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Abstract: The strangeonium-like  hybrids are investigated from lattice QCD in the quenched approximation. In
the Coulomb gauge, spatially extended operators are constructed for  and  states with the color octet 
component  being  separated  from  the  chromomagnetic  field  strength  by  the  spatial  distance , whose  matrix  ele-
ments between the vacuum and the corresponding states are interpreted as Bethe-Salpeter (BS) wave functions.  In
each of the  channels, the masses and the BS wave functions are reliably derived. The  ground state mass
is approximately 2.1-2.2 GeV, and that of  is approximately 2.3-2.4 GeV, whereas the mass of the first excited
state is  approximately 1.4 GeV higher.  This mass splitting is  much larger compared to that  expected based on the
phenomenological  flux-tube  model  or  constituent  gluon  model  for  hybrids,  which  is  usually  a  few hundred  MeV.
The BS wave functions with respect to exhibit clear radial nodal structures of a non-relativistic two-body system,
which imply that  is a meaningful dynamical variable for these hybrids and motivate a color halo picture of hybrids,
in which the color octet  is surrounded by gluonic degrees of freedom. In the  channel, the properties of the
lowest two states are consistent with those of  and . We did not obtain convincing information with
respect to . However, we argue that regardless of whether  is a conventional  meson or a  hy-
brid in the color halo scenario, the ratio of partial decay widths  and  observed by BESIII can be under-
stood based on the mechanism of hadronic transition of a strangeonium-like meson in addition to  mixing.
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I.  INTRODUCTION
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The  naive  quark  model  describes  hadrons  as 
mesons and  baryons. Since quarks and gluons are the
fundamental  degrees  of  freedom  of  QCD,  if  gluons  can
act as  building blocks similar  to  quarks to build up had-
rons,  from  a  phenomenological  perspective,  there  may
exist glueballs that are purely made up of gluons and hy-
brids that are composed of quarks and gluons. Glueballs,
hybrids,  and  multiquark  states  (tetraquarks,  pentaquarks,
etc.) are usually called exotic hadrons in contrast to con-
ventional  mesons and  baryons. Exotic hadrons are
long-standing topics of interest in theoretical and experi-
mental studies of particle physics, especially with the dis-
covery  of  numerous  particles  in  the  current  era
based on experimental investigations. These particles ex-
hibit exotic properties in their production and decay pro-
cesses and are potential candidates for exotic hadrons [1].
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Given that  hybrids are made up of a quark-antiquark
pair  and  a  gluon,  the  states are  most  interest-
ing since  this  quantum  number  is  prohibited  in  conven-
tional  mesons. There have been many theoretical stud-
ies on hybrids from a phenomenological perspective and
the lattice QCD approach. It was determined that the low-
est  hybrid  usually  has  a  mass  of  approximately  1
GeV higher than the ground state vector meson with the
same  component.  For  example,  the  mass  of  the 
hybrid with  light  flavors  was  estimated  to  be  approxim-
ately  1.9  GeV,  whereas  those  of  the  strangeonium-like
and the  charmonium-like  counterparts  are  approximately
2.1-2.3 GeV [2, 3] and 4.1-4.3 GeV [4], respectively. Re-
liable  candidates  for  hybrids have  not  been  experi-
mentally determined to date. The vector charmonium-like
state  (or  named by PDG 2018 [5]), due
to its  very  different  properties  compared  to  the  conven-

        Received 30 July 2020; Accepted 14 September 2020; Published online 13 November 2020
      * Supported by the National Key Research and Development Program of China (2017YFB0203202) and the Strategic Priority Research Program of Chinese
Academy of Sciences (No.XDC01040100, XDB34030302). The numerical calculations are carried out on Tianhe-1A at the National Supercomputer Center (NSCC) in
Tianjin and the GPU cluster at IHEP. We also acknowledge the support of the National Science Foundation of China (NSFC) (11935017,  11775229,  11575196,
 11575197,  11621131001) (CRC 110 by DFG and NSFC). Y.C. is also supported by the CAS Center for Excellence in Particle Physics (CCEPP)
     † E-mail: cheny@ihep.ac.cn

Chinese Physics C    Vol. 45, No. 1 (2021) 013112

 Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-
tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP3 and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-
lishing Ltd

013112-1



1−+ cc̄g 1−−

ϕ(2170) Y(2175)

e+e−→γISRϕ f0(980)

Y(4260) ss̄g
ϕ(2170)

tional  charmonia and the closeness of its  mass to that  of
the   hybrid, has a possible assignment of  hy-
brid [6].  [5], also known as , was first ob-
served as a result of the BABAR Collaboration in the ini-
tial-state-radiation  process  in  2006
[7] and was confirmed later by BES and Belle [8, 9]. The
similarity  of  its  property  to  also  suggests  a 
hybrid interpretation of .
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Phenomenologically,  hybrids  are  usually  studied
in  the  constituent  gluon  model  [10],  in  which  the  gluon
acts as an effective degree of freedom, similar to constitu-
ent quarks in the quark model, or the flux tube model in
which  the  gluon  is  taken  as  a  transverse  vibration  mode
of  the  flux-tube  that  binds  the  pair  [11]. For  the  hy-
brids with a heavy quark-anti-quark pair , the gluonic
excitations along the flux-tube are fast  objects,  such that
in the Oppenheimer approximation [12-14], their distribu-
tion  obeys  cylinder  symmetry  along  the -axis,  and
their motion effects on the  can be taken as a centrifu-
gal barrier, apart from the binding linear potential. Based
on the hybrid potentials simulated from the lattice QCD,
one  can  solve  the  Schrödinger  equation  for  the  sys-
tem to  obtain  predictions  regarding  the  spectrum  of  hy-
brids  with  properly  tuned  parameters.  There  have  also
been  phenomenological  studies  on  heavy  quarkonium-
like hybrids in which gluonic excitations are treated in a
mean field manner [15-17].
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Lattice  QCD  is  an ab  initio non-perturbative ap-
proach for the study of strong interactions in the low en-
ergy scale and is applied extensively to the investigation
of  hybrids  [18-26]. The  mass  of  the  hybrids  can  be  de-
rived from the correlation functions of hybrid-like operat-
ors , where  is the color octet,  is the chromo-
magnetic  field  strength,  represents specific  combina-
tions of  matrices, and the symbol  represents any pos-
sible summation of the spatial  indices of  and . A re-
cent  lattice  calculation  [4]  revealed  that  there  exists  a

 charmonium-like  supermultiplet  with
nearly degenerate masses of approximately 4.2-4.4 GeV,
which  overlaps  strongly  with  the  hybrid-like  operators.
This observation implies that these states may have simil-
ar  internal  dynamics,  whereas  the  spin-spin  coupling  of
the  and  yields  the  different  quantum  numbers.  In
our  previous  work  [27], the  internal  structure  of  this  su-
permultiplet  was investigated by calculating their  Bethe-
Salpeter (BS) wave functions based on the lattice QCD in
the quenched approximation, in which the spatially exten-
ded  interpolating  field  operators  are
introduced in the Coulomb gauge, whose matrix element
between the vacuum and a state is defined as the BS wave
function. It was determined that the BS wave functions of
the states in this multiplet are very similar and exhibit in-
teresting  nodal  structures,  which  imply  that  the  distance
between  the  and  the  operator is  a  meaningful  dy-
namic variable for hybrids.
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In  this  work,  we  extend  the  aforementioned  study
strategy  to  strangeonium-like  hybrids  and  focus  on  the

 states,  to  determine  if  a  situation  similar
to that of the  hybrids can also occur for the  states.
In contrast,  since the quantum numbers  and  are
permitted  by  the  mesons,  in  these  channels,  we  will
also use the spatially extended  operators for the quark
fields  with  spatial  separations  to  extract  the  related  BS
wave functions, from which we can investigate the intern-
al  structure  of  these  states.  By  comparison  of  these  two
kinds of  BS  wave  functions,  we  may  obtain  useful  in-
formation  on  the  possible  different  formation  pattern  of
hybrids  from conventional  mesons.  For ,  since  it
can  be ,  ,  or  a  candidate  for  the  vector 
hybrid, its  properties  will  be discussed based on the res-
ults of this study.

This work is organized as follows. Section II gives a
detailed description of our lattice setup and the numerical
strategy, including the construction of the spatially exten-
ded operators,  the  data  analysis  procedure,  and  the  res-
ults of the spectrum and BS wave functions. The discus-
sion and the comparison of our results with those of rel-
evant  phenomenological  studies  are  presented in  Section
III. Section IV is an overall summary.

II.  NUMERICAL DETAILS

ξ = as/at = 5 as
at

L3×T = 163×160(β = 2.4)
243×192(β = 2.8)

as

r−1
0 = 410(20)

The  pure  gauge  configurations  are  generated  via  the
tadpole-improved  gauge  action  [28, 29]  on  anisotropic
lattices with an aspect ratio of , where  and

 are the  spatial  and  temporal  lattice  spacing,  respect-
ively.  Two  lattices  and

 with different lattice spacings are used
to check the discretization artifacts. The parameters of the
gauge ensembles are listed in Table 1, where the  val-
ues  are  determined  from  MeV.  For  the
strange  valence  quark,  we  use  the  tadpole-improved
clover action, whose parameters are carefully tuned by re-
quiring the dispersion relations of the vector and pseudo-
scalar  mesons  to  be  reproduced  [30]. As  will  be  ad-
dressed  in  the  following  sections,  we  will  use  spatially
extended  operators  to  calculate  the  relevant  correlation
functions.  Therefore,  the configurations are first  fixed to
the  Coulomb  gauge  based  on  the  standard  gauge  fixing
procedure  used  in  lattice  QCD  studies  before  the  quark
propagators are computed. In this investigation, we work
in  the  quenched  approximation  for  which  the  effects  of
dynamical quarks are omitted. As such, two-particle scat-
tering states will not appear in the spectrum.

A.    Interpolation field operators

ss̄g
JPC = 1−−, (0,1,2)−+

The major  goal  of  this  study is  to  investigate  the  in-
ner  structure  of  hybrids  of  the  quantum  numbers

.  We introduce two types of spatially
extended operators  as  sink  operators.  The  first  type  in-
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where  are the spatial indices,  are
color  indices,  and  is  the  chromomagnetic
field strength.  The summation over  with the same dis-
tance r leads  to  the  operators  having  correct  quantum
numbers. It  should be noted that  on a  hypercubic  space-
time latice, the spin  corresponds to  where 
and E are  the  irreducible  representations  of  the  lattice
symmetry group O, so the  are the three compon-
ents of . Generally speaking, the masses of the  state
and the E state, which correspond to the same  state,
are  different  by  terms  (here,  the  power n depends
on the specific lattice setups). This difference vanishes in
the  continuum limit .  In  this  work,  we  ignore  the
mass splitting due to the discretization effect and treat the
mass  of  the  state  as  an  approximation  of  the 
state,  so  we do  not  give  the  explicit  expression  of  the E
operators in Eq. (1). The possible ground hybrids in these
four quantum numbers form a supermultiplet as expected.
Obviously, the two constituent quarks are localized at the
same  space-time  point,  and  the  gluon  component  is
placed at another space point. The BS wave function that
we attempt  to  extract  reflects  the  dynamics  of  these  two
parts.

JPC = 0−+,1−−

qq̄
ss̄

s̄
r⃗

Since  the  quantum  numbers  are con-
ventional  ones  for  mesons,  we  also  introduce  the
second  type  of  spatially  extended  operators by  split-
ting  the  strange  quark  field s and  its  conjugate  by  the
spatial separation . This is explicitly expressed as

P0−+ (r, t) =
∑

x⃗,|⃗r|=r

s̄(x⃗, t)γ5s(x⃗+ r⃗, t),

Pk
1−− (r, t) =

∑
x⃗,|⃗r|=r

s̄(x⃗, t)γk s(x⃗+ r⃗, t), (2)

r⃗ |⃗r| = r
JPC

where  the  summation over  with  is  performed to
guarantee the correct .

1−+

In  practice,  we  calculate  the  wall-source  correlation
functions of these operators. For example, we use the fol-
lowing wall-source operators for  states:

OW,k(τ) =
∑
y⃗,⃗z

s̄a(⃗y, τ)γiBab
j (⃗z, τ)sb (⃗z, τ)εi jk, (3)

τ

JPC

ss̄ PW (τ) =∑
y⃗,⃗z

s̄(⃗y, τ)Γs(⃗z, τ) Γ = γ5,γi 0−+ 1−−

τ = 0

where  indicates  the source time slice.  The wall-source
operators for other  states vary accordingly. The wall
source  operators  for  the  operators  are 

 with  for  and , respect-

ively.  Finally,  we calculate  the correlation functions (for

simplicity, we  set  and omit  the  subscripts  and  su-
perscripts  that  refer  to  specific  symmetry  channels  and
different spatial components) as

C(r, t) = ⟨Ok(r, t)OW,k†(0)⟩. (4)

C(r, t)
After  the  intermediate  state  insertion,  the  correlation
function  can be parameterized as

C(r, t) =
1

Nc

∑
n

1
2mnL3 ⟨0|O(r, t)|n⟩⟨n|OW (0)|0⟩

=
1

Nc

∑
n

1
2mnL3 ⟨0|O(r,0)|n⟩⟨n|OW (0)|0⟩e−mnt

≡
∑

n

Φn(r)e−mnt, (5)

Nc r = |⃗r| mn

Φn(r)

mn

C(r, t)
mn Φn(r)

nr C(r, t)

N ·nr +N

C(r, t)

where  is  the  degenerate  degree  of ,  is  the
mass of the n-th state, and  is defined as the corres-
ponding Bethe-Salpeter wave function up to an irrelevant
constant factor. It should be noted that  is independent
of r, so that if we simultaneously fit  with different
r using Eq. (5), we can obtain  and . To be specif-
ic, if  different  values with different r values are
considered,  and N mass  terms are  involved in  the  fitting
model, the number of parameters to be fitted is .
Since we usually have 20-30 statistically meaningful data
points for each , the number of degrees of freedom
is large enough in the fitting procedure.

β ξ as

as/r0 as

r−1
0 = 410(20)

Table 1.    The input parameters for the calculation. Values of the coupling , anisotropy , lattice spacing , lattice size, and number
of measurements are listed.  is determined by the static potential; the first error of  is the statistical error, and the second one is
due to the uncertainty of the scale parameter  MeV.

β ξ as /fm Las /fm L3 ×T Nconf

2.4 5 0.222(2) 3.55 163 ×160 500

2.8 5 0.138(1) 3.31 243 ×192 200
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1−+ 2−+B.    Results of  and  states
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mn n = 1,2,3
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β = 2.4
β = 2.8

1−+ ss̄g
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We start with the  channel,  since  is a typical
exotic quantum number which cannot be assigned to a 
meson in the quark model. After the correlation function

 is calculated for the  and  lattices, Eq.
(5)  is  used for  data  analysis  wherein we use  mass
terms. For the  lattice, the r range is from 0 to 
fm  (converted  using  the  lattice  spacing  in Table  1),
and  the  upper  limit  of  the  fit  window  is uni-
formly set to be  for all the , while the 
varies from 6 to 3. For the  lattice, r has a value up
to  fm,  and  is  set  to ,  with  varying
from 9 to 6. For each lattice, we perform a simultaneous
correlated  fit  for  all  the  different values  using  the
jackknife  covariance  matrix. Table  2 summarizes  the  fit
results  for  the  mass  with  for  different  time
windows  as  well  as  per  degree  of  freedom
( ),  which  is  approximately  one  and  indicates  that
the fits are reasonable. The mass of the lowest three states
is stable to some extent for different  and as such is a
reliable  parameter.  For  the  lowest  two  states,  the  mass
values for the  lattice are slightly larger (approxim-
ately 100 MeV larger) than those for  lattice. This
difference might be attributed to the finite lattice spacing
effect, and the strange quark mass parameters on the two
lattices are not tuned to be exactly the same in the sense
of their physical meaning. Combining the results from the
two lattices,  we can determine that  the  mass  of  the  low-
est   state is approximately 2.2 GeV. However, the
mass  splitting  of  the  lowest  two  states  is  approximately
1.4  GeV,  which  is  almost  the  same  as  that  of  the 
charmonium-like  hybrids,  and  thus  exhibits  quark  mass
independence to some extent.

Φn(r) C(r, t)
Along with the masses, the BS wave functions of the

states of  can be extracted from the joint fit to 
as shown in Fig. 1. The radial separation r is converted to
the value in physical units, and the wave functions on the

Φ1(r)
Φ2(r)

ss̄
B⃗

1−+

ss̄g ss̄

2−+

1−+ 2−+

1−+

1−+

2−+

1−+ 2−+

ss̄
1−+

2−+

2−+ ss̄
JPC = 2−+ qq̄

1D2 ss̄

2−+ cc̄g
11D2

two lattices are compatible with each other. The BS wave
functions exhibit a clear nodal structure along the r direc-
tion: the BS wave function  of the ground state has
no  radial  node,  and  that  of  the  first  excited  state  (
ere) has one node, whereas that of the third state has two
nodes. These nodal structures are very similar to the non-
relativistic  two-body  Schrödinger  wave  functions  in  a
central  potential.  It  should  be  noted  that r is  the  spatial
separation between the  component and the color chro-
momagnetic field strength . The r behavior of the wave
functions of the excitations may imply that within the 

 hybrid, the relative movement between the  and the
gluonic  degrees  of  freedom  can  be  viewed  qualitatively
as a two-body system in which r is a physically meaning-
ful  dynamic  variable.  The  same data  analysis  strategy  is
applied to the  channel. The fitted masses of the low-
est  three states  are  listed in Table  3, and the wave func-
tions are shown in Fig. 2. In comparison with the case of

, the masses of the  states are slightly higher (100-
200  MeV  higher  for  the  ground  states)  than  their 
counterparts,  but  the  pattern  of  the  spectrum  is  similar.
For the BS wave functions, the r behavior of the  and

 states are similar. These observations support the as-
sertion that the  and  states have almost the same
inner structure and dynamics, whereas the small mass dif-
ference  can  be  attributed  to  the  different  coupling
between the spin of the  subsystem and the gluonic de-
grees  of  freedom.  This  meets  our  expectation  that 
and  states with the nearly degenerate mass can be in
the same supermultiplet.  Of course,  the possibility exists
that  these  states  can  be  the  conventional  mesons
since  is  permitted  for  a  system.  However,
the  masses  we  obtain  are  much  higher  than  those  of  the

  states  in  the  quark  model.  However,  a  previous
lattice  study  [31]  on  charmonium  states  found  that  the

  operator  couples  almost  exclusively  to  a  state
with  a  mass  of  4.4  GeV  instead  of  the  expected 

mn 1−+ n = 1,2,3 [tmin, tmax] χ2

χ2/dof β = 2.4 β = 2.8 as

Table 2.    The fitted masses  of the  states with  from different time windows  and  per degree of freedom
( ) for the  and  lattices. All the masses are converted to values in physical units using the lattice spacing  in Table 1.

tmin χ2/dof m1  /GeV m2  /GeV m3  /GeV

β = 2.4 tmax = 20 ss̄g( )

6 1.12 2.232(22) 3.56(21) 7.5(2.7)

5 1.23 2.228(22) 3.61(26) 4.9(7)

4 1.36 2.248(13) 3.71(11) 5.7(5)

3 1.38 2.255(09) 3.65(07) 5.4(2)

β = 2.8 tmax = 30 ss̄g( )

9 1.53 2.099(16) 3.55(07) 7.7(7)

8 1.41 2.168(15) 3.78(13) 5.1(3)

7 1.47 2.100(15) 3.40(07) 5.8(2)

6 1.26 2.110(13) 3.47(06) 5.5(1)
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ηc2

ss̄
2−+

charmonium state ,  with a  mass of  approximately 3.8
GeV. If  this  is  also the case for  the  states,  the hybrid
assignment  is  favorable  for  the  states  we  obtain  in
this work.

0−+ 1−−C.    Results of  and  states
0−+ 1−−

qq̄
n1S 0

n3S 1

C(r, t)
ss̄ s̄

N = 3
tmax = 40

tmin = 5 β = 2.4
β = 2.8 1−−

The  and  states  have  conventional  quantum
numbers  for  mesons,  and  the  mesons  with  these
quantum  numbers  are  usually  assigned  to  the  and

 states  in  the  quark model.  Therefore,  we start  with
the analysis of the wall-source correlation function 
of the  operators with the s and the  field separated by
a spatial distance r. We also use the function form of Eq.
(5)  with  mass  terms.  The  upper  bound  of  the  fit
window is fixed to  and 30, and the lower bound
gradually  decreases  to  and  7  for  and

,  respectively.  The  fitted  masses  of  the  states

0−+

ϕ(1020)

are listed in Table 4 and those of the  states are listed
in Table  5.  As previously indicated,  we use the physical
mass of  to set the mass parameters of the strange
quark in the fermion action on the two lattices with smal-
ler  gauge  ensembles.  However,  the  fitted  mass  of  the
ground  state  deviates  from  the  physical  mass  slightly,
which means that the strange quark masses are not tuned
with sufficient  precision.  Therefore,  one should consider
this  slight  deviation  when  examining  the  data  in  the
tables.

1−−

ϕ(1020) ϕ(1680) β = 2.4
m3

tmin
33S 1

m3 β = 2.8

In the  channel, the masses of the ground state and
the  first  excited  state  are  approximately  1  GeV  and  1.7
GeV,  respectively,  which  are  compatible  with  those  of

 and .  For  the  lattice,  the  fitted
mass  of  the  third  state  is  also  stable  with  respect  to

,  and  the  value  is  approximately  2.1  GeV,  which  is
close to the expected mass of the  state for the quark
model.  The  on the  lattice is  also in this  mass

 

Φn(r)
Φn(0) = 1 1−+

ss̄

Bi

β = 2.4
β = 2.8

Fig. 1.    (color online) The BS wave functions  (normal-
ized as ) of the lowest two  states. r is the spatial
separation between the  component and the chromomagnet-
ic operator  and is converted to the value in physical units.
Open  and  filled  data  points  are  the  results  for  and

, respectively.

 

Φn(r)
Φn(0) = 1 2−+

ss̄

Bi

β = 2.4
β = 2.8

Fig. 2.    (color online) The BS wave functions  (normal-
ized as ) of the lowest two  states. r is the spatial
separation between the  component and the chromomagnet-
ic operator  and is converted to the value in physical units.
Open  and  filled  data  points  are  the  results  for  and

, respectively.

mn 2−+ n = 1,2,3 [tmin, tmax] χ2

χ2/dof β = 2.4 β = 2.8 as

Table 3.    The fitted masses  of the  states with  for different time windows  and  per degree of freedom
( ) for the  and  lattices. All the masses are converted to the values in physical units using the lattice spacing  in
Table 1.

tmin χ2/dof m1  /GeV m2  /GeV m3  /GeV

β = 2.4 tmax = 20 ss̄g( )

6 1.27 2.416(41) 3.65(23) 7.2(2.4)

5 1.37 2.406(41) 3.60(25) 5.5(8)

4 1.47 2.442(26) 3.69(19) 4.9(3)

3 1.56 2.426(19) 3.60(10) 5.0(1)

β = 2.8 tmax = 30 ss̄g( )

9 1.47 2.361(23) 3.89(09) 12.2(2.4)

8 1.24 2.321(34) 3.64(18) 5.5(5)

7 1.37 2.341(27) 3.71(12) 6.0(3)

6 1.40 2.359(19) 4.00(08) 6.2(2)
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tminrange but fluctuates more strongly with .
0−+

m1 ≈ 0.701 β = 2.4
0.651 β = 2.8 ss̄

ηs

N f = 2+1

mηs
= 0.686(4)

1−−

η(1295)/η(1475)
ss̄

Φn(r) 0−+ 1−−

s̄
Φn(r)

In the  channel, the ground state mass can be pre-
cisely  determined  with  GeV  at  and

 GeV  at .  Since  the  pseudoscalar  meson
(labeled as ) is not a physical state, we cannot directly
compare our result to the physical value . A previous cal-
culation has been performed for the  full-QCD
lattice  formalism,  which  gives  the  prediction

 GeV [32], lying between our values for the
two lattices. The deviation is small and can be attributed
to our less precise tuning of the strange quark mass para-
meter and the other systematic uncertainties. The mass of
the  first  excited  state  is  approximately  1.6-1.7  GeV,
which  is  almost  degenerate  with  that  of  the  first  excited

 state.  There  is  no  physical  correspondence  of  this
state at present, but it can be compared to the pseudoscal-
ar . However, it should be noted that this
state is a pure  state, which results in a higher mass. As
indicated in the previous section,  the BS wave functions

 of the  and  states can be derived simultan-
eously  with  the  masses,  as  shown  in Figs.  3 and 4.  It
should be noted that r represents  the  separation between
the s and  field. For  the  ground  state  and  the  first  ex-
cited  state  in  each  channel,  the  values  exhibit  the

1S 2S
ss̄

expectation of the quark model in that the wave function
of the ground state has no radial node whereas that of the
first excited state has one node. Therefore, the two states
can be  assigned to  be  the  and  states  of  a  non-re-
lativistic  system. The behavior of the wave function of
the third state is strange in that it has no radial nodes even
though  it  has  two  inflection  points.  Since  we  only  use
three mass terms to fit the correlation functions, the third
state  may  have  substantial  contamination  from  higher
states, which may result in this phenomenon. As such, the
results of the third state are not seriously considered.

ss̄g
0−+ 1−−

N = 2
tmax = 45

ss̄

ss̄

0−+ 1−−

1S
2S

We also use the -type operators (in Eq. (1)) to ex-
plore the properties of the  and  states. We use Eq.
(5) with  mass terms to fit the correlation functions
in  large  time  ranges  (  for  both  lattices).  The
masses are listed in Table 4 and Table 5, in which it is ap-
parent that they are consistent with those from the  op-
erators. Figures 5 and 6 show the BS wave functions with
r as the spatial separation between the  components and
the chromomagnetic operator. The results for the two lat-
tices  are  compatible  with  each  other.  It  is  interesting  to
see  that  for  the  and  channels, such  wave  func-
tions  of  the  ground  state  (  state)  and  the  first  excited
state  (  state)  lie  almost  upon each other  and there  are

mn 1−− [tmin, tmax] χ2

χ2/dof β = 2.4 β = 2.8

as

Table 4.    The fitted masses  of the  states for two different types of operators and different time windows  and  per
degree of freedom ( ) for the  and  lattices. All the masses are converted to values in physical units using the lattice
spacing  in Table 1.

tmin χ2/dof m1  /GeV m2  /GeV m3  /GeV

β = 2.4 tmax = 40 ss̄( )

8 0.84 1.013(1) 1.753(77) 2.16(22)

7 0.81 1.013(1) 1.787(93) 2.08(19)

6 0.83 1.014(1) 1.732(47) 2.13(12)

5 0.92 1.015(1) 1.709(36) 2.11(08)

β = 2.4 tmax = 45 ss̄g( )

16 1.40 1.011(1) 1.72(12) —

15 1.42 1.011(1) 1.66(10) —

14 1.42 1.009(1) 1.77(08) —

13 1.67 1.007(1) 1.83(06) —

β = 2.8 tmax = 30 ss̄( )

10 1.93 1.001(5) 1.634(114) 2.17(29)

9 1.97 1.003(4) 1.633(86) 2.02(18)

8 2.11 0.999(3) 1.665(81) 2.30(20)

7 2.39 0.998(3) 1.668(52) 2.34(17)

β = 2.8 tmax = 45 ss̄g( )

19 1.17 1.006(4) 1.51(6) —

18 1.39 1.003(3) 1.55(6) —

17 1.50 1.005(3) 1.51(5) —

16 1.45 0.998(2) 1.58(4) —
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ss̄
1S

2S ss̄
1S 2S

no  significant  differences.  In  these  two  channels,  given
the  masses  that  are  compatible  with  the  masses  of  the
states  obtained  using  the  operators,  the  ground  states
and the first excited states can be assigned to the  and

  mesons. As  such  the  similarity  of  the  wave  func-
tions  of  and  states  with  respect  to  the  distance r

ss̄
s̄

s′

s̄′

S U(3)
ss̄

between  the  gluonic  component  and  the  component
can be interpreted as follows: the s (or ) field along with
the  chromomagnetic  field  can be  viewed as  a  dressed 
(or ) field in the fundamental representation of the col-
or  group, which annihilates the s (anti)quark of the

 meson. In this sense, r represents the spatial size of the

 

Φn(r)
Φn(0) = 1 0−+

s̄

β = 2.4 β = 2.8

Fig. 3.    (color online) The BS wave functions  (normal-
ized as ) of the lowest two  states. r is the spatial
separation between the quark fields s and  and is converted to
the value in physical units. Open and filled data points are the
results for  and , respectively.

 

Φn(r)
Φn(0) = 1 1−−

s̄

β = 2.4 β = 2.8

Fig. 4.    (color online) BS wave functions  (normalized
as ) of the lowest two  states. r is the spatial sep-
aration  between  the  quark  fields s and  and  is  converted  to
the value in physical units. Open and filled data points are the
results for  and , respectively.

mn 0−+ [tmin, tmax] χ2

χ2/dof β = 2.4 β = 2.8

as

Table 5.    The fitted masses  of the  states for two different types of operators and different time windows  and  per
degree of freedom ( ) for the  and  lattices. All the masses are converted to values in physical units using the lattice
spacing  in Table 1.

tmin χ2/dof m1  /GeV m2  /GeV m3  /GeV

β = 2.4 tmax = 40 ss̄( )

8 0.70 0.7012(2) 1.690(34) 2.21(17)

7 0.69 0.7010(2) 1.698(39) 2.12(14)

6 0.73 0.7010(2) 1.699(30) 2.12(10)

5 0.89 0.7014(2) 1.669(22) 2.10(07)

β = 2.4 tmax = 45 ss̄g( )

16 1.30 0.7008(3) 1.711(73) —

15 1.40 0.7007(3) 1.680(56) —

14 1.42 0.7007(3) 1.672(46) —

13 1.56 0.7009(3) 1.659(36) —

β = 2.8 tmax = 30 ss̄( )

10 2.59 0.6483(8) 1.736(62) 2.84(34)

9 2.51 0.6505(8) 1.703(76) 2.33(25)

8 2.37 0.6512(8) 1.679(66) 2.23(20)

7 2.35 0.6516(7) 1.620(30) 2.46(11)

β = 2.8 tmax = 45 ss̄g( )

19 1.09 0.6508(10) 1.621(85) —

18 1.03 0.6510(10) 1.557(67) —

17 1.04 0.6490(06) 1.711(50) —

16 1.06 0.6491(05) 1.740(39) —
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1−+ 2−+

dressed quark field and the r fall-off does not have a dy-
namic significance.  This  is  in  contrast  to  the wave func-
tions of the  and  states whose nodal structures im-
ply that r is a dynamic variable for hybrids.

III.  DISCUSSION

1−+ 2−+

ss̄

1−+ qq̄

We  discuss  the  obtained  results  in  this  section.  The
BS  wave  functions  of  the  and  states  show  the
typical  behaviors  of  non-relativistic  two-body
Schrödinger  wave  functions  with  a  central  potential,  in
terms of the correspondence of the spectrum and the nod-
al structure of the wave functions. We emphasize that the
variable r is the spatial distance between the  compon-
ent and the chromomagnetic field strength of the operat-
ors.  Since  is  an  exotic  quantum  number  for 
mesons,  the  states  with  this  quantum  number  must  be  a
hybrid meson with additional gluonic degrees of freedom.
The similarity of the spectrum and the wave functions of

2−+ 1−+

ss̄g cc̄g

(0,1,2)−+

1−−

qq̄

qq̄

the  states to those of the  states indicates that they
are  also  hybrid  states.  In  this  sense,  the  wave  functions
imply that r can be a  meaningful  dynamical  variable  for

 hybrid mesons. In a previous lattice study on  hy-
brids [27], the same behaviors of the wave functions and
the spectrum pattern were observed for the  and

 supermultiplets,  based  on  which  a  "color  halo"
concept  has  been  proposed,  which  states  that  a  hybrid
meson can be viewed as a relatively compact color octet

 pair surrounded by color octet gluonic degrees of free-
dom, such that the wave functions depict the relative mo-
tion between the  pair  and the gluonic excitation.  In a
non-relativistic model, the binding mechanism can be the
potential between two effective  color  octet  charges.  Pre-
vious lattice studies [33] revealed that the potential of two
static color charges has the feature of a Casimir scaling

VD(r) = VD,0−CD
α

r
+σDr, (6)

S U(3)
CD

S U(3) VD,0
α σD

σ

σD =
3
4CDσ

σD = 9/4σ

1S −2S qq̄

where D is  the  color  representation of  the  charge
with  as  the  eigenvalue  of  the  second  order  Casimir
operator of the color ,  is the potential constant,

 is  the  coefficient  of  the  Coulomb  part,  and  is  the
string tension, which is related to the conventional string
tension  between  a  static  quark  and  antiquark  pair  by

. For  the  octet  charge  in  this  work,  this  rela-
tion  is ,  which  means  that  the  interaction
between  the  color  octet  objects  is  stronger  than  that
between the color triplet ones. This explains the observa-
tion  that  the  mass  splitting  (approximately  1.2  GeV)
between the ground state and the first excited hybrid state
is  larger  than the  mass  splitting  of  the  states
(approximately 0.6 GeV).

QQ̄

QQ̄

Λϵη
Λ = 0,1,2, . . .

QQ̄
Σ,Π,∆ Λ = 0,1,2 η

η = g,u P⊗C = ±
ϵ

QQ̄

The  "color  halo"  idea  is  conceptually  different  from
the flux-tube framework of hybrids in the market [12-14,
34, 35],  whereby the  quark  and anti-quark  are  bound by
an effective potential induced by the excitation of gluon-
ic degrees of freedom. In the leading Born-Oppenheimer
approximation,  the  of a  heavy  quarkonium-like  hy-
brid  can  be  viewed  as  static  color  sources;  the  excited
gluonic degrees of freedom are distributed along the 
axis and obey the cylinder symmetry, whose effect can be
treated  as  an  excited  static  potential  denoted  by ,
where  is the  projected  total  angular  mo-
mentum of the gluons with respect to the  axis and is
labeled  as  for ,  and  so  on,  represents
the combined parity (P)  and the charge conjugate (C)  of
gluon excitations with  for , respectively,
and  is  the P parity  of  the  glue  state.  Therefore,  the
quantum number of a  state with this potential is

P = ϵ(−1)L+Λ+1,C = ηϵ(−1)L+S+Λ, (7)

L̂ = L̂QQ̄+ Ĵg L̂QQ̄where with  being  the  orbital  angular

 

Φn(r)
Φn(0) = 1 1−−

ss̄

Bi

β = 2.4
β = 2.8

1S 2S ss̄

ss̄

Fig. 5.    (color online) The BS wave functions  (normal-
ized as ) of the lowest two  states. r is the spatial
separation between the  component and the chromomagnet-
ic operator  and is converted to the value in physical units.
Open  and  filled  data  points  are  the  result  for  and

, respectively. Since the two states can be assigned to be
the  and   mesons,  the  similar r-behavior  of  their  BS
wave  functions  imply  that  this r is  not  a  typical  dynamical
variable for the  states.

 

0−+Fig. 6.    (color online) Similar to Fig. 5 but for  states.
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QQ̄ QQ̄
Ĵg

Σ+g Λ = 0, ϵ = +
η = + QQ̄

1−−

(0,1,2)−+

Π+u (L = 1)

momentum of  with respect to the midpoint of the 
axis  and  being  the  total  angular  momentum  of  the
gluons.  The  ground  potential  has  and

 are  the  conventional  static  potential  of  of  the
Cornell  type,  and  the P and C quantum numbers  repro-
duce  the  conventional  quantum  number.  The  and

 hybrid  supermultiplet  is  associated  with  the
 potential, such that the radial Shrödinger equa-

tion is

d2

dr2 u(r)+2µ[E−Veff(r)]u(r) = 0, (8)

Q̄ µ
QQ̄ u(r)

ϕ(r) u(r) = rϕ(r)
Veff

where r is  the  distance  between Q and ,  is the  re-
duced mass of the  pair, and  is related to the radi-
al wave function  by . The effective poten-
tial  is

Veff = VQQ̄(r)+
⟨L̂2

QQ̄
⟩

2µr2 (9)

⟨L̂2
QQ̄
⟩ = L(L+1)−2Λ2+ ⟨Ĵ2

g⟩ ⟨Ĵ2
g⟩ = 2

QQ̄
VQQ̄

ϕn(r)

1−−

(0,1,2)−+

with  and . Obvi-
ously,  the  eigenvalues  of E are  independent  of  the  total
spin S of  the  pair.  One can use  the  lattice  results  to
determine  and then solve  the  preceding equation to
obtain the masses of the hybrids. We do not wish to delve
into  such  details  in  this  work  but  mention  that  be-
haves  as  a P-wave  wave  function  in  a  central  potential,
and the mass splitting of the ground state and the first ra-
dial excited state is only a few hundred MeV for the 
and  hybrid states [14]. Even though the preced-
ing deduction is based on the heavy quarkonium-like hy-
brids, this  concept  has  been  also  applied  to  the  phe-
nomenological studies of strangeonium hybrids [34].

(1,2)−+

ss̄

In  contrast  to  the  flux-tube  concept,  we  observe  that
for  strangeonium  hybrids,  the  mass  splitting  of
the  ground  and  the  first  excited  states  is  approximately
1.2-1.4 GeV, which is much larger than the prediction of
the  flux-tube  model,  and  the  nodal  structure  is  present
with respect to the spatial distance between the  and the
chromomagnetic  field  strength.  A  similar  phenomenon
also appears for charmonium-like hybrids without a clear
quark  mass  dependence.  It  should  be  emphasized  that
even  though  the  interpretation  of  the  wave  functions  is
debatable,  the  pattern  of  the  spectrum should  be  reliable
and  model-independent  since  it  is  derived  directly  from
the lattice QCD calculation.

0−+ 1−−

ss̄ ss̄g
ϕ(1020)

For  the  and  channels,  we  obtain  consistent
results for the masses of the ground states and the first ex-
cited state using the  and  type operators. Since we
use  the  physical  mass  of  the  meson  to  set  the
strange quark mass parameters, it is natural to almost re-
produce  the  physical  value  of  the  mass  of  the  vector
ground  state.  The  ground  state  mass  of  the  pseudoscalar

650−700
ηs

1.7 ss̄
ϕ(1680)

s̄

ss̄

1S 2S ss̄
ss̄

ϕ(2170)

ss̄g

1−−

(0,1,2)−+

is  approximately  MeV,  which  is  compatible
with  the  previous  lattice  result  of .  The  masses  of  the
first excited  states  in  both  channels  are  closely  degener-
ate at  GeV, and the mass of the first excited  vector
meson is in agreement with that of . However, the
BS wave functions in both channels, defined based on the
dependence of spatial distance between the s and  quark
field,  show  the  expected  radially  nodal  behavior  of  the
non-relativistic  two-body  system.  Therefore,  the
ground and the  first  excited  states  can be  assigned to  be
the  and   mesons,  respectively.  We  also  obtain
some information on the third state based on the  type
operator  in  each  channel,  whose  mass  is  approximately
2.1-2.3  GeV.  For  the  vector  channel,  this  mass  value  is
close to the mass of . However, since we only use
three  mass  terms  for  the  data  fitting,  the  third  state  may
have  substantial  contaminations  from  higher  states,  and
the result is not reliable. When we use the  operator to
study these  two  channels,  we  can  only  obtain  informa-
tion  on  the  lowest  two  states.  At  present,  there  is  no
definitive  conclusion  to  whether  there  is  a  and

 supermultiplet of the strangeonium hybrids.

ϕ(2170) 33S 1 23D1 ss̄
1−− (0,1,2)−+ ss̄g

2.1−2.3 ϕ(2170)
1−−

ϕ(2170)
ϕ(1020) ϕ f0(980) ϕππ ϕη ϕη′

K+K−ππ K+K−K+K−

ϕ(1020) ϕ(2170)
1−− ss̄g

ss̄

ss̄ ϕ(1020)

ϕ(2170)
e+e−→ η′ϕ MR =

2177.5±4.8(stat)±19.5(syst) ΓR = 149.0±
15.6(stat)±8.9(syst) Br(ϕ(2170)→ η′ϕ)Γe+e−

7.1±0.7(stat)±0.7(syst)
Br(ϕ(2170)→ ηϕ)Γe+e− = 1.7±0.7(stat)±

1.3(syst)

Finally,  we  present  some  arguments  related  to
. Its mass is in the range of the  and  

predicted by the quark model. If a  and  
hybrid  multiplet  exists  with  nearly  degenerate  masses  at
approximately  GeV,  can also be a can-
didate  for  the  member.  However,  the  assignment  of
its  characteristic  is  still  an  open  question.  Till  now,

 has been observed in many final states including
,  such  as , , ,  and .  In  the
 and  final  states  [36-38],  there  are

also sizable components including .  If  is
a candidate for the   hybrid, this decay pattern can
be understood based on the color halo concept of the hy-
brids:  the  binding  between  the  color  octet  and  the
gluonic degrees of freedom can easily break up such that
the  component is neutralized to  and the gluons
are  hadronized  to  light  hadrons,  which  are  in  the  flavor
singlet. Furthermore,  in  contrast  to  the  hadronic  trans-
ition  of  conventional  excited  strangeonium  states,  these
decays are less OZI suppressed due to the existing gluons
within  the  strangeonium  hybrids.  Recently,  the  BESIII
Collaboration  reported  the  observation  of  in  the
process  with  the  resonance  parameters 

 MeV  and 
 MeV,  and  is

measured to be  eV [39]. Combin-
ing  the  result  of 

 eV, one has

Br(ϕ(2170)→ ηϕ)Γe+e−

Br(ϕ(2170)→ η′ϕ)Γe+e−
= 0.23±0.10(stat)±0.18(syst).

(10)

Strangeonium-like hybrids on the lattice Chin. Phys. C 45, 013112 (2021)

013112-9



qq̄
ss̄

ϕ(2170) ss̄g
ϕ(2170)→ ϕη(η′)

η(η′)
ϕ(2170) ss̄

η(η′) ss̄

ϕη ϕη′

η−η′

This ratio  is  much  larger  than  the  predictions  of  phe-
nomenological  studies  based  on  the  flux  tube  model  or
the constituent gluon model of hybrids, with the mechan-
ism whereby the flux tube or the constituent gluon breaks
up  into  a  light  pair  that  reorganizes  into  two  mesons
with  the  original  constituent .  However,  this  ratio  can
be explained directly from the flavor octet-singlet mixing
and  the  kinetics.  If  is  a  hybrid  in  the  'color
halo'  picture,  then  the  decay  can  take
place  as  follows:  a  gluon  is  emitted  by  a  constituent
strange  quark  (or  antiquark)  and  the  original  gluon(s)
couple  to  the  flavor  singlet  component  of  the 
meson. If  is a higher excited  meson, then the

 is generated by two gluons emitted by the  pair. It
should be noted that this process can be enhanced by the
QCD axial anomaly. Since the decay dynamics is expec-
ted  to  be  the  same for  the  and  decay  modes,  the
ratio  of  the  partial  widths  can  be  attributed  to  the 
mixing and the kinetic factors

Γ(ϕ(2170)→ ϕη)
Γ(ϕ(2170)→ ϕη′)

= tan2 θ

(
kη
kη′

)3

, (11)

θ
η−η′ kη(′ )

mη = 547
mη′ = 958 θ

−10◦ −20◦

0.14 0.58
θ

|θ| ≈ 13◦

ϕ(2170)
ss̄

ϕ(1020)
KK̄

e+e−→ X→ KK̄
2.2

ϕ(2170)

where  is  the  flavor  octet-singlet  mixing  angle  of  the
 system, and  is the magnitude of the decay mo-

mentum.  If  we  take  the  physical  masses  MeV
and  MeV  and  the  mixing  angle as  varying
between  and ,  this  ratio  is  estimated  to  be
between  and  and compatible  with  the  experi-
mental value (the mixing angle  is derived to be approx-
imately  using  the  central  value  0.23).  As  such,
for , this ratio may not be an ideal criterion to dis-
tinguish  a  hybrid  assignment  from  a  conventional 
meson.  Apart  from  the  decay  modes  involving ,
BESIII  have  reported  decay  modes  of  resonances X
observed in the procesess  with a peak of
X at approximately  GeV [38, 40]. For the characterist-
ics  of  to  be  revealed,  all  the  observed  decay
modes should be considered jointly in scrutinized theoret-
ical discussions.

IV.  SUMMARY

as
ss̄g ss̄

1−−

(0,1,2)−+

1−+

2−+

The  strangeonium-like  hybrids  were  investigated
based  on  lattice  QCD  in  the  quenched  approximation.
Two  anisotropic  lattices  with  different  lattice  spacings
were  used  to  examine  finite  effects.  We  constructed
spatially  extended  operators  with  the  component
separated from the chromomagnetic field strength operat-
or  by  a  spatial  distance r.  We  investigated  the  and

 channels and calculated the corresponding cor-
relation functions  based  on  these  operators  in  the  Cou-
lomb gauge. The ground state mass of the  states was
determined  to  be  2.1-2.2  GeV and  that  of  the  states
was  approximately  200  MeV  higher.  These  results  are

ss̄

ss̄g
cc̄g

qq̄

consistent with  previous  lattice  calculations  and  phe-
nomenological  studies.  The  masses  of  the  first  excited
state were approximately 3.6 GeV in these two channels,
such  that  the  mass  splitting  of  the  first  excited  state  and
the ground state was approximately 1.2-1.4 GeV. This is
much  higher  than  the  predictions  obtained  based  on  the
flux-tube model, which is only a few hundred MeV. The
BS wave functions of these states, defined by the matrix
elements of the aforementioned operators between the va-
cuum and the states, were extracted and exhibit clear nod-
al  structures  in  the r direction.  This  indicates  that r is  a
meaningful dynamical variable reflecting the relative mo-
tion  of  the  center-of-mass  of  the  against  the  gluonic
degrees  of  freedom.  Both  the  spectrum  and  the  wave
functions of these  states have features similar to those
of their  counterparts and are consistent with the "col-
or halo" concept of the hybrids in that the color octet 
pair is surrounded by gluons.

0−+ 1−−

ss̄ ss̄g
ss̄

ϕ(1020)
ϕ(1020)

ηs

ϕ(1680)

s̄

2S ss̄

ss̄

ss̄

In  the  and  channels, we  used  both  the  spa-
tially extended  and  operators to perform the calcu-
lations. The ground state mass of the vector  meson al-
most reproduced the mass of  (it should be noted
that  we  use  the  mass  of  the  to  set  the  strange
quark mass parameters), and the ground state mass of the
pseudoscalar  was  650-700  MeV,  which  is  in  agreement
with the  mass determined by previous lattice  calcula-
tions.  In  both  channels,  the  masses  of  the  first  excited
states  were almost  degenerate  at  approximately  1.7  GeV
and compatible  with  the  mass  of .  The  BS wave
functions  of  these  states  with  respect  to  the  distance
between s and  were qualitatively  similar  to  the  nonre-
lativistic wave function of a two-body system in that the
BS  wave  function  of  the  first  excited  state  had  a  radial
node.  Therefore,  the  first  excited  state  can  be  a  
meson. In  contrast,  in  each  channel,  the  BS  wave  func-
tions  with  respect  to  the  spatial  distance  of  the  octet 
and  the  gluonic  degrees  of  freedom  had  similar  profiles
for  the  ground  and  the  first  excited  state,  which  meant
that this distance was less significant for  mesons.

3S ss̄
ss̄g

ϕ(2170) ϕ(2170)
3S ss̄

ss̄g
ϕ(2170) ϕ(2170)
3S ss̄ ss̄g

Γ(ϕη)/Γ(ϕη′) = 0.23±0.10(stat)±0.18(syst)

η−η′
ϕ(2170)

We  did  not  obtain  reliable  results  for  the  
mesons  and  the  possible  vector  hybrids.  Therefore,
we  are  unable  to  present  a  convincing  explanation  for

. Since the mass of  is compatible with the
quark model prediction of the   meson and the pre-
dicted mass  of  the  lowest  hybrids,  both  assignments
of  are possible. We argue that if  is either
the   meson or a vector  hybrid within the "color
halo" picture discussed in the preceding section, the ratio

 can be  under-
stood based on the hadronic transition of a strangeoium-
like meson in addition to  mixing. Nevertheless, the
nature of  is still an open question to be investig-
ated based  on  further  experimental  and  theoretical  stud-
ies.

Yunheng Ma, Ying Chen, Ming Gong et al. Chin. Phys. C 45, 013112 (2021)
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