \/ZAG”H’.’H

For the Kerr-de Sitter black hole,
dM-VvdJ
—

The exactly corrected entropy at the event horizon
r = ry of the black hole can be expressed as

g8 _fdM—VdJ
ry TH

ds* = (53)

:j‘w(l—o-ﬁq)[l—a'ﬁ1+(0'n:1)2—”'], (54)
0

where

2m \/ZAQI’HI"H

= . (5%
3

In Eq. (53) and Eq. (54), the relational formula
dM -vdJ

2 1
(I‘H —M— —A}"?_I - §AGZFH)A9A—2\/ZA9VHfH

=dS ) represents the black hole entropy before

0 ) .
the correction, and T, represents the Hawking temperat-
ure before the correction, which is

0= - .
270 (12, + a2) VAN + 202 + a?) VAAgiy — a? sin® Ory — 20gAA,

When not considering the correction and returning to
the Schwarzschild space-time, combining Egs. (21) and
(28), Eqgs. (51) and (56) revert to the form of T = 1,
which also proves the correctness of the obtained results.
Equations (43), (45), (50), and (51) are all new expres-
sions with precise corrections. The Lorentz dispersion re-

(56)

lation is a theory worth studying in the field of high ener-
gies, and is a relation that needs to be considered in both
the theories of strong gravitational fields and gravitation-
al waves. It is worth pointing out that in the corrected
Lorentz dispersion relation, we considered @ =2 , and
considering other values is also worth pursuing; this will
be addressed in our future work.
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