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Abstract: Recently, the non-trivial solutions for 4-dimensional black holes of Einstein-Gauss-Bonnet gravity had

been discovered. In this paper, considering a charged particle entering into a 4-dimensional Gauss-Bonnet-Maxwell

black hole, we calculate the black hole thermodynamic properties using the Hamilton-Jacobi equation. In the normal

phase space, the cosmological constant and Gauss-Bonnet parameter are fixed, the black hole satisfies the first and

second laws of thermodynamics, and the weak cosmic censorship conjecture (WCCC) is valid. On the other hand, in

the case of extended phase space, the cosmological constant and Gauss-Bonnet parameter are treated as thermody-

namic variables. The black hole also satisfies the first law of thermodynamics. However, the increase or decrease in

the black hole's entropy depends on some specific conditions. Finally, we observe that the WCCC is violated for the

near-extremal black holes in the extended phase space.

Keywords: 4D Gauss-Bonnet-Maxwell black holes, weak cosmic censorship conjecture, black hole thermodynamic

properties, extended phase space

DOI: 10.1088/1674-1137/abb4c9

1 Introduction

Studying the thermodynamic properties of black holes
helps in understanding quantum gravity. Considering a
particle with negative energy entering into spacetime with
an ergoregion (e.g. a rotating black hole), the energy of
the black hole could be extracted [1]. Later, Christo-
doulou found that there was an irreducible mass when a
black hole absorbed a particle [2-4]. Due to the relation-
ship between the irreducible mass and entropy, the en-
tropy of the black hole corresponds to its area of horizon
(or the square of its irreducible mass) [5, 6]. Furthermore,
Hawking et al. established the four laws of thermody-
namics for black holes, which are similar to those in stat-
istical thermodynamics [7]. Based on the contributions
noted above, the thermodynamic properties of black holes
can be calculated semi-classically without considering the
complete quantum gravity. In addition, Hawking found
that black holes can have temperatures in curved space-
time [8].

When Maldacena discovered the AdS/CFT corres-
pondence [9], studies on the asymptotic anti-de Sitter
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(AdS) black holes became very prevalent. Hawking and
Page presented a first-order phase transition between the
thermal AdS space and the Schwarzschild AdS black hole
[10]. In a following work [11], this result was translated
into the language of AdS/CFT, which is called a confine-
ment/deconfinement phase transition. More results on the
thermodynamics and phase structures of AdS black holes
can be found in Refs. [12-16]. Recently, while consider-
ing the asymptotical AdS black holes in the extended
phase space, an interesting idea has been proposed to ex-
plain the cosmological constant in terms of thermody-
namic pressure [17, 18]. Next, many thermodynamic
studies on various AdS black holes in the extended phase
space were presented [19-25].

Moreover, the weak cosmic censorship conjecture
(WCCQC) states that the singularity is always present in
the event horizon [1]. If an observer has normal initial
conditions, then the singularity cannot be observed in the
future infinity in any real physical process. Wald pro-
posed a method wherein a test particle was thrown into a
black hole in order to test the validity of the WCCC in an
extremal Kerr-Newman black hole [26]. However, unfor-
tunately, due to electromagnetic or centrifugal repulsion,
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the black hole cannot capture a test particle with relat-
ively large charge or angular momentum to overcharge or
overspin itself. Moreover, considering the near-extremal
charged/rotating black hole, an overcharged/overspin-
ning black hole could be observed via the absorption of a
particle [27-29]. However, because of the backreaction
and self-force, the WCCC still holds for these black holes
[30-35]. It is worth noting that there is no strong evid-
ence to prove the WCCC, though many papers have dis-
cussed its validity in various black holes [36-76]. In par-
ticular, the Reissner-Nordstrom (RN)-AdS black hole via
the charged particle absorption was considered in the nor-
mal and extended phase spaces [49, 77]. The first law of
thermodynamics and the WCCC were satisfied, mean-
while the second law of thermodynamics was held near
the extreme value. It is noteworthy that the second law of
thermodynamics is always valid for a RN-AdS black hole
in the normal phase space. In Ref. [62], considering
charged particle absorption, the authors studied the ther-
modynamics and WCCC of Gauss-Bonnet AdS Black
Holes in higher dimensions (D > 4).

On the other hand, it is well known that non-trivial,
static, and spherically symmetric solutions only exist in
Gauss-Bonnet gravity when the number of spacetime di-
mensions D > 4. Otherwise, when D = 4, the Gauss-Bon-
net term becomes a topological invariant which does not
contribute to the gravitational equations of motion. In a
recent work [78], the modified Einstein-Gauss-Bonnet
gravity was proposed for obtaining the non-trivial solu-
tions in the limit D — 4. The method was about mimick-
ing the dimensional regularization in quantum field the-
ory and rescaled the coupling parameter « to a/(D—4).
As a result, the divergence of the Gauss-Bonnet contribu-
tion when D =4 could be canceled by the factor (D—4).
Then, the non-trivial four-dimensional black hole solu-
tions with Gauss-Bonnet contribution were obtained.
These new black hole solutions opened a new window to
study the Gauss-Bonnet effect in the lower dimensional
theory. It is worth noting that although the divergence of
the variation of the Gauss-Bonnet action was canceled
and a brand-new black hole solution was introduced, its
thermodynamic properties still had some problems in the
limit D —4. Therefore, the coupling replacement
a — a/(D—-4) cannot describe the topologically nontrivi-
al solutions, and thus, its thermodynamic result is prelim-
inary and requires considerable future studies [79]. On
the other hand, traditionally, while constructing the 4-di-
mensional dynamics by dimensional reduction from high-
er-dimensional theory, the degrees of freedom of the ex-
tra dimensions cannot be discarded. Besides, the addition-
al fields must be considered in the 4-dimensional theory
[79]. Furthermore, in Ref. [80], to understand how the di-
mensional regularization discards the dynamics of the ex-
tra dimensions, the author embedded the 2-dimensional
spacetime into a D-dimensional spacetime to determine

the map between the metric tensors and the Einstein
equations in 2-dimensional and higher dimensional theor-
ies. Next, considering the limit, the dynamical equations
from the extra dimensions could be discarded. This limit-
ing procedure requires highly symmetric backgrounds,
which lead the embedment to be valid. However, it is still
unclear how the D-dimensional dynamical equations con-
verge to the 4-dimensional dynamical equations by tak-
ing the limit D — 4. Moreover, it is difficult to determine
which dimensions are retained in the final action, be-
cause the limit D — 4 is only achieved by replacing the
coupling constant @ — a/(D—-4) and not by modifying
the Riemann tensors. This replacement cancels out the
vanishing factor of the Gauss-Bonnet term, and therefore
introduces the local dynamics from the Gauss-Bonnet
contribution. In addition, the solutions of the Gauss-Bon-
net gravity with Maxwell theory in AdS space were giv-
en and some thermodynamic properties were discussed in
Ref. [81]. Then, a substantial amount of work appeared
on the thermodynamic properties of 4-dimensional
Gauss-Bonnet black holes. In Ref. [82], the thermody-
namics and phase structure in the extended phase space
were discussed, where the cosmological constant was
seen as the thermodynamic pressure. The critical behavi-
ors were studied in Refs. [83, 84]. Furthermore, the au-
thors studied the phase transition and microstructures for
the four-dimensional charged AdS black hole in Ref.
[85]. In Ref. [86], 4-dimensional Einstein-Gauss-Bonnet
AdS black holes were treated as heat engines. In addition
to thermodynamic properties, the stabilities of 4-dimen-
sional Gauss-Bonnet black holes were also discussed in
recent works [87-90]. In Refs. [87, 91], quasinormal
modes and strong cosmic censorship were considered.

In this paper, based on the developments mentioned
above, we study the thermodynamics and WCCC for this
new 4-dimensional Gauss-Bonnet-Maxwell black hole.
To be specific, we are trying to verify the thermodynam-
ic laws and the WCCC by throwing a test particle into an
over-charged 4-dimensional  Gauss-Bonnet-Maxwell
black hole not only in the normal phase space but also in
the extended phase space. In the extended phase space,
both the cosmological constant and the Gauss-Bonnet
parameter are treated as thermodynamic variables, which
leads to some interesting results. For example, in the ex-
tended phase space, the black hole thermodynamics in the
Gauss-Bonnet gravity with quadratic nonlinear electro-
dynamics are discussed in Ref. [92] and the thermody-
namic properties of Gauss-Bonnet-Born-Infeld-massive
black holes are studied in Ref. [93]. On the other hand, in
Ref. [94], the authors considered the thermodynamic be-
havior of the Gauss-Bonnet-massive gravity with the
power-Maxwell field in the normal space. In this paper,
in the normal phase space, when a charged particle enters
into a 4-dimensional Gauss-Bonnet-Maxwell black hole,
the first and second laws of thermodynamics are still sat-
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isfied. However, the results are different in the extended
phase space. Considering the thermodynamics laws in the
extended phase space, the first law of thermodynamics is
also satisfied, but the second law is indefinite. If we as-
sume the Gauss-Bonnet parameter does not change after
the black hole absorbs a charged particle, the second law
is violated for extremal and near-extremal black holes.
On the other hand, considering the WCCC, there are still
some differences between the normal and the extended
phase spaces. For near-extremal black holes, the WCCC
is still valid in the normal phase space. However for the
extended phase space, the WCCC is violated. Further-
more, after absorbing the charged particle, the extremal
black hole becomes non-extremal in the normal phase
space, but the extremal black hole stays extremal in the
extended phase space.

The rest of this paper is organized as follows. In sec-
tion 2, we derive the general solutions of the 4-dimen-
sional Gauss-Bonnet-Maxwell black holes and their ther-
modynamic properties. In section 3, we first review the
Hamilton-Jacobi equation for a particle entering into the
black hole in curved spacetime. Then we obtain the ther-
modynamics of the black hole in the normal and exten-
ded phase space, and discuss the first and second laws of
thermodynamics. In section 4, we throw a charged
particle into the black hole to test the WCCC in both
phase spaces. In section 5, we give conclusions. We as-
sume G =% = c = kg =1 for simplicity in this paper.

2 4-dimensional Gauss-Bonnet-Maxwell grav-
ity

In this section, we briefly review the Gauss—Bonnet
gravity coupled to the Maxwell theory in 4-dimensions.
We will also discuss its thermodynamic properties. Based
on Ref. [78], the Gauss-Bonnet-Maxwell theory is de-
scribed by the action

S=—1 de\/_[R 2A+—4(2

o — 4R, R"

M
+R,,,,WR“V"‘T) F’“’Fﬂv], €]

(D-1)(D-2)
2

is the AdS radius, « is the Gauss-Bonnet coupling con-

stant, and F,, = d,A, -0,A, is the electromagnetic field-

strength tensor, in which A, is the gauge potential. Vary-

ing the action (1) yields the equations of motion,

where A = — is the cosmological constant, /

1
=5 (R-2A)guy+H,y =81T,,, V,F*"=0, (2)
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Considering a 4-dimensional static spherically symmet-
ric black hole ansatz, we take the following metric and
vector potential

2 =—f(rdf + m + 17 (d6” + sin” 6dg?),
A=A, (r)dr. “4)
After setting D — 4, the equations of metric function f (r)
and vector potential A, (r) are written as
0=1-f(r)—rf’ (r)+ = ++2af (r)(f (r)— l)r_1
—a(f(N-1)7r" +(arAAr)>2 r (5)

0=[r0,4,0)] . (6)

By solving Eq. (5) and Eq. (6), one can obtain the solu-
tions for metric function and vector potential [81]

2

f(r)=1+2—

r 1 2M Q2
p 1—\/1+4Q(—l—2+r—3—7)}, (7)

a=-2, (8)
where M is the ADM mass of the black hole and Q is the
black hole charge. The thermodynamic properties of the
black hole can be defined on the black hole horizon r,,
which is determined by f(r;) =0. The Hawking temper-
ature, electrical potential, and entropy of the black hole
are given by [81, 85]

T=f'(r+):—a+r$+3;—;—Q2 o)
4n 47T(r§r +2ar+) ’
o= [ am=-a0., (10)
am
= = +dnaln =, (11)
T Va

where A, (r) goes to zero at r = oo, the electrostatic poten-
tial @ is a conjugated thermodynamic variable to black
hole charge Q. It is worth noting that Ve in Eq. (11) is
from the identification with an integral constant, and the

.. . L. ry ...
purpose of this identification is to ensure In — is dimen-
(07

125101-3



Chinese Physics C  Vol. 44, No. 12 (2020) 125101

sionless and the Smarr relation (25) associated withthe
entropy is consistent with the higher-dimensional form.

3 Thermodynamics via charged particle ab-
sorption

In this section, we study the black hole thermodynam-
ics of the Einstein-Gauss-Bonnet gravity coupled to the
Maxwell theory through a charged particle entering the
black hole horizon. Due to the conservation of energy and
charge, after absorbing a charged particle, the mass and
charge of the black hole would change. Furthermore, the
other thermodynamic properties of the black hole may
also change. The purpose of this section is to check
whether the change in the thermodynamic variables of the
black hole will violate the first and second laws of ther-
modynamics in the normal and extended phase spaces.

At first, we briefly review the relationship of the test
particle's energy with its radial momentum and potential
energy before the particle enters the horizon. The Hamilton-
-Jacobi equation of the test particle is given by [61]:

[E+gA P [POP L,

o g et
where L is the particle's angular momentum and P’ (r)is
the particle's radial momentum. It is worth mentioning
that P"(r,) is finite and proportional to the Hawking tem-
perature of the black hole [95, 96]. Since the energy of
the particle is required to be a positive value [2, 4], we
can rewrite Eq. (12) as

E=—qA,(r)+ \/f(r) (m2 + 1;—22)+ (Pr(N>.  (13)

At the horizon r = r,, the above equation reduces to
E=q®+|P"(r,)], (14)

which relates the energy of the particle to its radial mo-
mentum and potential energy just before the particle
enters the horizon.

For convenience, before the subsequent discussions
on the thermodynamic properties via charged particle ab-
sorption, we present the following formulas:

O gy VO 2

7 =4nT, ——+ =~ >
or lr=r, OM lr=r. Iy + Zr_a

ofry  _ 2 1
ol lr=r+ B P 1+ % ’

f () 2090y 1 g
9Q lrer.” p422’ da ler 42

3.1 Normal phase space

In the normal phase space, only the black hole mass

M and black hole charge Q are the thermodynamic vari-
ables. We assume that the charged particle, which enters
into the horizon of the black hole, has the energy £ and
charge ¢. The black hole changes its properties from
(M,Q) to (M+dM,Q+dQ) after absorbing a charged
particle. In the normal phase space, the black hole mass
M is considered as the internal energy U of the black
hole. Based on the law of conservation of energy and
charge, we have the formulas:

dM=E, dQ=gq. (16)
Before the charged particle enters the black hole horizon,
the outer horizon radius r, satisfies

f(re;M, Q) =0. (17)

Then after absorbing the charged particle, the black hole
horizon radius is written as r, +dr,, which also satisfies

fry+dri;M+dM,Q+d0) = 0. (18)
Therefore, the total differential of f'can be obtained by
af(r) af(r) af () _
™ r:hdr+ * S ey M+ 50 r:ndQ =0. (19)

Substituting Eqs. (15) into Eq. (19), and then combining
Eq. (11) to remove the dr, term, we can obtain the first
law of thermodynamics

dM = ®dQ+TdS. (20)
Furthermore, using Egs. (14), (16), and (20), the wvari-
ation of entropy becomes
[P (ro)l S
T
which shows that absorbing a charged particle in normal

phase space does not violate the second law of thermody-
namics.

ds = 0, @1)

3.2 Extended phase space

In the extended phase space, not only the black hole
mass M and the black hole charge Q, but also the cosmo-
logical constant / and the Gauss—Bonnet parameter «in
metric function f(r)are thermodynamic variables. In this
case, we define the thermodynamic pressure of the black
hole using the cosmological constant [17, 18]:

A 3
P= S S (22)
and the conjugate thermodynamic volume of the black
hole is given by

oM 4
V= (—) =20, (23)
oP S.0. 3

where we use Eq. (7) and f(r;)=0. Furthermore, the
conjugate quantity of Gauss-Bonnet parameter a is A,
which is defined as [85]:
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(%)

1 Iy
=—+2aT(1-2In—|. 24
e + ﬂ( n\/a) (24)

sop 2+

The Smarr formula hence can be confirmed as

M =2TS +®Q—-2PV +2Aa, (25)

which is consistent with the higher-dimensional form for
the Smarr formula [21]. Moreover, in the extended phase
space, the black hole mass M should be treated as the en-
thalpy H instead of internal energy U of the black hole
[21]. Therefore, in the extended phase space, when a
charged particle of energy £ and charge g enters the black
hole horizon, it causes the internal energy and charge of
the black hole to change as

dU=dM-PV)=E, dQ=q. (26)

Irrespective of whether the radius » takes the initial
black hole horizon radius r, or the changed horizon radi-
us ry +dr, after absorbing a charged particle, the metric

function f(r) must be set to zero. Moreover, we can ob-
tain the infinitesimal changes in M, Q, [/, @, and r; :

af () af () af (r)
ar lr=r 't " oM Ir=r, * 00 r=r+dQ
af(r) af(r) _
+ ol r:r+dl + a—a r=r*da =0. (27)

Substituting Eq. (15) into Eq. (27), we can easily obtain
the first law of thermodynamics of a Gauss-Bonnet-Max-
well black hole in the extended phase space,

dM = ®dQ + TdS + VdP + Ada, (28)
where d! is replaced with dP through Eq. (22). Combin-
ing Eq. (26) and the first law of thermodynamics (27), we
obtain that

|P"(r)| = TdS - PdV + Ada. (29)

Using Egs. (22)-(24) and substituting Eq. (11) back into Eq.
(29), we can obtain the change in the black hole entropy:

ds =

Based on Eq. (9), for a large enough 7, the denominator
in Eq. (30) becomes

(1+2—§‘)T—3i>0. (31)
r2 4rl?
Otherwise, for a relatively small 7, the denominator is
negative. Since da is arbitrary, the sign of the numerator
in Eq. (30) is indefinite. In the extended phase space, the
entropy can increase or decrease depending on the value
of da. Considering the “restricted” extended phase space
with da = 0, the change in the black hole entropy becomes

2a
drr3 (1 + r_z) |P" (ri)l
+
2 3 ’
(1425 )= 3
ri 4nl
which shows that the second law of thermodynamics is not
satisfied for the extremal or near-extremal black hole. When
the black hole is far enough from extremality, the second
law is satisfied in the “restricted” extended phase space.

ds =

(32)

4 Weak cosmic censorship conjecture

In this section, we will check the validity of the WC-
CC when a charged particle enters into the black hole ho-
rizon. We assume that the initial black hole is extremal or
near extremal before absorbing a charged particle. Since
the test particle has a very small energy and charge com-

2 1 2 2 3
(1 + —g)|P’(r+)|—{—(1 + —f)+ [(1 + —S)T— Lg]zn(l —2In r—*)}da
ri 2ry ry ry 4rl Va
—)T— 3ry '

(30)

4nl?

pared to the black hole, to become a naked singularity re-
quires the black hole to be close to the extremality. Ther-
efore, here we assume that the initial Gauss-Bonnet-Max-
well black hole is near-extremal, which possesses two ho-
rizons. Between these two horizons, there exists one and
only one minimum point at r = ry;,, for f(r). Moreover,

the minimum value of f(r) is not greater than zero,

6= f (rmin) <0, (33)
where 6 =0 corresponds to the extremal black hole. After
the black hole absorbs a charged particle, the minimum
point moves to rpin + drmin. For the final black hole solu-
tion, if the minimum value of f (rmi, +drpin) 1s still not
greater than zero, then there is an event horizon. Other-
wise, the final black hole solution is over the extremal
limit, and the WCCC is violated. Again, we first present

some useful formulas:

125101-5



Chinese Physics C  Vol. 44, No. 12 (2020) 125101

af(r B
or lr=ry, _0’
ofmy 2
O reree e 22 (1)
Fmin
A 2 1
p—— B 2 ’
ol [ 1+2_Q(1_6)
af (r) _2(D+A(ry) —Ar (rmin))
r=ran 2 ’
90 " T'min + a (1-90)
_ . ))2
% _ (1= f (rmin) . (34)
oalr=ry, rrznin +2a(1-9)

4.1 Normal phase space

In the normal phase space, the charged particle with
the energy E and charge ¢ enters into the black hole,
which makes the black hole shift from the initial state
(M, Q) to the final state (M +dM, Q +dQ), where dM and
dQare given in Eq. (16). Moreover, the minimum value
of f(r) moves from f(ryin) t0 f (Fmin + d7min), Where the
final state f (rpin +drmin) can be rewritten in terms of the
initial state ¢:

f(rmin +drmin;M+dM’Q+dQ)

_ L 9f L of of
=0+ o r=r,“,,,drmm + M r:rmmdM + 90 r=rm,,,dQ
-5 21P" (ry)| N 2q[A;(r+) = Ay (rmin)] . (35)

Fmin+ 72 (1=68)  Fmin+ 22 (1-0)

The extremal black hole implies ryj, =7, and §=0.

Therefore, the minimum value of the final state metric
|

function f (r) becomes
21P" (ry) <

2a
Tmin + .

f (Fmin +d7min) = — 0. (36)
That is, the extremal black hole becomes non-extremal,
after absorbing a charged particle. Furthermore, if the

initial black hole is near-extremal, we define € such that

Fmin =7+ (1 =€), (37)
where 0 < e < 1. Thus, ¢ is suppressed by € in the near-
extremal limit. Moreover, based on (8), the second term
in the third line of Eq. (35) can be rewritten as

2q[As(r) = Ay (rmin)] _ 20qge
20 (1-5) P2(1-e?+2a(1-6)

(3%)

Fmin t -

Therefore, in the near-extremal black hole, considering
the test particle limit, the third term of Eq. (35) can be
neglected. Then Eq. (35) becomes

2|P"
J (rmin +drimin) =6 — _ AP 0, (39

L a-6

min
which implies that the near-extremal black hole is still
non-extremal after the absorption. As a result, in the nor-
mal phase space, the WCCC is satisfied for the extremal
and near-extremal Gauss-Bonnet-Maxwell black holes
upon the absorption of a charged particle.

Tmin t

4.2 Extended phase space

In this case, absorbing a charged particle makes the
parameters of the black hole change from (M, Q,l,a) to
(M+dM,Q+dQ,l+dl,a+da), and rp, changes to
Fmin + drmin. For the final state at r = rmj, + d7rmin, the min-
imum value of f(r) is

0 0 0 9]
f (Fmin + d7min, M +dM, Q +dQ,a +da) =6 + 67]; v dM + % r:rmmdQ + a—J; r:rm,,,dH Ej: r:rmda
. 2 r
=6+ (-TdS +q[A;(ry) — A; (rmin)]) 0 ‘;3‘“ — [3_+ - 1] dl
Famin + —— (1= 6) Finin + —— (1 =) /min
min min
+;[(1—5)2—(@ +47rTrmin(1—2lnr—+))]da, (40)
rfnin+2cy(1—6) ry Va

where we use Eq. (34) for the derivatives of f(r). If the
initial black hole is extremal, we have rpn=ry, T =0,
and 6 = 0. Thus, we find that the minimum value of f(r)
of the final black hole becomes

f(rmin +drmin) =0, (41)

[
which means that the extremal black hole is still ex-
tremal after absorbing the test particle. On the other hand,
considering the near-extremal black hole, we define an
infinitesimal quantity € as (37). Then substituting Eq.
(30) into (40), we can get
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2
, (1+7§)|Pf<r+>| 1 e
S (rinin + drmin) =6 — T * + dt +(1—6)2 da
2a P 3ry  r2(1-e)?+2a(1-0) 2a 3ry
re(l-e)+ ———(1-6) (1+=|T-— '+ 1+=|1T-—=
v -9 ( " ri) Anl? +ri) 4nl?
3ry
€ rt 4nl2
+ 20q+2(1-€) (€2 -3e+3)=dl- —— T eda].
2 (1-e?+2a(1-6) %4 ( )13 1+2_a T 3r,
r2 4n]?
(42)

Since the quantity e is infinitesimal, the term in the fourth
line of Eq. (42) can be neglected. However, as we dis-
cussed in the final part of section 3, the temperature in the
near-extremal black hole is low enough for the denomin-
ator in the second term of the second line of Eq. (42) to
be neglected. Therefore, this term is positive. Moreover,
da is arbitrary; hence, the sign of the third line in Eq. (42)
is indefinite. In general, the test particle can overcharge
the near-extremal Gauss-Bonnet black hole in 4-dimen-
sions, which invalidates the WCCC.

Table 1.
sorption of a charged particle in the test particle limit.

5 Conclusion

In this paper, we first reviewed the solutions of the 4-
dimensional Gauss-Bonnet-Maxwell black holes. Then,
we obtained the thermodynamic quantities of the black
hole and examined the first and second laws of thermody-
namics by throwing a charge practice into the black hole.
Finally, we verified the WCCC for a Gauss-Bonnet black
hole coupled to Maxwell theory in the normal phase
space and extended phase space. Our results are summar-
ized as follows (Table 1):

Results for the first and second laws of thermodynamics and the WCCC, which were tested for a GaussBonnet-Maxwell black hole by the ab-

Normal Phase Space

Extended Phase Space

Ist law Satisfied.
2nd law Satisfied.

Satisfied for the extremal and near-extremal black holes.
WCCC After the charged particle absorption, the extremal black hole

becomes non-extremal.

Satisfied.

Indefinite. If da = 0 is imposed, the 2nd law is violated for the
extremal and near-extremal black holes.

Satisfied for the extremal black holes. After the charged particle
absorption, the extremal black hole stays extremal. Violated for
near-extremal black holes.

As shown in Table 1, after the absorption of a charged
particle, the first law of thermodynamics of the 4-dimen-
sional Gauss-Bonnet-Maxwell black hole is still satisfied
both in the normal phase space and in the extended phase
space. However, the second law of thermodynamics is
different in these two cases. In the normal phase space,
the second law of thermodynamics is still satisfied. Nev-
ertheless, the second law is indefinite in the extended
phase space. More specifically, if we assume the Gauss-
Bonnet parameter does not change after the black hole
absorbs a charged particle, the second law is violated for
the extremal and near-extremal black holes. Furthermore,
the WCCC is considered in the normal phase space.
When a charged particle enters into a near-extremal black
hole, the WCCC is still valid. Meanwhile, for the ex-
tremal black hole, the WCCC is violated, and the black
hole becomes non-extremal. On the other hand, for the
black hole in the extended phase space, if a near-ex-
tremal black hole absorbs a charged particle, the WCCC

is still valid. However, for the extremal black hole, the
WCCC is violated.

In the near future, it is reasonable to study the exten-
ded phase space thermodynamics for 4-dimensional
Gauss-Bonnet-Maxwell black holes in a cavity. This
study motivates further discussion of the deep relations
between the thermodynamic properties of novel 4-dimen-
sional black holes and their boundary conditions. Then,
based on the works of [76], it is natural to discuss the
validity of thermodynamic laws and the WCCC for 4-di-
mensional Gauss-Bonnet-Maxwell black holes in a cavity.

Note: The authors considered the same problem only
in the normal phase space which appeared on arXiv on
April 19,2020 [97].

We are grateful to Benrong Mu, Jun Tao, Peng Wang,
Houwen Wu, and Haitang Yang for the useful discus-
sions and valuable comments.
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