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Revisiting the determining fraction of glueball component
in fy mesons via radiative decays of J/y*
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Abstract: QCD theory predicts the existence of glueballs, but so far all experimental endeavors have failed to
identify any such states. To remedy this discrepancy between QCD, which has proven to be a successful theory for
strong interactions, and the failure of experimental searches for glueballs, one is tempted to accept the promising in-
terpretation that the glueballs mix with regular gg states of the same quantum numbers. The lattice estimate of the
masses of pure 07" glueballs ranges from 1 to 2 GeV, which is the region of the fy family. Thus many authors sug-
gest that the fp mesonic series is an ideal place to study possible mixtures of glueballs and gg. In this paper, follow-
ing the strategy proposed by Close, Farrar and Li, we try to determine the fraction of glueball components in fy
mesons using the measured mass spectra and the branching ratios of J/y radiative decays into fy mesons. Since the
pioneering papers by Close et al., more than 20 years have elapsed and more accurate measurements have been done
by several experimental collaborations, so it is time to revisit this interesting topic using new data. We suppose
Jfo(500) and f,(980) to be pure quark states, while for fy(1370), fo(1500) and f,(1710), to fit both the experimental
data of J/y radiative decay and their mass spectra, glueball components are needed. Moreover, the mass of the pure

0** glueball is phenomenologically determined.
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I. INTRODUCTION

Quantum chromodynamics (QCD) theory demands
the existence of glueballs because of interactions among
gluons. Glueballs behave differently from ¢g systems -
for example, they do not directly couple to photons - so
their special characteristics can help to identify glueball
states. Generally, several models based on lattice QCD
[1-3] suggest 0** glueball to be the lowest-lying glueball.
It has the same quantum numbers as the iso-singlet scalar
meson fy family (i.e the so far observed series of f;(500),
0(980), fo(1370), fo(1500), fo(1710), f,(2020) and
fo(2100)).

It is discouraging that after many years of exhaustive

effort, no pure glueballs have been experimentally ob-
served, even though theoretical studies repeatedly predict
their existence and estimates of their masses have been
presented. Lattice QCD computations have predicted the
mass of a 0** glueball (which might be the lightest glue-
ball) as 1.73 GeV [1], 1.71 GeV [2] and 1.55+0.05 GeV
[3], while the QCD sum rules determine it to be 1.50+0.2
GeV [4], 1.71 GeV [5] and 1.50+0.06 GeV [6]. Phe-
nomenological studies [7-10] suggest the mass of the
lightest glueball to be around 1.5 ~ 1.7 GeV. Moreover,
in Refs. [11-13] the authors suggest that the 0** glueball
might have two lower states [12] with masses of
1.0~ 1.25 GeV and 1.4+0.2 GeV, and the authors of Ref.
[13] favor the mass of the 0** glueball as 1.25+0.2 GeV.
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Even though the theoretical estimates of the mass of the
0** glueball are so diverse, they all suggest the mass to
be within a range of 1.2 ~1.7 GeV. A study of the mass
of the 0"* glueball based on analysis of the data would
therefore be welcome.

On other aspects, due to the failure of experimental
searches for glueballs, we are tempted to consider that the
QCD interaction would cause glueballs to mix with the
qq states of the same quantum numbers, so that the pos-
sibility that pure glueballs exist independently in nature
seems to be slim, even though it cannot be completely
ruled out. In other words, glueballs would mix with gg
states to make hadrons. This scenario could certainly re-
concile the discrepancy between the QCD prediction and
the experimental observation. In fact, the mass of a pure
glueball is only a parameter which does not have a defin-
ite physical meaning.

In Refs. [8, 14-19], the authors considered fy(1370),
fo(1500) and fp(1710) as mixtures of glueballs and
JPC€ =0** gg bound states. They preferred f,(1500) as a
hadron dominated by a glueball component. Furthermore,
in Refs. [20, 21] the authors further extended the scen-
ario by involving possible components of the hybrid state
qgg which may provide better fits to the available data.
Contrary to the above consideration, in Refs. [17, 18],
fo(1710) was supposed to be dominated by the glueball
component, but not a pure glueball.

As the first step, in this work, we restrict ourselves to
the scenario where only mixtures of glueballs and gg are
considered, while a possible contribution of hybrids to the
mass spectra of the f; family is ignored.

We first calculate the masses of the ¢gg bound states
by solving the Schrodinger equations. Some authors have
extended the equation into its relativistic form for estim-
ating the mass spectra of heavy-light mesons and the res-
ults seem to be closer to the data. Following Ref. [22], we
calculate the light quark-antiquark system in the relativ-
istic Schrédinger equations.

The results indicate that the experimentally measured
masses of fp(500) and f,(980) can correspond to the ¢g

uin +dd

states (ground states of and s5), so can be con-

sidered as pure bound qua;{:—antiquark states. However,
their spectra (including ground and excited states) do not
correspond to the physical masses fy(1370), f5(1500) and
fo(1710), signifying that these cannot be pure ¢g states
and extra components should be involved. To evaluate
the fractions of glueballs in those states, diagonalizing the
mass matrix whose eigenvalues correspond to the masses
of the physical states and the transformation unitary mat-
rix determines the fractions of ¢g and glueball in the mix-
tures. We define four parameters: Ay_g, ds—G, Av—s and
mg Wwhich respectively are the mixing parameters

+dd and glueball, s5 and glueball, uit + dd
V2

between

and s5 states, and the mass of a pure glueball.Even
though fixing these four parameters can be done with this

manipulation, to be more convincing and accurate, we ad-
opt the strategy provided by Close, Farrar and Li [7], ana-
lyzing the radiative decays of J/y — y+ fy to reproduce
those parameters, so that the results can be checked.

After this introduction, in Section II we calculate the
mass spectra of gg states of 0™* by solving the relativist-
ic Schrodinger equations. In Section 111, via a full analys-
is we confirm three physical states (fp(1370), fo(1500)
and fp(1710)) as mixtures of ¢g and glueballs. Then in
the following section, we present the scheme of Close,
Farrar et al. for J/y — v+ fy where f; refers to f,(1370),
fo(1500) and fy(1710), and extract useful information
about the fraction of glueball components in those
mesons. Then we calculate several ratios which may help
to clarify the structures of various f; states. A brief dis-
cussion and conclusion are presented in the last section.

IL. 0** ¢ SYSTEMS

First, in terms of the relativistic Schrodinger equa-
tion, let us calculate the mass spectra of f; by assuming
them to be made of a light quark and an anti-quark. Us-
ing the so-called relativistic Schrodinger equation is only
an improvement to the regular one. In the Hamiltonian,
only the concerned kinetic part of the light quark (anti-
quark) adopts the relativistic form and the other part is
unchanged. Because the light quarks are not as heavy as ¢
or b quarks, one can believe that the modification may
provide a physical picture which is closer to the physical
reality. But, of course, it is not like the Dirac equation; it
is only an improvement of the non-relativistic
Schrodinger equation.

In Ref. [23] the authors study the B. meson, which
contains two heavy quarks (anti-quarks) through the re-
lativistic Schrodinger equation, while in Refs. [22, 24-25]
mesons which contain a heavy quark (anti-quark) and a
light quark (anti-quark) were investigated in the same
scenario. In Ref. [26] the authors studied ¢ in terms of
the relativistic Schrédinger equation and in Ref. [27] the
authors studied p and ¢ via the relativistic Schrodinger
equation. In Ref. [28] many light mesons with different
quantum numbers have been studied in terms of the re-
lativistic Schrédinger equation. In all these studies, obvi-
ous improvements were reported, namely the resulting
solutions are closer to the data. Since fy mesons are 0"
states, the relative orbital angular momentum /= 1. Fol-
lowing Ref. [22], the effective Hamiltonian is

H= \[-Vieml s [-V2emde Vo) +H, (1)

where m; and my are the masses of the light quark and
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anti-quark respectively. In our numerical computations
we set m; =mp =0.3 GeV for the u and d quark, and
my; =my =0.5 GeV for the s quark. V§ and V3 act on the
fields of ¢g; and g, Vo(r) is a combination of the QCD-
Coulomb term and a linear confining term [28-30]

Vo(r) = %‘QYT(F) +Kr+c. 2)

Here a,(r) is the coupling constant. For the concerned en-
ergy scale of Agcp ~ 300 MeV the non-perturbative QCD
effect dominates and so far a,(r) cannot be determined by
a general principle. Thus, one generally needs to invoke
concrete models where the model-dependent parameters
are adopted by fitting data. Indeed, theoretical uncertain-
ties are unavoidable. In this work, the running coupling
constant «,(r), expressed in terms of a function of co-
ordinates, can be obtained through the Fourier transform-
ation of a,(Q?). Following Refs. [22, 28], we have

2 (" .
a's(r)=2,-a,-ﬁ | e dux, 3)

where «; and y; are free constants, which were fitted [22,
28] by making the behavior of the running coupling con-
stant a,(r) at short distances coincide numerically with
a(Q?) predicted by QCD. In our calculation we follow
their work and take a; =0.15, a» =0.15, @3 =0.20 and
y1=1/2, y2 = V10/2, y3 = V1000/2.

Since we are dealing with the P-wave structure of ¢g,
the spin-spin hyperfine interaction and spin-orbit interac-
tion are concerned and an extra Hamiltonian H’ can be
written as

H = Vhyp(r) + Vio(1). 4)

The spin-spin hyperfine interaction is

Vhyp(r) =

T
a’s(s(r(r)sl *8$2
9mymy

4 ay 1(3s1-rs2

3mimy r3 r

with [22]

3
So(r) = (%) e, (6)

/s

where o s
(S] -Sz) = 1/4.
The spin-orbit interaction is

a phenomenological parameter and

dag( 1 1\(si-L s,-L
Vso(r)=§r—3‘(—+—)(l + 2 )

ny niy n ny
1 5‘/0(}") Sl-L Sz-L
Z or m% * m% ’ (7)

where L is the orbital angular momentum between the
quark and anti-quark. For the 0** state, we have
(s1-Ly={(sp-L)y=-1.

Determining the five parameters is a bit tricky. We
are dealing with f; mesons whose contents do not in-
clude heavy quarks, so when using the potential model to
calculate their mass spectra we need to adopt different
schemes from that for heavy quarkonia, to determine the
relevant parameters. Our strategy is as follows. We sup-
pose fp(500) and f,(980) are pure quark states, i.e. mix-

uii +dd
tures of

(which we abbreviate as ni) and s5 , and

try to evaluate the mass eigenvalues of nii and s5 (which
are not physical states).

We then try to fix the other two parameters « and c.
We define myg,, mi,; and mo,; as the masses of the
ground state, first excited state and the second excited
state of nni. Similarly, for s§ we have mggs,migs,moss.
Since there are no precise data available, according to the
analyses made by previous authors we can set several in-
equalities as:

mfo500) S Mopa < Moss < ML£980),
mg 1370) S Mipn < Migs < M£(1710)s
M£2020) S Mopi < M2s5 < MLE(2100)-

By these criteria, we cannot obtain exact numbers for
b and ¢, but can set ranges for them. Fortunately the
ranges are not too wide for further phenomenological ap-
plications. To satisfy the above constraints, we obtain
k=029~0.33 GeV? and c=-1.72~-1.58 GeV. The
masses of the ground, first excited and second excited
states of nii and ssas are obtained as listed in Table 1.
From the table, we note that the masses of the ground
states of nii and s5 are respectively 626 ~ 636 MeV and
830 ~ 848 MeV. We notice that all the achieved values
are within certain ranges, but are not fixed numbers, as
discussed above.

As is supposed, f(500) and f;(980) are mixtures of
ground states of ni and s53, thus we step forward to deal
with the mixing of ni and s5 to result in the physical ei-
genstates of f(500) and f;(980). The mixing matrix is
written as
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1m,(500) 0 _ [ cos§ —sind M wesa A cos —sind \'
0 mpgog0) )\ sinf  cos@ A1 mg |\ sin@  cosf
_ [ cos® —siné 626 ~ 636MeV A cosf —sin@ i )
“ | sin@ cos® A 830 ~ 84MeV sinf cos@

Table 1.

(a) Theoretically predicted mass spectra of nii and s5 with the principal quantum numbers being n = 1, 2 and 3, and (b)

masses of the fy family which have been experimentally measured [31].

principal quantum number n=1 n=2 n=3
eigenvalue of ni 626 ~ 636 MeV 1317 ~ 1353 MeV 1872 ~ 1949 MeV
eigenvalue of s5 830 ~ 848 MeV 1515 ~ 1544 MeV 2060 ~ 2130 MeV

Jo(500) f0(980) fo(1370) Jo(1500)
mass 400 ~ 550 MeV 990 +£20 MeV 1200 ~ 1500 MeV 1506 + 6 MeV
decay width 400 ~ 700 MeV 10 ~ 100 MeV 200 ~ 500 MeV 112+ 9 MeV
Jo(1710) f0(2020) f0(2100)
mass 1704 £ 12 MeV 1992 +16 MeV 2101 +7 MeV
decay width 123+ 18 MeV 442 + 60 MeV 2242 MeV

Requiring mfg,(500) = 400 ~ 550 MeV and mfg,(980) =
990 + 20 MeV, we find that when A =201 ~ 263 MeV and
6 =30.7° ~ 33.9°, our results coincide well with the con-
clusion of Refs. [32-34].

With our strategy, the five parameters of a;(r) , which
is running with respect to 7, «, ¢ and 4, 6 are determined,
even though only certain ranges instead of exact numbers
are provided. It is believed that the results are in accord-
ance with the experimental tolerance.

It is noted that if one only considers the ¢g structure,
the range from a few hundreds of MeV to 2 GeV can only
accommodate six P-wave 0** eigenstates, so the masses
of those excited eigenstates of n>3 or />3 would be
beyond this range. There indeed exist seven 0** physical
mesons which are experimentally observed within the
aforementioned range. This fact signifies that there
should exist something else beside the pure ¢g structures,
and the most favorable candidate is mixtures of glueballs
and ¢g. This observation inspires all researchers to ex-
plore the possible fractions of glueball components in the
observed meson states.

III. STUDY ON THE MIXING OF QUARKONIUM
AND GLUEBALLS

Our work is a phenomenological study and fully
based on the available data. As discussed in previous sec-
tions, we find that the energy region of 1 ~2 GeV cannot
accommodate seven pure 0** ¢g states, so the picture of
pure ¢g structures is contrary to experimental observa-

tions. Thus a scenario with a mixture of glueballs and ¢g
within this energy region is favored. The decay rates of
JIy — v+ fo imply that f;(1370) and f,(1500) possess
larger ¢g components, whereas f(1710) has a large frac-
tion of glueball component (see next section for detailed
discussion).

The lattice estimate suggests that the mass of the 07+
pure glueball is about 1.5 GeV, so one can naturally con-
jecture that fy(1370), fo(1500) and f(1710) are mixtures
of gg and glueballs with certain fractions. The rest of the
0** gg states would have negligible probability to mix
with glueballs because their masses are relatively far
from that of the pure glueball.

As an ansatz, we propose that the physical states
fo(1370), fp(1500) and f(1710) are mixtures of the
second excited states of |N) = niz and |S) = |s5) with glue-
ball state |G). A unitary matrix U transforms them into
the physical states as

1fo(1370)) IN)
1/(1500)) |=U]| |S) )
1fo(1710)) |G)

and U is a unitary matrix with the compact form

cil ci2 ci3
U=| ¢ ¢ 3 | (10)

€31 €32 (33
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By imposing the unitary condition on U, we should
determine all the elements of U up to an arbitrary phase.
Furthermore we will enforce a few additional conditions
on the shape of the matrix: (1) the determinant of the mat-
rix must be unity, and (2) the matrix elements must be
real. Those requirements serve as a convention for fixing
the unitary matrix. The unitary matrix U transforms the
unphysical states |N),|S) and |G) into the physical eigen-
states |fo(1370)),]/0(1500)) and |f(1710)), and at the same
time diagonalizes the mass matrix M as

My =UMU" (11)
with
M f,(1370) 0 0
be = 0 M£,(1500) 0 (12)
0 0 mf,(1710)
and
my  Ay-s  An-G
M=| Ay-s ms  As—c (13)
AN-¢ As-¢ Mg

Namely, m1370), m,1370), and my,1710) are the three roots
of the equation

3 2
mfo—mfo(mg+m5+mN)+mfo(meN
PRt S I
+mgms +mymg —Ay_g—As_g—Ay_g)
2 2 2
—(/IN_GmS +/1S_GmN +/1N_SmG

(14)

—2AN-GAs-cAn-s —mymsmg) = 0.

Since we know that QCD is flavor blinded, following
Ref. [35], the relation (uii/dd|H|G) = (s5/H|G) should be
satisfied. Thus we have

uii +dd 1 1
HIG) —+—
wiro) g " TV
(SIHGY ~ «(sslHIGY 1 7

namely Ay_g = V24s_g. Furthermore, the phase spaces
and off-mass-shell quark effect may also affect the rela-
tion between Ay_g and As_g, thus in our calculation we

. Ay
set the relation —Y=C

=13~ 1.5. Generally, we have
5-G -

three unknowns in the Hermitian matrix M: Ay_s, As_g
and mg. There are three independent equations, so we can
fix all of the three unknowns. Moreover, the work of
Close, Farrar and Li offers an opportunity to determine
the relation between c33 and by710 since we find that in
Jfo(1710) the glueball component is dominant (see next
section), namely we have the relation

bi710 ~ c3b(RIG] — gg) ~ ¢33 X 1. (16)
Carrying out the numerical computations, we obtain the

transformation matrix which satisfies all the aforemen-
tioned requirements:

-0.96 ~-0.87 -0.21 ~-0.07 -0.45~-0.25
U= 0.14~041 -094~-0.82 -0.40~-0.30
-036~-0.17 -053~-032 0.80~0.92
(17

With this transformation matrix, by solving the three
mass equations, we obtain

1276 ~ 1398.6MeV =27 ~ 1MeV -164 ~ —89MeV
M= =27 ~ 1MeV 1526 ~ 1550MeV  -114 ~ -63MeV |, (18)
-164 ~ -89MeV  —-114 ~-63MeV 1570 ~ 1661MeV

The masses m,,; = 1317 ~ 1353 MeV and m; = 1515 ~
1544 MeV in Table 1(a) are directly obtained by solving
the relativistic Schrodinger equation in the section above.
However, for light quarkonia, the parameters a; and « for
the linear potential cannot be well determined, so we set a
criterion which involves a few physical inequalities to
gain m,; and mg; within reasonable ranges.

Then we input the two values of m,; and m; into the
non-diagonal mass matrix and by solving the secular
equation we determine the masses of the physical fj

states. In principle we would simultaneously achieve the
expected values of the non-diagonal matrix elements
along with the physical masses of f;. However, we no-
tice that the secular equation cannot be solved in the usu-
al way, so we adopt an alternative method to simplify the
problem. We pre-determine the ranges of the elements of
the unitary matrix which diagonalizes the mass matrix
and then substitute them into the secular equation to
check if the equation can be satisfied, i.e. if all the re-
quirements (unitarity, etc.) are fulfilled. Repeating the
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process many times, we find that the pre-determined
ranges for the masses m,; and mg of the first excited
states of nin and s5 should be shifted slightly, to
myn = 1276 ~ 1398 MeV and mg; = 1526 ~1550 MeV. Ob-
viously, the small shifts do not correspond to any quantit-
ative changes, but indeed are identical, even though the
superficial values look a bit different. We can see that the
newly obtained ranges roughly overlap with the previous
ones.

The solutions show that for f;(1370) and f;(1500), the
main components are gg bound states, whereas the glue-
ball component in f;(1710) is overwhelmingly dominant.
It also suggests the mass of a pure glueball of 0** to be
1570 ~ 1661 MeV. This value is consistent with the res-
ults calculated in quenched lattice QCD: 1710+50+80
MeV [2], 1648 +58 MeV [36], 1654 +83 MeV [37] and
1622 +29 MeV [38].

IV. SIGNAL FOR GLUEBALL AND LIGHT
QUARK PAIR MIXTURE IN fy, MESONS

In this section we calculate the rates of radiative de-
cays J/¥ — y+ fo which may expose the structures of
various fy states.

A. Determining fractions of glueball components in f
mesons via J/y — y + fy decays

In this section let us briefly introduce the results of
Close, Farrar and Li, without going into the details of the
derivations. In their pioneering work, it was proposed to
determine the fraction of glueball components in a meson
via J/¢ — v+ fy decay. We especially focus on mixtures
of f(1370), fo(1500) and f(1710) states with glueballs
because if they are pure quark-antiquark states, the theor-
etically estimated values of their mass spectra obviously
deviate from the data (see above section). In Refs. [7, 39],
for searching glueball fraction, an ideal reaction is the ra-
diative decays of J/y. Close, Farrar and Li formulated the
decay branching ratios as

RUY = v+ /o)
B crx|[Ho- (x)]* my,
=Ry — 7+gg)—8ﬂ(7r2 ) mﬁ,r(fo —gg). (19

2
m

where x=1- —2’ and cg =2/3 for the 0** state, Hy-(x)
m

v
is a loop integral and its numerical result is given in Ref.
[7]. The branching ratio b is defined as

I'(fo — g8)

b(fo — gg) = m~

(20)

Taking experimental data [31], BR(J/¢ — ygg) =
(8.8+1.1)%, BR(J/y — yf5(1370) —» yKK) = (4.2 £ 1.5)x
10~* and BR(fy(1370) = KK) = (35+13)% [40], and we
can obtain the branching ratios of J/¥ — ¥ fo(1370) which
are listed in Table 2.

Table 2. b(fy — gg) for fo(1370), fo(1500) and f,(1710) from
experimental data.
BR(J/¥ = /o) b(fo — g8)
Jo(1370) (12.0+£6.2) x 107431, 40] 27.5£19.4%
So(1500) (2.8+£2.4)x1074[31] 17.1+£145%
fo(1710) (18.8+1.9)x 107#[31] 85.5+18.6%

For f,(1500), combining BR(fy(1500) — nr) = (34.5+
22)% and  BR(fp(1500) — 1) = (6.0+£0.9)%  with
BR(J/¢ — £5(1500)y — nny) = (1.09+£0.24)x 10 and
BR(J/¢ — fy(1500)y — npy) = (0.17+0.14)x 107+ [31],
we have

BR(J/y — v fo(1500))(r7) = 3.16 x 1074(1 +22.9%),
=(3.16+0.72)x 107

BR(J/y — v £o(1500))(1m) = 2.83 x 1074(1 + 83.7%)
=(2.83+237)x107%,  (21)

namely

bisoo () = 19.1%(1 +27.3%) = (19.1 +5.2)%,
bisoo(nn) = 17.1%(1 £85.0%) = (17.1 £ 14.5)%.  (22)

To consider possible experimental errors, in our later cal-
culations, we use bys00 = 0.171 £0.145(5yn) as the input.
For fy(1710), there are two possible ways to get the
branching ratio of J/¢ — f;(1710)+vy, and we adopt one
of them, for which the experimentalists provide the fol-
lowing information on the four sequential channels [31]

BRUJ/¢ — fo(1710)y —» KKy) = (9.5" )9y x 107
~(9.5+1.0)x 1074,

BR(J/Y = fo(1710)y = my) = (2.4%7)x 1074,
~(24+£12)x107*

BR(J/¥ — fo(1710)y — nry) = (3.8 £0.5) X 1074,

BRUJ/¥ = fo(1710)y = wwy) = 31 LO)X 107, 93y

as well the data on the decay modes of f,(1710) [41, 42]:
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BR(f5(1710) - KK) = 0.387095 ~ 0.38 +0.19;
BR(fo(1710) — i) = 0.03970095 ~ 0.039 + 0.024;
BR(fo(1710) — nn) = 0.22+0.12. (24)

Because these four channels probably dominate the radi-
ative decay of J/y — fo(1710)+vy, as we summarize the
four branching ratios, the resultant value should gener-
ally be close to unity. A straightforward calculation de-
termines BR(J/y — fy(1710)y) = (18.8+1.9)x 10~* which
corresponds to by719 = 85.5%(1 £21.8%) =(85.5 £ 18.6)%.

An alternative approach is that we can directly use the
available branching ratios of radiative decays of J/y to
do the same job.

BR(J/Y — y+ fo(1710))(KK) = 25.0x 107*(1 £52.1%)
=(25.0+13.0)x 1074,

BR(J/¥ — y + fo(1710))(mnr) = 97.4 x 1074(1 £ 62.9%)
=(97.4+613)x107%,

BR(J/Y — v+ fo(1710) () = 10.9x 1074(1 £ 74.0%)

=(10.9+8.1)x 107,
(25)

We have tried and noted that among the four chan-
nels, the calculated BR(J/¥ — y+ fo(1710))(nn) is too
small. The reason might originate from the error in meas-
uring T'(fp(1710) — nn), whose value is not as reliable as
the databook suggests [43]. Thus we only use the first
two results for calculating b,7;9. Then we obtain the cor-
responding by7;p values as

bim1o(KK) = 1.14(1 +54.6%) = 1.14 +0.62

birio(nn) = 4.43(1 +65.8%) =4.43+2.91.  (26)

For b1710(KK), even though the superficial central
value of the b factor is above 1.0, when a large experi-
mental error is taken into account, it is comparable with
the value of by1719 = (85.5+18.6)%. The two values are
reasonably consistent with each other and this almost
confirms that the aforementioned sequential decay chan-
nels dominate the radiative decays of J/y — f3(1710) +7y.
Thus for BR(J/¥ — fp(1710)y) we take its experimental
value as (18.8+1.9)x 1074,

We then obtain all the results which are listed in Ta-
ble 2.

As indicated in Ref. [7], the width of f; is determ-
ined by the inclusive processes of fy — gg and fy — ¢g.
It is noted that the contribution of the glueball compon-

ent to the gg final state is of order 1, as b(R[G] — gg) ~ 1,
whereas

b(R[gg] — gg) = O(a*) ~ 0.1 ~0.2. (27)
In Fig. 1 we show that the value of b(R[¢g] — gg) is dif-

ferent if fj is a glueball or ¢g bound state; readers can ig-
nore the irrelevant hadronization processes.

u/d | s
"0000000000000000000°
|
\
|
< 0000000030000000000
ﬁ/(] ! 3
' ()
I
q
"0000000000000000000
i O
0000000000000000000
(b) !
T/ glueball
Fig. 1. (a) Mixing between nii and s5, (b) J/y — y+ fo with

fo as a gg bound state, and (c) J/y — y+ fo with f as a glue-
ball.

Combining with the updated experimental data, one
can conclude from the pioneer paper of Close et al. that
fo(1370) and fp(1500) possess larger gg components
whereas f;(1710) has a large fraction of glueball consitu-
ent.

B. Rates of f; decaying into two pseudoscalar mesons
Following Refs. [17, 44], we have

2
IM(F; — KK)P* =2 (’i_é +en+ 2g§"c,~3) ,

2
o
IM(F; — rm)* =6} (7‘2 + g’;”c,-a) ,

Cil
IM(F; — > =21 (a%\#z +rabyen+8\" (ay+by) e

4 2
+85s (Za% + b,z7 +—auby,|ci3| ,
V2
(28)
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where F; = (fo(1370), fo(1500), fo(1710)), f1 is the coup-
ling constant of the OZI-allowed Feynman diagrams
defined in Ref. [44], g, is the ratio of the OZI-suppressed
coupling constant to that of the OZI-allowed one, g, is
the ratio of the doubly OZI-suppressed coupling constant
to that of the OZI-allowed one, and r, denotes a possible
SU(3) breaking effect in the OZI allowed decays [44].
For a, and b, we have the relations

cosf— V2sin@

a, = NG
sinf+ V2cos6
b,7 = —T (29)

with 8= -14.4° [44] References [45, 46] show the rela-
tions g7 : gkK: gl = 0.834+0003 1 2.654+0372 : 3,099+0304
through lattice calculatlon In Ref. [44] the authors take
two schemes with g; KK /g7 =1.55 for scheme I and 3.15
for scheme II. Then for scheme I they take
g7 1 gKK  g" = 1:1.55:1.59 and after fitting data obtain

™ =-0.48, gs=0 and r,=1.21. For scheme II they
took g7 :gKK:g"=1:315:474 and  obtained

™ =0.10, gy =0.12 and r, = 1.22. During their fitting
process, mg; and mg as input parameters were set in the
same ranges as in our article, but for the value of my,;
they took an input parameter 100MeV larger than that in
our article. Considering the uncertainty of g™ : gkK : g7
the two sets of parameters do not have a qualitative dif-
ference.

From Refs. [17, 44] we have

Table 3.

Ratios of F; — PP for our predictions in scheme I and II, and for experimental data. All the experimental data for Rf‘jrm.

2
i1 nn )
— t4,Ci3
(Vi VA

2 pk

F, _T(Fi—>nm)
/KK T(F; — KK)

Cil KR
ra—=+cn+2g¢"ci3
( V2

(30)

Then we list the ratios of F; — PP for our predictions and
experimental data in Table 3.
From the table above we can see that in scheme I the

upper limit of Rf;(/lls((?) is 9520.07. This is caused by the
destructive interference between the contributions of the

glueball and quarkonia ingredients to f,(1500) — KK the

R{“(/ljfo) is tiny because of a destructive

interference between the glueball and quarkonia contribu-
tions to fy(1500) — nn. For scheme II, the destructive in-
terference between the glueball and quarkonia contribu-
tions to fy(1710) — n and KK lead the lower bound of

RFUTIO apg Rﬁ’(/mo) to be negligible and the upper limit

lower bound of

mm/nn

fo(1710) fo(1710) 2
fR kg AN nd R ki 10 be as large as 10°. Different

.
from Refs [17, 44] where the authors preferred scheme
I1, we find that in our calculation scheme I may fit the ex-
perimental data better. With scheme I, our theoretical pre-

diction for the ratios of the decay rates for the three chan-
nels of fy(1500) (Rf”(/lls((;?), Rﬁ;}fﬁo) and Rm/s,?,?)) deviate
only slightly from experimental data, while for scheme II,

the theoretical predictions obviously deviate from experi-
mental data. Cheng et al. considered the two schemes

: . KK 0.603 .
based on the lattice results g™ : gkk =0.8347)50

2.654*9372:3.099+0361. Considering the 1arge uncertainty,

we believe our theoretical predictions can fulfill the ex-
perimental constraints.

70)
/KK
(1370)

are taken from the PDG [31]. In the PDG the range of R’;JI(.;;:O) varies from 0.08+0.08 to 0.91+0.20, thus we only consider R ki
here.
experimental value scheme I scheme 11
SR >1 3.98 ~ 11.68 122 ~1.88
Roiee 0.01 ~0.05 0.12~021
R?Ig;? 5.53~744 3.84 ~4.31
sz):/l;?'(m 4.1£0.5 1.81 ~9520.07 0.02 ~0.47
iy 0.173+0.024 8.65x107° ~ 0.14 0.78 ~ 17.32
?1((]/5,70,0 ) 1.43+£0.24 0.48 ~ 10.72 2.71~3.31
RO 0.23+0.05 030 ~ 0.41 071~ 11238
R 2.09+0.80 0.59 ~ 0.82 9.69x 10~ ~ 4.87
R{}%%‘_(O) 048+0.15 0.24 ~0.25 6.86x107* ~ 114.20
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C. Rates of f; decaying into two photons

The f;(1710) — yy decay would be the most sensit-
ive channel to test the glueball fraction inside the hadron
because gluons do not directly couple to photons. In early
searches for glueballs, the rate of possible glueball decay
into photons was considered to be seriously depressed
and the mechanism was described by the word sticki-
ness,” which was the first criterion to identify a glueball.
Thus for fy — yy, the amplitude is

M(fo — yy) =cp < yY|HegtIN > +cg < yy|Heg|S >
+cg <YYIH 4G >,

and because H; is a loop-induced effective Hamiltonian,
it suffers an O(%) suppression [47] compared to Heg. A
detailed computation of the box-diagram has been given
in the literature, but here we just make an order of mag-
nitude estimate, which is enough for the present experi-
mental accuracy.

With this principle, here let us make a prediction
of F; - yy for f5(1370), fp(1500) and fp(1710) based on
the values we have obtained in this work. As a comparis-
on we list what the authors of Ref. [17] predicted

I'(fo(1370) = yy) : T(fo(1500) —= yy) : T(fo(1710) — yy)

=9.3:1.0:1.7
(31
through the relation
5 ¢ 1\
F(E*?’)’)N(g\%"‘gciz) ; (32)

where they neglected the contribution of the glueball
component in F; due to the O(%) suppressed contribu-
tion to the amplitude. Although the contribution from the
glueball component is suppressed, it may reach the error
range determined by accurate measurement, thus in our
calculation we present the ratios of F; —yy with and
without considering the contribution of the glueball:

2
1 (5 ch 1 Tr[r%1] a;\ 6
\/3(9 \/§+9C’2)+ NS O(n)9c’3(’3'3)

L(Fi = yy) ~

In our numerical calculations we take o, ~0.3 asa ex-
ample. We list the corresponding results in Table 4.

From the table above we find that without consider-
ing the contribution from the glueball component, the up-
per limits of I'(fy(1370) — yy)/T(fp(1500) — yy) and
T'(fo(1710) = yy)/T(fp(1500) — yy) are extremely large,
because of a destructive interference between the niz and
s5 contributions to fp(1500) — yy. Taking into account
the contribution from the glueball component, the lower
limit of T(f(1710) — yy)/T(fo(1370) = yy) is tiny. This
is caused by the destructive interference between the con-
tributions of the glueball and quarkonia ingredients to
fo(1710) — yy, whereas the upper bound of I'(f;(1370) —
YY) /T (fo(1500) — yy) is very large, which is caused by
the destructive interference between ni and s5 contribu-
tions to fp(1500) — yy.

Apart from these extreme cases, we find that the de-
cay width of fy(1710) —» yy is smaller than that of
fo(1370) — yy by one or two orders of magnitude for our
structure assignments, i.e in fy(1710) the glueball com-
ponent is dominant while in f;(1370) the quark compon-
ent is dominant. The decay width of f,(1370) — yy is lar-
ger than that of f,(1500) — yy due to the fact that the ni
and s5 components constructively interfere for fy(1370)
whereas they destructively interfere for f(1500) in our
scenario. The prediction is somewhat different from that
made by Cheng et al. [17]. The comparison is shown in
the above tables.

V. DISCUSSION AND CONCLUSION

The main purpose of this work is to explore the prob-
ability of mixing between 0** ¢g states and glueballs. To
serve this goal, we first calculated the mass spectra of six
0** light ¢g bound states by solving the relativistic
Schrodinger equation.

The numerical estimates indicate that in order to fit
the observed experimentally measured spectra of f,(500),
f0(980), fo(1370), fo(1500), fo(1710), f5(2020) and
f0(2100), an extra hadronic structure is needed to accom-

Table 4. Ratios of F; — yy with and without considering the contribution from the glueball component.

results from Ref. [17]

without glueball component with glueball component

T(fo(1370) = yy)

T(/0(1500) = v7) o3
T((1710) > yy) -
T(o(1500) = 77)

T(o(1710) > 77)

T(fo(1370) = 77) 0.183

27.2 ~1.93%x107 19.0 ~ 3208.3
5.8 ~4.13%x10° 0.003 ~ 33.0
0.087 ~ 0.261 6.8%x107° ~0.016
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modate the seven members of the f; family existing in
the energy range from a few hundreds of MeV to 2 GeV.
As suggested in the literature, the most favorable scen-
ario is the mixing between ¢g and glueballs of the same
quantum numbers. Instead of calculating the mixing
based on complete theoretical frameworks, we investig-
ate the mixing by analyzing experimental data. Besides
properly diagonalizing the mass matrix, supplementary
information about the fractions of the glueball compon-
ents in the f; mesons can be extracted from the data of
J/y radiative decays to fy. It is found that in f(1370) and
fo(1500) there are mainly ¢g bound states whereas in
f0(1710) a glueball component dominates.

In this work, we obtained the mixing parameters by a
phenomenological study, while some authors have tried
to calculate them directly in terms of certain models.
Within this energy range, the dominant dynamics is the
non-perturbative QCD which induces the mixing. Since
solid knowledge about non-perturbative QCD is still lack-
ing, the theoretical calculation heavily relies on the mod-
els adopted, where some model-dependent parameters
have to be input and cause uncertainties in the theoretical
estimates. Among those calculations, the results of the
lattice calculations [1-3] and those based on the QCD
sum rules [4-6, 12, 13] may make more sense even
though they are still not completely trustworthy. Combin-
ing the phenomenological studies by analyzing the exper-
imental data and those estimates based on theoretical
frameworks may shed light on this intriguing field.

Now let us briefly discuss the other 0** states,
fo(500), f5(980), fp(2020) and f,(2100). Since their
masses are far below or above the assumed glueball mass,
according to the principles of quantum mechanics, their
mixing with glueballs should be small and can be ig-
nored at the first order of approximation. In our calcula-
tion, f;(500) and f(980) are considered as mixtures of
ground states of nii and s5. This result is consistent with
the conclusion of Refs. [33, 34]. Alternatively, in Ref.
[48] the authors studied the five 0** states f,(500),

J0(980), fo(1370), fo(1500) and fy(1710), concluding that
those five states are composed of two lowest-lying four-
quark scalar meson nonets, two next-to-lowest lying two-
quark nonets, and a scalar glueball. In their work, f,(500)
is considered as a non-strange four-quark component
dominated bound state rather than a quark pair bound
state.

The reason that we are able to carry out this explora-
tion is that much more data in this energy range has been
accumulated and the measurements are obviously more
accurate than 25 years ago. However, as one can see, the
precision is still far below the requirement for determin-
ing the mixing parameters well. We therefore set our
hope on the experimental progress which will be made by
the BESIII, BELLE, and LHCb experiments, and prob-
ably the future charm-tau factory. To verify this mixing
scenario one certainly needs to do more theoretical work,
including estimating the production (not only via the radi-
ative decays of J/¢) and decay rates of f; families. Fur-
ther work, both experimental and theoretical, is badly
needed.

Moreover, in this work, following the strategy
provided by Close et al., we suppose that the fy family
only contains mixtures of light quarkonia and glueballs
and have carried out calculations on the mass spectra of
the mixtures. Obviously the phenomenological con-
sequences depend heavily on the ansatz. As we state
above, it is probably true for the first order approxima-
tion. It has been noted that the fy family may not only be
mixtures of glueballs and light quakonia, but also hy-
brids made of ggg [20, 21] or even four-quark states [49,
50]. Therefore, we are not going to make a bold predic-
tion here, but as promised, we will redo the estimates
which were done in Refs. [20, 21] and [49, 50], based on
the new framework. We may then provide some theoret-
ical predictions for the decay rates of f; mesons which
can soon be checked by more accurate data from BESIII,
BELLE and LHCb.
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