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Abstract: The spectroscopic parameters and decay channels of the axial-vector tetraquark Tb_b;ﬁ (in what follows,
T;%’) are explored using the quantum chromodynamics (QCD) sum rule method. The mass and coupling of this state
are calculated using two-point sum rules by taking into account various vacuum condensates, up to 10 dimensions.
Our prediction for the mass of this state m = (10215 +£250) MeV confirms that it is stable with respect to strong and
electromagnetic decays and can dissociate to conventional mesons only via weak transformations. We investigate the
dominant semileptonic Tﬁ%’ — Zgﬁh—/l and nonleptonic TL‘:\E’ - Zg:EM decays of T;j%’. In these processes, 2,'0:E isa
scalar tetraquark [bc][us] built of a color-triplet diquark and an antidiquark, whereas M is one of the vector mesons
p~, K*(892), D*(2010)~, and D}~ . To calculate the partial widths of these decays, we use the QCD three-point sum
rule approach and evaluate the weak transition form factors G;(i =0, 1,2,3), which govern these processes. The full
width Ty = (12.9+2.1)x 1078 MeV and the mean lifetime 7 =5 .11’8:2? fs of the tetraquark Tl‘?%/ are computed us-
ing the aforementioned weak decays. The obtained information about the parameters of T;}%’ and Zgﬁ is useful for

experimental investigations of these double-heavy exotic mesons.
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I. INTRODUCTION

Recently, double-beauty tetraquarks, composed of a
bb diquark and a light antidiquark gg’ , became a subject
of intensive theoretical studies [1-6]. The interest in these
states was inspired by the experimental observation of ba-
ryons Z/} and measurements of their parameters [7]. The
measurements were used in phenomenological models, to
estimate the masses of double-beauty states [1]. These in-
vestigations demonstrated that the axial-vector tetraquark
T (hereafter T;,) with the mass m = (10389 + 12) MeV
is stable with respect to strong and electromagnetic de-
cays and can dissociate into a conventional meson only
via a weak transformation. A similar conclusion about the
stable nature of some tetraquarks bbgq was reached in
Ref. [2] as well, where the authors of that study used
methods of heavy-quark symmetry analysis.

Double-heavy tetraquarks QQ’qq’, in fairness, were
studied already in classical articles [8-12], in which they
were examined as candidate stable four-quark com-

pounds. The main qualitative conclusion drawn in these
works was the existence of a constraint on the masses of
constituent quarks. It was found that tetraquarks QQ’qq’
may form strong-interaction stable exotic mesons,
provided the ratio mg/m, is large. Therefore, tetraquarks
bbqq’ are the most promising candidates for stable four-
quark mesons.

Quantitative analysis of these problems continued in
the following years, using the frameworks of various
models and using different methods from high-energy
physics. Thus, tetraquarks Tpp were explored using the
chiral, dynamical, and relativistic quark models [13-17].
Axial-vector states T .7 were considered in the context
of the sum rule method [18,19]. Processes in which tetra-
quarks T.. may be produced, namely electron-positron
annihilation, heavy-ion and proton-proton collisions, and
B. meson and E,. baryon decays, also attracted the in-
terest of researchers [20-24].

The axial-vector particle T,, was studied in our work
as well [3]. We employed the quantum chromodynamics
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(QCD) sum rule method and evaluated the mass of this
state m = (1(10*35 + 260)_1\(§IeV. This means that m is below
both the BB~ and B~ B y thresholds; hence, this state is
astrong- and electromagnetic-interaction stable tetra-
quark. We also explored the semileptonic decays 7,
— chh—/l, where ch is the scalar tetraquark [bc][ud] com-
posed of color-triplet diquarks, and calculated their par-
tial widths. The predictions for the full width and mean
lifetime of T, obtained in Ref. [3] are useful for experi-
mental investigations of double-beauty exotic mesons.
Other members of the bbgqg family, studied in a
rather detailed form, are the scalar tetraquarks Ty and

Tb_b;uﬁ (in short forms, 7, and T, respectively). The
mass and coupling of T, and T, were calculated in
Refs. [25,26], in which we demonstrated that they cannot
decay to ordinary mesons through strong and electromag-
netic processes. We also investigated dominant
semileptonic and nonleptonic weak decays of these tetra-
quarks and estimated their full width and lifetime charac-
teristics.

In the present article, we extend our analysis and in-
vestigate the axial-vector partner of 7, with the same
quark content bbus. It can be treated also as "s" member
of the axial-vector multiplet of the states bbug. We de-
note this tetraquark as Tﬁ%’ and compute its spectroscop-
ic parameters using the two-point QCD sum rule method.
Calculations are performed by taking into account vari-
ous vacuum condensates, up to 10 dimensions. The ob-
tained result for its mass m = (10215+250) MeV proves
that this state is stable against strong and electromagnetic
decays. In fact, Tﬁ}’ in the S-wave can decompose into
pairs of conventional mesons B~ B; and B*‘E(S}, provided m
exceeds the corresponding thresholds 10695/10692 MeV,
respectively. The threshold for the electromagnetic decay
to the final state B‘E?y is 10646 MeV. It is seen that even
the maximal allowed value of the mass10465 MeVis be-
low all of these limits.

Therefore, to evaluate the full width and lifetime of
T;f%’, we analyzed the semileptonic and nonleptonic weak
decays T]f:‘;’ — Zgﬁh‘/; and T}ﬁ;’ —>Z2:EM , respectively.
Here, Zgﬁ is the scalar tetraquark [bc][us] built of a col-
or-triplet diquark and an antidiquark, and M is one of the
vector mesons p~, K*(892), D*(2010)~, and D;~. The
weak transitions of 7Y can be described by the form
factors Gi(¢*) (i=0,1,2,3), which determine the differen-
tial rates dI'/dg* of the semileptonic and partial widths of
the nonleptonic processes. These weak form factors are
extracted from the QCD three-point sum rules in Section III.

This work 1is structured as follows. In Section II, we
calculate the mass and coupling of the tetraquarks T,
and thg. For this, we derive the sum rules for their
masses and couplings, by analyzing the corresponding
two-point correlation functions. Numerical computations

are performed by taking into account quark, gluon, and
mixed condensates, up to the 10th dimension. In Section
III, we compute the weak form factors G;(¢*) from the
three-point sum rules for momentum transfers ¢*, where
this method is applicable. In that section, we also determ-
ine model functions G;(¢*) and find the partial widths of
the semileptonic decays T,y — Z _[v. The weak non-
leptonic processes Tﬁ%’ - ZgﬁM are investigated in Sec-
tion I'V. This section also contains our final results for the
full width and mean lifetime of the tetraquark 7. In
Section V we discuss our obtained results and present our
conclusions. Appendix contains explicit expressions of
quark propagators and the correlation function used to
evaluate the parameters of the tetraquark 7, .

II. SPECTROSCOPIC PARAMETERS OF THE
AXIAL-VECTOR T/Y AND SCALAR Z).
TETRAQUARKS

In this section, we calculate the mass may and coup-
ling fay of the axial-vector tetraquark 7%, which is ne-
cessary for clarifying its nature, and conclude whether
this particle is stable against strong and electromagnetic
decays. Another tetraquark considered here is the scalar
exotic meson Z(;:E that appears in the final state of the
master particle's decays: spectroscopic parameters of this
state enter into the expressions for the partial widths of
the T;*%’ tetraquark's decay channels. The scalar exotic
meson Zg:z is a member of the bcgqg’ family and is of in-
terest from this perspective as well.

The sum rules for evaluating the mass and coupling of
the axial-vector tetraquark 7,%Y can be obtained from the
two-point correlation function

M,(p) =i f Exe PO LWL O, (1)

where J,(x) is the corresponding interpolating current. It
is known that there are five independent diquark fields
without derivatives, which can be used for formulating
the current J,(x). Among them, scalar and axial-vector
diquarks are the most stable and favorable structures for
composing the tetraquark state. We suggest that T lf%’ is
composed of the axial-vector diquark b”Cy,b and the
scalar antidiquark 7ysCs’ . One has to take into account
that the axial-vector diquark »”Cy,b has symmetric fla-
vor but antisymmetric color organization, and its flavor-
color structure is fixed as (6f,§c) [19]. Then, to build a
color-singlet current, the light antidiquark field should
belong to the triplet representation of the SU.(3) color
group and has the explicit form ﬁay5CEZ—ﬁb75CEZ. But
in calculations, owing to the symmetry constraint, it is
sufficient to keep one of the light diquark terms [19].
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Therefore, for the current J,(x) we use the following ex-
pression

() =[BT 0Cyube ()] [Hax)ysCsy 0] (@)

To solve the same problems in the case of the scalar tetra-
quark Z‘b)ﬁ, we start from the correlation function

N(p) =i f d*xeP 01T 1T Z(x) T (0)}[0). 3)

Here, Jz(x) is the interpolating current for ZO:E

Jz(x) =[BT () Cyscp(0)[Ha(x)ysCSp (x)
—11p(X)ysC5E (1)) C))

In the expressions above, a and b are the color indices,
and C is the charge conjugation operator. The current (4)
is composed of diquarks that belong to the triplet repres-
entation [3.]pc ® [3.] of the color group.

Now, we concentrate on calculating the parameters
may and fay. Following the standard prescriptions of the
sum rule method, we express I, (p) using the spectro-
scopic parameters of T,v . These manipulations generate
the physical or phenomenological side of the sum rules

Phys
L, (p)

N N

2 _ 2
Myy—P

_ OWITR XTI

Phys
L, (p)

®)

Here, we isolate the ground-state contribution to HE}VW *(p)

from the effects due to higher resonances and continuum
states, which are denoted by dots. In our study, we as-
sume that the phenomenological side of the sum rules
Hzt,ly“(p) can be approximated by a zero-width single-pole
term. In the case of the four-quark system, the physical
side, however, also contains contributions from two-
meson reducible terms [27,28]. Interaction of J,(x) with
such a two-meson continuum generates a finite width
I'(p?) of the tetraquark and results in the following modi-
fication [29]:

2l 7 l .
m? = p? =i p(p?)

(6)

m-=p

The contribution of the two-meson continuum can be
properly taken into account by rescaling the coupling f,
whereas the mass of the tetraquark m preserves its initial
value [30]. These effects may be essential for strong-in-
teraction unstable tetraquarks, because their full widths
are a fewl100MeV. Stated differently, the two-meson

continuum is important, provided the mass of the tetra-
quark is higher than a relevant threshold. However, even
in the case of unstable tetraquarks, these effects are nu-
merically small; therefore, it is convenient for the phe-
nomenological side to use Eq. (5) and perform an a pos-
teriori self-consistency check of obtained results by es-
timating two-meson contributions [30]. As we shall see
later, the tetraquark T,‘f%’ is a strong-interaction stable
particle, and may resides below the two-meson con-
tinuum, which justifies the zero-width single-pole ap-

proximation for HEEys(p).

The correlator Hilﬁys(p) can be simplified further by

defining the matrix element (0[J,,|T,%Y (p))

OWIT Y () = mav fav€u (M

N

where ¢, is the polarization vector of the state 7,Y. In

terms of may and fav , the function l'[ﬂ:}ys( p) takes the form

miy fa Pubv
Av/av (_ ot 2 )+ ®)

Phys
I, " (p)=——> —
My —P My

The QCD side of the sum rules can be found by sub-
stituting J,,(x) into the correlation function (1) and con-
tracting the relevant quark fields, which yields

OYE(p) =i [ dtac Te] 53 (a5 2
*{Te[7, 82 (xyyuS g7 ()]
~Tr| 7,85 7.8 ()]} ©

where S Z”(x) is the quark propagator. The propagators of
heavy and light quarks used in the present work are prese-
nted in Appendix. In Eq. (9), we introduce the notation

S =CSTc. (10)
It is seen that the correlator H,ljlvlys(p) contains the
Lorentz structure of the vector particle. To derive the sum
rules, we choose to work with invariant amplitudes
1P (p?) and TI°PE(p?) corresponding to terms ~ g, be-
cause they are free of the scalar particles' contributions.
The sum rules for may and fay can be derived by
equating these two invariant amplitudes and carrying out
all standard manipulations of the method. In the first
stage, we apply the Borel transformation to the both sides
of this equality, which suppresses the contributions of
higher resonances and continuum states. In the next step,
using the quark-hadron duality hypothesis, we subtract
the higher resonance and continuum terms from the phys-
ical side of the equality. As a result, the sum rule equal-
ity becomes dependent on the Borel M? and continuum
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threshold sy parameters. The second equality necessary
for deriving the required sum rules is obtained by apply-
ing the operator d/d(—1/M?) to the first expression. Then,
the sum rules for may and fay are

IT'(M?, 50)
2 =7 11
"N T, s0) (h
and
emf\v/lu2
fay = —5—TI(M?, 50). (12)
Mav

Here, I1(M?,s,) is the Borel-transformed and continuum-
subtracted invariant amplitude II°E(p?), and IT"(M?, 59) =
d/d(=1/M>II(M?, o). The function TI(M?, sy) has the fol-
lowing form:

(M2, s9) = f ‘ dspPE ()™M + TI(M>), (13)
M2

where M =2my, +m;,. The quantity p°PE(s) is the two-
point spectral density, whereas the second component of
the invariant amplitude IT1(M?) includes nonperturbative
contributions calculated directly from II°PE(p). In the
present work, we compute IT(M?,s,) by taking into ac-
count nonperturbative terms up to the 10th dimension.
The explicit expression of the function ITI(M?2, so) is given
in Appendix.

The sum rules for the mass mz and coupling fz of
the scalar tetraquark ng can be found in the same man-
ner. The correlator II™"™$(p) contains only a trivial
Lorentz structure proportional to /, and the relevant
invariant amplitude has the simple form IIP™s(p?) =
m> f2/(m% —p*). The QCD side of the sum rules is de-
termined by the formula

% (p) =i f d* e T[54 (x)ysS 2 ()]
*{Tr[ysS 2P (=x)ysS (=) | = Tr[ysS 4" ()
xysS (=) | = Tr[ys ST (= x)ysS &P (=)
+Tr|ysS“(=x)ysSh P (-0} (14)

The parameters of Zg;@ after evident replacements
TI(M?2, s9) — TI(M?, s9) and M — M = my, + m. +m, are de-
termined by Eqs. (11) and (12). Here, TI(M?2,s0) is the
transformed and subtracted invariant amplitude corres-
ponding to the correlation function ITOFE(p).

The sum rules through the propagators depend on dif-
ferent vacuum condensates. These condensates are uni-
versal parameters of computations and do not depend on
the analyzed problem. It is worth noting that the light

quark propagator contains various quark, gluon, and
mixed condensates of different dimensions. Some of
these terms, for example, (gg,0Gq) and (5g,0Gs), (gq)*
and (55)2, (gq)(g;G*Yand (5s)(g,G*), and others were ob-
tained from higher-dimensional condensates using the
factorization hypothesis. However, the factorization as-
sumption is not precise and is violated in the case of high-
er-dimensional condensates [31]: for the condensates of
dimension 10, even the order of magnitude of such a viol-
ation is unclear. Nevertheless, the contributions of these
terms are small; therefore, in what follows, we ignore the
uncertainties generated by this violation. Below, we list
the vacuum condensates and masses of b, ¢, and s quarks
used in our numerical analysis:

(qq) = —(0.24+0.01)° GeV?,
(ss) = 0.8 {q9),
(Ggs0Gq) = my(qq),
(5g,0Gs) = m(5s),
mi = (0.8+0.1) GeV?,
a,G?
T

( ) =(0.012+0.004) GeV*,

(£3G%) = (0.57£0.29) GeV®,
m; =93%' MeV,
me=127+0.2GeV,
my, = 4187003 GeV. (15)

In Eq. (15), we introduced the following short-hand nota-
tions:

2 _ A A
G?=GA,G

oo G3 — fABCGA GB Gg(g’ (16)

ap s
where G is the gluon field strength tensor, f4%¢ are the
structure constants of the color group SU.(3), and
A,B,C=1,2,.38.

The mass and coupling of the tetraquarks (11) and
(12) also depend on the Borel and continuum threshold
parameters M? and so. The M? and s, are the auxiliary
quantities, and their correct choice is one of the import-
ant problems in sum rule studies. Proper working regions
for M? and s, must satisfy restrictions imposed on the
pole contribution (PC) and convergence of the operator
product expansion measured by the ratio R(M?), which
we define respectively by the expressions

TIM?, 50)
PC = —H(Mz,oo)’ 17)
and
DimN 2
R(MZ) = LA/I’SO) (18)

TI(M?, 59)
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Here, TTP™N(M2 50) is a contribution to the correlation
function of the last term (or sum of the last few terms) in
the operator product expansion. In the present work, we
use the following restrictions imposed on these paramet-
ers: at the maximal edge of M?, the pole contribution
should obey PC > 0.2, and at the minimum of M2, we re-
quire fulfilment of R(M?) <0.01. Lets us note that we es-
timate R(M?)usingthelastthreetermsintheOPEDimN = Dim
(8+9+10).

Variations of M? and sy within the allowed working
regions are the main sources of theoretical errors in sum
rule computations. Therefore, the Borel parameter M?
should be fixed for minimizing the dependence of extrac-
ted physical quantities on its variations. The situation
with so is more subtle, because it bears physical informa-
tion about the excited states of the tetraquark 7YY . In fact,
the continuum threshold parameter sy separates the
ground-state contribution from the ones of higher reson-
ances and continuum states; hence, sy should be below
the first excitation of T, . However, available informa-
tion on the excited states of tetraquarks is limited to only
a few theoretical studies [32-34]. As a result, one fixes sg
to achieve maximalPC, ensuring fulfilment of the other
constraints and simultaneously keeping the computation
self-consistency under control. The latter means that the
gap +/so —may in the case of heavy tetraquarks should be
~ 600 MeV, which serves as a measure of excitation.

Numerical analysis suggests that regions

M? €[9,12] GeV?, sy €[115,120] GeV?, (19)
satisfy all of the aforementioned constraints on M? and
so. Thus, at M? = 12 GeV?, the pole contribution is 0.23,
and at M? =9 GeV?, it amounts to 0.62. These values of
M? limit the boundaries of a region in which the Borel
parameter can be changed. At the minimum of M? =
9 GeV?, we get R ~ 0.005. In addition, at the minimum of
the Borel parameter, the perturbative contribution is 79%
of the result overshooting the nonperturbative effects.

12.0
1150 50=115.0 GeV? ]
------ s0=117.5 GeV?
S 50=120.0 GeV? ]
3
gfl&S* ]
z P Seteefelvetintlrieelyieifsiistelsinfepieta gy |
< Frme T L L L e
g q0F :
95+ ]
9.0 9.5 10.0 10.5 11.0 11.5 12.0
MY GeV?)

Fig. 1.

For may and fay, we have obtained

may =(10215 +250) MeV,

fav =(2.26£0.57)x 1072 GeV*. (20)

In Eq. (20), the theoretical uncertainties of computations
are shown as well. For the mass may, these uncertainties
are £2.4% of the central value, and for the coupling fay,
they amount to £25%, but in both cases, they remain
within the limits accepted by the sum rule computations.
In Fig. 1, we plot our prediction for may as a function of
M? and sy: one can see a mild dependence of may on
these parameters. It is also evident that

\/So —may = [510,740] MeV, (21)
which is a reasonable mass gap between the ground-state
and excited heavy tetraquarks.

Returning to the issue of the two-meson continuum,
we can now compare the mass of the tetraquark Tﬁ%’ with
the energy level of this continuum. It is clear that the two-
meson continuum may be populated by pairs BB} and
BB, and that TAY is ~ 480 MeV below it. This differ-
ence is comparable to (21); hence, one can ignore the
two-meson continuum's impact on the physical paramet-
ers of T}V,

The mass mz and coupling fz of the state Zg;s are
found from the sum rules by utilizing the following work-
ing windows for M? and s

M? €[5.5,6.51 GeV?, 5o € [52,54] GeV>. (22)

The regions (22) satisfy standard restrictions associated
with the sum rule computations. In fact, at M? =
5.5 GeV?, the ratio R is 0.009; hence, the convergence of
the sum rules is satisfied. The pole contribution PC at
M? =6.5GeV? and M?>=5.5GeV? equals to 0.23 and
0.61, respectively. At the minimum of M?, the perturbat-
ive contribution constitutes 72% of the entire result and

12.0
1157 M2=9.0 GeV?
““““““ M?=10.5 GeV?
; op  eeeemmeeeees M2:120 GeV2
9
g 1051
Z """""""""';'_'.'_'_"_'.'.'..'L'_"_.',
< onzromzzezeszsssrosssissraisstzralioty
g 100F
951
9.0 w ‘ ‘ ‘
115 116 117 118 119 120
50(GeV?)

(color online) Dependence of the mass may on the Borel M? (left panel) and continuum threshold sy parameters (right panel).
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8.0 8.0
50=52 GeV? M?=55 GeV?
-1 S — 50=53 GeV? 150 mmmmmee- M?=6.0 GeV?
s | e $9=54 GeV2 s | M?=6.5 GeV?
[] )
O 70t 19
L Lt e loleteletetuinieivisteivisiulsiuloloielvisiuiulplsiuivisyun N
R e ettt 5
6.5+ 6.5r
60 L L L L L 60 n n L L I L L L n L n L L L L
5.6 5.8 6.0 6.2 6.4 52,0 525 53.0 535 54.0
M?(GeV?) s0(GeV?)

Fig. 2. (color online) The mass mz of the tetraquark Zg:} as a function of the parameters M? (left panel) and s (right panel).

considerably exceeds that of nonperturbative terms.
For mz and fz, our computations yield

mz =(6770 + 150) MeV,

fz =(6,3+1.3)x 107> GeV*. (23)

In Fig. 2, we depict the mass of the tetraquark Zg;} and
demonstrate its dependence on M? and sg.

The mass of the axial-vector tetraquark T:}; was cal-
culated in Ref. [19] in the context of the QCD sum rule
method, using different interpolating currents. Computa-
tions were performed with dimension 8 accuracy, and
two lowest predictions for the mass of the axial-vector
particle bbgs were obtained within ranges (10300+
300) MeV and (10300+400) MeV. Our result is close to
the central value of these predictions. The difference in
theoretical errors can be attributed to the higher accuracy
of our computations and more detailed quark propagators
used in analysis. The authors of Ref. [19] noted the strong
interaction stable nature of T,Y. As we will see below,
our investigation proves that T;:\s/ is stable against strong
and radiative decays and can transform only through
weak processes.

The scalar tetraquark with the quark content [bc][us]
was explored recently in Ref. [35]. The predicted mass of
this state (7.14+0.12) GeV obtained there is larger than
our prediction (23). Such a sizeable difference between
the two results can be explained by some factors. Thus, in
the present work, calculations have been performed by
taking into account dimension 10 condensates, whereas
in Ref. [35], the authors included nonperturbative terms
up to the eighth dimension into analysis. We have used
more detailed expressions for quark propagators, includ-
ing the terms ~ g%(gq)* and ~ (gg){(g>G>) in the light and
~{g3G?) in the heavy quark propagators. However, in our
view, the choice of the working windows for the paramet-
ers M? and s, is the main source of fixed discrepancies.
The regions for M? and s, should be extracted from the
analysis of constraints (17) and (18) imposed on the in-
variant amplitude TI(M?,s). The PC in the present in-
vestigation varies within 0.61-0.23, which corresponds to

the boundaries of the Borel region. Let us emphasize that
we extract the parameters mz and fz approximately in
the middle region of the window (22), where the pole
contribution is PC = 0.42-0.45. The working regions for
M? and s used in Ref. [35] ensure only PC ~ 0.31, which
may generate differences in the extracted values of mz.

III. WEAK FORM FACTORS G;(p*) AND
SEMILEPTONIC DECAYS Tﬁ%’ - Zgﬁh"/l

The analysis performed in the previous section con-
firms that the tetraquark T, is stable against the strong
and electromagnetic decays. Indeed, the mass of this state
may = 10215 MeV is 480/477 MeV below the thresholds
10695/10692 MeV for its strong decays to mesons B~ B;
and BB respectively. The maximum of the mass

K

10465 MeV 1is still below these limits. The threshold

10646 MeV for the process Thy — B*E(s)y also exceeds
the maximal allowed value of may , which forbids this
electromagnetic decay. Therefore, the full width and
mean lifetime of 7/ are determined by its weak decays.

There are different weak decay channels of T;*EY,
which can be generated by sub-processes b — W~ ¢ and
b— W u. The decays triggered by the transition
b — W~ ¢ are dominant processes relative to the ones con-
nected with b - W~u: the latter decays are suppressed re-
lative to the dominant decays by a factor |Vi,|*/|Vicl?
~0.01, with V,, being the Cabibbo-Khobayasi-
Maskawa (CKM) matrix elements. In the present work,
we restrict ourselves to the analysis of the dominant weak
decays of T%Y (see Fig. 3).

The dominant processes themselves can be categor-
ized into two groups: the first group contains the
semileptonic decays T, — Z) _Iv;, whereas the non-
leptonic transitions T,y — Z% M belong to the second
group. In this section, we consider the semileptonic de-
cays and calculate the partial widths of the processes
T;}*%" - Zgjh—/z, where [ is one of the lepton species e,u
and 7. Owing to the large mass difference between the
initial and final tetraquarks, 3445 MeV, all of these
semileptonic decays are kinematically allowed ones.
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Fig. 3.
semileptonic decay T,Y —>Z2:EW1. The black square denotes

(color online) The Feynman diagram for the

the effective weak vertex.

The effective Hamiltonian to describe the subprocess
b — W~c at the tree-level is given by the expression

.G _ -
HT = 2LV, y, (1 —ys)bly*(1 = ys)v, (24)

V2

with Gp and V. being the Fermi coupling constant and
CKM matrix element, respectively. A matrix element of
H° between the initial and final tetraquarks is equal to

(Z0(PHTAY (p)) = L, HP, (25)
where L, and H* are the leptonic and hadronic factors,
respectively. A treatment of L, is trivial; therefore, we
consider the matrix element H*in a detailed form, which
depends on the parameters of the tetraquarks. After
factoring out the constant factors, H* is the matrix ele-
ment of the current

Jy =cyu(1=ys)b. (26)

The matrix element (Z) (p")J;|Ty(p)) describes the
weak transition of the axial-vector tetraquark to the scal-
ar particle and is expressible in terms of four weak form
factors Gi(¢®) that parametrize long-distance dynamical

effects of this transformation [36,37]

(Z0-(POEIT Y (p)) =Go(q*)eu + G1(q*)(€p' )Py
+Ga(q")€ep')q
+1G3(qP)euvape P PP (27)

The scaled functions 5,-(q2) are connected with the di-
mensionless form factors G;(¢?) by the equalities

Gj(¢*
’,(f] ), j=123. (28
m

Go(q?) = mGo(?), Gj(¢*) =

Here, m =mav +mz, p, and ¢, are the momentum and

polarization vector of the tetraquark 7Y, p’ is the mo-

mentum of the scalar state Zgﬁ. We use also
Py =p,+puand g, =p,—p,,the latter being the mo-
mentum transferred to the leptons. It is evident that ¢?
varies within ml2 < ¢* < (may —mz)?, where my is the mass
of a lepton /.

The sum rules for the form factors G;(¢*) can be obtained
by analyzing the three-point correlation function

M (p.p) =" f dxd*yel-PY

X (O 1 Zz(1) 3 (0)J,(x)}0). 29

To this end, we have to express IL,(p,p’) using the
masses and couplings of the tetraquarks and thus determ-
ine the physical side of the sum rules T (p, p’). The

uv
function stys(p, p’) can be presented as

(p? = my)(p'? = m%)
X(TpY (p, €, 10)+- -, (30)

Iy

OZIZ0 PN ZTEITY (. €))

Ph ’
I, (p,p")

where we take into account the contribution of the
ground-state particles and denote the effects of the ex-
cited and continuum states by dots.

The phenomenological side of the sum rules can be
simplified by substituting into Eq. (30) the expressions of
matrix elements in terms of the tetraquarks' masses and
couplings as well as weak transition form factors. For
these purposes, we employ Egs. (7) and (27) and define
the matrix element of Z _

<0|JZ|Z2:§(P')> = fzmz. (3D
Then, one gets

Savmay fzmz
(P? = mx ) (p? = m)

Phys
Hﬂvyx(p’p/) =

X {Go<q2> (—gw + “T) +[Gi@HP,
My
2 2 _ 2
— , My +tmz—q
+G2(612)qﬂ] [—PV + z—zzpv]
Mav
~iG3()emapp” p” } +eee (32)

We should also calculate the correlation function in
terms of the quark propagators and find IIOPE(p, p’). The
function TIO%(p,p’) is the second side of the sum rules

and has the following form
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I (p,p') = f d*xd?ye PP T [ysS2 (x =) xysS 4 Ge=3)| (Tr[yuS o v = 0ys Syl = y5) xS (=x)

+ T [ 7S (=01 =) S Yys XS5 (= 0]) = Tr[ysS ¥ (x = y)ysS &P (x-)|

X (Tr[yuS 5 0 =058 Gy =y9)S Y (=0)| +Tr |7 S (00 =y S L GIysS i v-n)])}-

To extract expressions of the form factors G;(¢?), we
equate invariant amplitudes corresponding to the same
Lorentz structures both in HEIV’YS(p, p) and IOPE(p.p'),
carry out double Borel transformations over the variables
p’? and p?, and perform continuum subtraction. For in-
stance, to extract the sum rule for Go(qz), we use the
structure g,,, whereas for G3(g%), the term ~ EuvapD" PP
can be employed. The sum rules for the scaled form

factors Gi(q2) can be written in a single formula

~ 1 So 2 2
Gi(M?,8,q%) =————— f dsem /M
Javmav fzmz Jye

s, o
Xf ds’pi(s, s")e "= M, (34)

M

where p;(s,s”) are spectral densities computed as the ima-
ginary parts of the corresponding terms in IIOP:(p, p’).
They contain perturbative and nonperturbative contribu-
tions and are found in the present work with dimension-6
accuracy. In Eq. (34), M? = (M}, M3) and so = (so, ) are
the Borel and continuum threshold parameters, respect-
ively. The pair of parameters (M?, so) corresponds to the
initial tetraquark's channels, whereas (M2, s,) describes
the final-state tetraquark.

As usual, the form factors G;(M2,s,q?) contain vari-
ous input parameters, which should be determined before
numerical analysis. The vacuum condensates of quark,
gluon, and mixed operators are already presented in Eq.
(15). The masses and couplings of the tetraquarks T,
and Zgﬁ have been extracted in Section II. The Borel and
continuum threshold parameters M? and sy should be
chosen so as to meet all restrictions of sum rule computa-
tions. One has also to bear in mind that G;,(M2,s¢,q?) de-
pends on the masses and couplings of the initial and final
tetraquarks, which have been evaluated also in the con-
text of the sum rule approach. We fix the auxiliary para-
meters (M3, so) and (M3, s;) as in the corresponding
mass computations, because they satisfy standard con-
straints of three-point sum rule calculations and do not
generate additional uncertainties in the spectroscopic
parameters of relevant tetraquarks.

The form factors 5,»(q2) determine the differential de-
cay rate dI'/dg* of the semileptonic decay T}y — Z0_Iv,
the explicit expression of which can be found in Ref. [3].
The partial width of the process is equal to an integral of
this rate over the momentum transfer ¢ within the limits

(33)

m? < q* < (may —mz)*. Our results for the form factors

are plotted in Fig. 4. The QCD sum rules lead to reliable
predictions at m? < g* <8 GeV>. However, these predic-
tions do not cover the entire integration region
m? < ¢* < 11.87 GeVZ. To solve this problem, one has to
introduce extrapolation functions Gi(¢*>) of a relatively
simple analytic form, which, at ¢ accessible to the QCD
sum rules, coincide with their predictions but can be used
in the entire region.

40
30! : QCD sum rules
S 20
@)
10+
0 L L
0 2 4 6 8 10 12
7*(GeV?)
Fig. 4. (color online) Sum rule results for the form factors

Go(¢?) (red circles) and G;(¢%) (blue squares). The solid curves
are fit functions Go(¢?) and Gi(¢?).

For these purposes, we choose to work with the func-
tions

Gi(q") =§6€XP[837+85(T] ] (35)
Mav AV

in which the parametersG., g, and g} should be fitted to
satisfy the sum rules' predictions. The parameters of the
functions G;(¢®) , obtained numerically, are presented in
Table 1. The functions Gi(¢?) are also shown in Fig. 4 :
one can see a good agreement between the sum rule pre-
dictions and fit functions.

In the numerical computations for the Fermi constant,
CKM matrix elements, and masses of leptons, we use

Gr=1.16637x107 GeV~2,

[Viel = (42.2£0.08) x 1073, (36)

m, =0.511 MeV, my, = 105.658 MeV, and m; =
(1776.82£0.16) MeV [38]. The predictions obtained for
the partial widths of the semileptonic decays

013105-8



A family of double-beauty tetraquarks: Axial-vector state Tb_bm

Chin. Phys. C 45, 013105 (2021)

Table 1. Parameters of the extrapolating functions Gi(¢?).
Gi(d) G 8 g
Go(g?) 4.91 19.29 -15.34
Gi(g) 2.94 18.73 ~20.09
G2 -22.67 20.50 -22.95
G3(q?) -21.14 20.77 -23.62

T — Z9_Iv; are written as

(T - Z0 .07, = (5345 1.43)x 107 MeV,
DI = Z0u77,) = (5324 14D X 107 MeV,
T(TpY - 20777 = (215054 x 105 MeV, (37

and are main results of this section.

IV. NONLEPTONIC DECAYS 72 — Z9 M

The second class of the weak decays of the tetra-
quark 7, are the processes Try — Z) M, which may
affect the full width and lifetime of the tetraquark 7.
Here, we study the nonleptonic weak decays
TN — Z9 M of the tetraquark T/Y in the framework of
the QCD factorization method. This approach was ap-
plied for investigating the nonleptonic decays of conven-
tional mesons [39,40] but can be also used for investigat-
ing the decays of tetraquarks. Thus, the nonleptonic de-
cays of scalar exotic mesons 7, _, T, _, Z[?C, and Tb_s-uﬁ
were explored using this approach in Refs. [25,26,41,42],
respectively. The weak decays of double- and fully-heavy
tetraquarks were analyzed in Refs. [43,44].

We consider processes where M is one of the vector
mesons p~, K*(892), D*(2010)~, and D}~. We provide
details of analysis for the decay T,y — Z) p~ and write
the final predictions for other channels. The relevant
Feynman diagram is shown in Fig. 5.

At the quark level, the effective Hamiltonian for this
decay is given by the expression

Fig. 5. (color online) The diagram for the nonleptonic de-
cay T — Z9 p~.

b:s’

- G
H = TFEVch;:d (101 +e(w Q). (38)

where

Q> = (Ei “f)V—A (Efb")v—A’ (39)
i and j are the color indices, and (g,¢2)y_, means
(211612)V_A = 5_117;4(1 —Y5)q>.- (40)

The short-distance Wilson coefficients c;(u) and c,(u) are
given on the factorization scale u.

In the factorization method, the amplitude of the de-
cay T,y — Z9_p~ has the form

G —
A= ViV gae™ @l () _, 10
XAZy PN (Ebs)y TN (P, (a1
where
1
alp) = 1) + -2, (42)

with N, =3 being the number of quark colors. The only
unknown matrix element <p’(q)|(3iu,-)v_A |0) in A can be
defined in the following form

O~ @I(diwi),,_,10) = fympex()- (43)

Then, it is evident that

A =17;J;vbcvuda<u> [Go(aeup)e*(g)

+2G1() (P e(P) (P € (@)
+GA( ) ewape™ @€ (PP ). (44)

The decay modes T,y — Z9 _K*(892)[D*(2010)~, D;]
can be analyzed in a similar way. To this end, we have to
replace in relevant expressions the spectroscopic para-
meters (m,, f,) of the p meson with masses and decay
constants of the mesons K*(892), D*(2010)~, and D~ and
make the substitutions V,y — V., Vee, and V.

The width of the nonleptonic decay T, — Z) _p
can be evaluated using the expression

ro A A(may.mz.m), (45)
247Tm2AV

013105-9



S. S. Agaev, K. Azizi, B. Barsbay et al.

Chin. Phys. C 45, 013105 (2021)

where
Lra 4, 4
Ala,b,c) =— [a +b " +c¢
2a
(0 +2P + 023 (46)

The key component in Eq. (45), i.e., |A> has a simple
form

2 _ ~ =~ =
Al —j;ZH,Gj +H3GoG, 47)

where H; are given by the expressions

4 2 232 2 2 2
_mp+(mAV—mZ) +2mp(5mAv—mZ)

Hy =

2.2 ’
dmpnmyy,

2

4 2 242 2(,2 2
[mp + (myy — mz) - 2mp (mAV + mz)]
1= ,
22

4umAV

H =% [+ (i =) =2 (i + % )|,

4

2 2 2 2
H; = [mg+(mAV—mZ)3—mp(mAV+3mZ)

211112,111126‘V
—mﬁ (miv + 2m22m/2W - 3mzz)] . (48)
In Eq. (47), we take into account that the weak form
factors G ; are real functions of ¢*, and their values for
the process 7, — Z) M are fixed at ¢* = mj,.

All input information necessary for numerical analys-
is is presented in Table 2: the table lists the spectroscopic
parameters of the final-state mesons and the CKM matrix
elements. For the masses of the vector mesons, we use in-
formation from PDG [38]. The decay constants of mesons
p and K*(892) are also taken from this source. The decay
constants of mesons D* and D7 are theoretical predic-
tions obtained in the lattice QCD framework [45]. The
coefficients c¢;(myp), and c,(mp) with next-to-leading or-
der QCD corrections have been borrowed from Refs. [46-
48]

ci1(mp) = 1.117, cp(myp) = —0.257. (49)

For the decay T1Y — Z9 p~ , our calculations yield

NI - Z90 p7) = (3.47+092)x 107" MeV. (50

s

The partial widths of the remaining three nonleptonic de-
cays are presented below

Table 2. Masses and decay constants of the final-state vec-
tor mesons and CKM matrix elements.
Quantity Value
my (775.26 +£0.25) MeV
Mg (891.66 +0.26) MeV
mpx (2010.26 £0.05) MeV
Mmpx (2112.2+0.4) MeV
Jo (210 +4) MeV
S (204 £7) MeV
S (223.5£8.4) MeV
Jpx (268.8 +6.6) MeV
Vil 0.97420 +0.00021
(Vs 0.2243 +0.0005
[Veal 0.218 £0.004
[Ves| 0.997+0.017

T(Tpy — Z9 K*(892)) =(1.47+0.37)x 107" MeV,
(T — Z) D*(2010)7) =(1.54+0.39) x 107" MeV,
N — Z9.Di7) =(4.97+1.32)x 107" MeV.

(D

It is evident that the parameters of the processes Ty —
ZY p~ and T2Y — Z9_D;~ are comparable to each other
and may affect predictions for the tetraquark T,Y: the
other two decays can be safely neglected in the computa-
tion of 'y and 7. Then, using Egs. (37), (50), and (51),
we find

i = (12.9+2.1)x 1078 MeV,
T=51303x10"5s, (52)

which are principally new predictions of the present art-
icle.

V. DISCUSSION AND CONCLUDING NOTES

We have calculated the mass, width, and lifetime of
the stable axial-vector tetraquark T,~ with the content
bbus. This particle is a strange partner of the tetraquark

T,,» which was explored in Ref. [3]. The width and life-

time of 7,

Tiun = (7.17 £ 1.23)x 1078 MeV,
T=9.18"199x 107 s, (53)

are comparable to those of the tetraquark 7, .
The tetraquark 7, is the last of the four scalar and
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axial-vector states bbus and bbud considered in our
works. The spectroscopic parameters and widths of the
scalar tetraquarks 7, - and T _ were calculated in Refs.
[25,26]. We demonstrated there that T, and T _ are
stable against the strong and electromagnetlc decays and
using the dominant semileptonic and nonleptonic decay
channels of these particles, we estimated their full widths
and lifetimes. The information about the tetraquarks com-
posed of a heavy diquark bb and light antidiquarks is
presented in Table 3.

Table 3. Parameters of the scalar and axial-vector tetra-
quarks composed of the diquark bb and light antidiquarks.
Tetraquark (J¥) Mass/MeV Width/MeV Lifetime
T (1) 102154250  (12.9+2.1)x 1078 517099 fs
T, (19 10035£260  (7.17+1.23)x 1078 9.18*] 30 fs
T,(0%) 102504270 (15.21£2.59)x 10710 0.433700% ps
T, -(0%) 10135240 (10.80+ 1.88)x 10710 0.6050:128 ps

It is seen that the scalar particles are heavier than their
axial-vector counterparts: This mass for tetraquarks bbus
is equal to 35 MeV, and for particles with quark content
bbud, it reaches100 MeV. It is also clear that the mass
splitting of the strange and nonstrange axial-vector tetra-
quarks, 180 MeV, exceeds the value of the same paramet-
er for the scalars, 115 MeV. These estimates are obtained
using the central values of various tetraquarks' masses
calculated using the QCD sum rule method. It is known
that this method is prone to theoretical uncertainties;
therefore, mass splitting between double-beauty tetra-
quarks and hierarchy of the particles outlined here must
be considered with some caution. Nevertheless, we hope
that the picture described above is a quite reliable image
of the real situation.

The widths and lifetimes of these tetraquarks have
yielded important insights into their dynamical properties.
It is worth noting that the semileptonic decay channels
crucially affect the full widths of these tetraquarks: our
investigations have shown that the partial width of the
semileptonic decay is enhanced relative to the nonlepton-
ic one by 2-3 orders of magnitude. The widths of the
scalar tetraquarks 7, - and 7" Lo are considerably smaller

than the widths of the axial-vector particles T, and T, .

As a result, the mean lifetimes of the scalar tetraquarks
are ~lps, whereas for the axial vector states, we get
7~ 10 fs. Stated differently, the scalar tetraquarks 7, _
and T - are heavier and live longer than the correspond-
ing ax1al vector particles.

The spectroscopic parameters and lifetimes of the axi-
al-vector states T, and T, were also explored in Refs.
[1,5]. The lifetime 367 fs of the state 7,, predicted in
Ref. [1] is considerably longer than our result 9.18 fs. The
lifetimes 7=~ 800fs of the tetraquarks 7,, and T, ob-
tained in Ref. [5] exceed our predictions as well. Let us
note that, in Ref. [5], the authors considered only non-
leptonic decays of the axial-vector tetraquarks. We have
reevaluated the lifetime of 7, using Egs. (50) and (51)
and found 7 =~753fs. Despite the fact that the channels
that were explored in Ref. [5] differ from the decays that
were considered in the present work, for 7, they lead to
compatible predictions. One of the reasons is that, in both
cases, the amplitudes of the nonleptonic weak decays
contain two CKM matrix elements, which suppress their
partial widths and branching ratios relative to the
semileptonic channels. Evidently, our results for the non-
leptonic decays of T/ can be refined by including into
analysis some relevant channels from Ref. [5]. However,
for discovering stable exotic mesons, their semileptonic
decays seem to be more promising than other processes.

APPENDIX A: THE PROPAGATORS S )(x) AND
INVARIANT AMPLITUDE T1(M?, 50)

In the present work, we use the light quark propagat-
or Sjb(x), which is given by the following formula

b s A Mg @g) o ¥mGa)
Sq (x) _I(Sab2 2.X4 ab4 B 2 6ab 12 +16ab 48
2 ZX
oG Sa G
192<qg0 q) +i0gp——= 152 ! (Gg,0Gq)
aff 24 2/~ \2
vaab Lo XXg(qq)
32 2,2 [xo-nﬁ+o'aﬁx1_16ab 7776
5 Xa9(e G
57648
(A1)

For the heavy quarks O, we utilize the propagator S (Zgb (x)

S (x) =i d*k omikx Sab (K +mg) gsGZf Tap(H+mo)+(H+mg)oap
e 2n)* k2 - sz 4 k2 - m2Q)2
2G2 2 3633
g6 k*+moll  g;G (K +mp)
* 12 561me( Q)4 48 ab 7Z —m2Q)6 [/;l'(kz—3mé)+2mQ (2k2 —sz)] K+ mQ)+... . (A2)
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Above, we have used the notation

Gy, = Gty (A3)
where G is the gluon field strength tensor, and
A=24/2 with 24 being the Gell-Mann matrices,
A=1,2,---,8.

The invariant amplitude TTI°PE(p?) used for calculat-
ing the mass and coupling of the tetraquark 7, _ after the
Borel transformation and subtraction procedures takes the
following form

TI(M?, 59) = f dspPPE(s)e ™M + TI(M?), (A4)
MZ
where
s 0
pOPE(S) — ppert.(s) + ZlemN(s), H(MZ) — Z HDlmN(MZ).
N

=3 N=6
(AS5)

O(L))
pert. —

e 204875 L2N]
my [2(uu)y — (55)]

Dim3
s,a,p) =
P ah) 12874N7}

Components of the spectral density are given by the for-
mulas

1 1-a 1
ps) = fo dor fo dBp(s,0.B), pl(s) = fo dap(s.a),
(A6)

depending on whether p(s,a,B) is a function of « and B
or only «. The same is true also for terms IT1(M?), i.e.,

1 1-a
HDlmN(MZ) = f daf d,BHDlmN(MZ, 01,,3),
0 0

1
(M?) = f daIT”™N (M2, ). (A7)
0

In these expressions, @ and 8 are Feynman parameters.

The perturbative and nonperturbative contributions of
dimensions 3, 4, and 5 are terms of (A6) types. For relev-
ant spectral densities, we get

[saBL - m2Na| (5saBL> + 2Ny [36 + 3a(a 1) + B2 - 3)]). (A8)

O(L){-35%’6L* + mij(a-+ AN} [a(a 1)+ BB~ D] + 2m}sap

X [ﬁ5 +a’(a—1 +8*Ga-3)+aB(a-1)>(Ga—-2)+38°(1 —4a +3a?)

—A*(1-9a+17a” - 9a™)|},

(a,G? /)

Dim4
s,a,p) =
e 61447*(1 - B)L?N;

(A9)

O(L){-s*’B2(B- L1867 +18( - 1> +S(31a - 36)|

+miN{ [1056 +8721a —32) + 8440 - 76a +290% + B3 (-24 + 97 — 950% + 37a°)
+20*(3-9a + 11a? - 90 + 4a™*) + Ba(12 — 48a + 73a* — 59a° + 26a*)
+B%(6 - 54 + 108a° — 92a° + 37a4)] +dsmiafLN, [35(5— D*+a(B-1)(-3+218-328>+165°)

+a?(B—1)(9-328+228Y) + > (B—1)(=9 + 14B) + a*(B— 1) — 2a5]}, (A10)

my [3(ugsoGu)y — (5g,0Gs)]
38474

PP (5 ) = G)(Lz)(Zmz +5—3sa +2sa3). (A1)

DimN (772
The DimN =6, 7 and 8 terms have mixed compositions: and IT""™(M7). For these terms, we find

they contain components expressed through both pP™N(s)
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1-a
HDlmN(M2 SO) f dse—s/M f daf dﬂpD]mN(S (I,[)’)

Dim6 (¢ @, B) = — (8,G ymja” O(L)) (A13)
+ f dse™/M’ f dapD™N (s, a) £ T 1024075(8 - 1)LN13 1’
2 0
1 1-a
+ f da f dpIIP™N (M2, @, B). oLy) &
o (A12) PR (5,0) == 5 | ()i + 25 (5 + ()
2 2
In the case of DimN = 6, the relevant functions have the X (2my + 5 —3sa +2sa”), (Ald)
expressions
: (&G?ymy 2 Ni(a+p)
Dim6 2 __ b 1
0.y = 30720M2n8a?B2LAN? exP[ M2 apL
x{m}(a+B)Ny [58° +28°0* (3 - 40) + 28°a* (5 — 4e) + 32 B(a - 1) + 50 (a — 1)’
+87(~10+30) + B (=5 + 2a(5 — 4a)) - B2t (5 + (-6 + @) - B (=5 + a3 + a))]
+ M2aBL[11° +86%a* + 11a®(a - 1)* + 3B (@ — 1)(=5 + 6a) + f°a(a — 1)(-15 +8a)
+287(~11+9a) +2a* (@ — 1)(~4+ 190) +4a’B*(1 + 2a(@ - 1)) + (11 + (=33 +190) .. (A15)

Contribution of dimension 7 is determined by the same formula (A12), where pP™(s,a,B), p)™(s,@) and
1Pm7 (M2, @, ) are given by the following expressions:

(@sG?/mym [2(uu) - (55)]
76872N?

(a;G? [mym(uu)
1152x2

PP (5,0, 8) = O(L1)aBL, p2™ (s,a) = — O(Ly)(1 —4a +3a3), (A16)

(@,G? [mymim [(5s) — 2(uu)] [ > Ny(a+ Ni(@+p)
2304M?m% B2 (B 1)LN; M2 ofL

TP (02,0 ) = {208~ D@ +p)’

x|+ (@ - D)+peP(@- D) +a*(@- D)+ a2a - )| - M*ap

x[48° + B = 8) + 40’ (@ = 1) + 282 — @+ 0?) + f*a(] = 3 + 507) + S’ (1 - 9ar + 8a?) | (A17)

The relevant functions for dimension 8 are

Dims§ _ (@GP /m)? B
e OLapa+B-1),
im (5850 Gs)Suu)
P s, ) = = e O(L) (1 - 4ar+ 3a),

(,G? [m)*m; Xp[ > Ni(@+B)
27648 M*n2a?B2(B— 1)L*N?} M2 opL

™12, 0, ) = — }{m‘b‘azﬁz(a +B)(B— 1N}

x 267 + 2a(@ = 1)+ BGBa = 2)|+ M*apL? [64° + 6a* (@ — 1)* + 387 (Sa - 8) + 3 Bla - 1)’ (8 - 3)

+B%(36 - 54 +260%) + Brat (@ — 1)*(6 - 39a + 47a%) + B (-24 + T2a — 824 + 33a”)

013105-13



S. S. Agaev, K. Azizi, B. Barsbay et al. Chin. Phys. C 45, 013105 (2021)

+84(6 — 42+ 92a% —99¢° +47a™*) + B (9 — 42 + 1082° — 133a° + 58a4)]

—mpMPLN; [38°(B— 1)* + 3a*(B— 1)* (=3 + 58) + &”B° (B — 1) (12 + B(~45 + 38B))
+20°BX(B— 126 +B(=27 +31B)) + &*BB - 1)(—=9 + B(—57 + B(—=116 + T3B)))

+a (B 1)(=3+B(33 +B(-83 +66B))) + (=9 + B(48 + B(=T9 +42B))) + &’ (9 + B(-24 + 17B))

+3a* (-1} +

(@,G? [my*m(a+p) [_ my Ni(a+p) (A18)

1843272 N} M?> oL

The Dim9 and Dim10 contributions are exclusively of the 2 - Py
(A7) types :(aSG [mymg [(5g,0Gs) —3{ugs;0Gu)]

HDim9 MZ,
2 (Ma) 13824M* 2t (@ — 1)

1 1-a
PN (472, 59) = fo da fo BIP™N (M2, a,B) KRy (MP. ).

(A21)

1
+ f deTD™N (M2, ). (A19)
0

The dimension 10 term has the following components:
For Dim9, we get
(G [n)(g;G*ym;,

(g3G )miym, [26) - (55 184320 MO a4 (8 — 1) LAN?

23040MSn*a*B*(B— 1)L*N?
xR (M?,a,B),

™00, a.p) =~

P (M?, . 8) =

XR1(M?,a,),

(A20) (A22)

and and

3 (asG* /)
864M*a*(ar—1)?

g’

H2Dim10(M2,G,’) = 10871_2

((55)? + (uu)?) | Ro(M?, ),

[(Esxﬁu) + (A23)

where functions R (M?,a,) and R,(M?,a) are given by the formulas

m Ni(a+B)

2 —
Ri(M*,a,B) =exp Yy apL

{~2M*?B2L7 387 + B (@ - 6) - fa(a - 1) + &’ + 30 (@ - 1)?

+28%*Qa -1+ 3 -2a+a?) +pa(l1-Ta+ 6a2)] +m}(B—1)N} [5/39 +5a7(@—1)? +28%(-5+4a)
+32*(=5 + 160 — 160°) +fa’(5 - 13 +8a”)| + my MPaLN; [ SF°(B— 1) + 357 a(B— 1)*(=5 + 6B)
+B4 % (B— 1)(L+a) (=16 +358) + 168%a* (B — 1)(1 =28 +28%) +Ba> (B— 1)* (=21 + 41P)

+a®(B—-1)(5+B(—=61+608)) + 3’ (B—1)(—=7 + 188) + 3a®(-9 + 10B) + 1 1a9]}, (A24)

and

We have used also the following short-hand notations:
2
Ry(M?,@) = exp [— b

m] [M*a® (@ = 1)°(1 +20) - 4}

(1-3a+30) +m;M*a(8 - 27a + 320 - Ta™)|..
(A25)

In the expressions above, @(z) is the unit step function.

Ny =B*+Ba-1D)+a(a—1), No=(@+B)N;, L=a+B-1,

_a-p
L= le

[m,%Nz - sa/ﬁL] , Ly=sa(l-a)- m,%

(A26)
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