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Double-heavy tetraquark states with heavy diquark-antiquark symmetry”
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Abstract: We calculate the masses of the 00Gg (Q =c,b; q=u,d,s) tetraquark states with the aid of heavy
diquark-antiquark symmetry (HDAS) and the chromomagnetic interaction (CMI) model. The masses of the highest-
spin (J = 2) tetraquarks that have only the (Q0)3,(G9)3, color structure are related with those of conventional had-

rons using HDAS. Thereafter, the masses of their partner states are determined with the mass splittings in the CMI
model. Our numerical results reveal that (i) the lightest ccin (n = u,d) is an I(J Py=0(1") state around 3929 MeV
(53 MeV above the DD* threshold), and none of the double-charm tetraquarks are stable; (ii) the stable double-bot-
tom tetraquarks are the lowest 0(1%) bbiiii around 10488 MeV (x 116 MeV below the BB* threshold) and the low-
est 1/2(1%) bbiis around 10671 MeV (=20 MeV below the BB%/BsB* threshold); and (iii) the two lowest bciifi tet-
raquarks, namely the lowest 0(0%) around 7167 MeV and the lowest 0(1*) around 7223 MeV, are in the near-
threshold states. Moreover, we discuss the constraints on the masses of double-heavy hadrons. Specifically, for the
lowest nonstrange tetraquarks, we obtain 7T, < 3965 MeV, T, < 10627 MeV, and Ty, < 7199 MeV.
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I. INTRODUCTION

Recently, the LHCb Collaboration [1] observed the
doubly charmed baryon E}F in the A} K n*n* mass dis-

tribution. Its mass was determined to be 3621.40+

0.72(stat.)+0.27(syst.)+0.14(A}) MeV/c’. This value is
100 MeV higher than the mass of E},., which was determ-
ined in channels AYK 7t and pD*K~ by the SELEX
Collaboration [2, 3] more than fifteen years ago. The
doubly heavy baryons = and E!. have also been
searched for in the FOCUS [4], BABAR [5], and Belle
[6] detectors, with negative results. Thus far, the LHCb
Collaboration has still not been able to confirm the =,
baryon [7].

The confirmation of E}* has important implications
as it indicates that two identical charm quarks can exist in
a hadronic state. The observation of this baryon has mo-
tivated several theoretical discussions regarding the pos-
sible double-charm tetraquark 7. and its partner states.
We use T.. to specifically denote the lowest cciid tetra-
quark state with 7(JP)=0(1*) in this article. Similarly,
T,, represents the lowest bbiad with I(JF)=0(17).
However, T, represents the lowest bciid with I1(JF) =

0(0*). In the literature, various approaches have been ap-
plied to the double-heavy tetraquark structures QQgg
(Q =c¢,b; g=u,d,s), including the chromomagnetic inter-
action (CMI) model [8-12], quark-level models [13-32],
QCD sum rule method [33-40], lattice QCD simulation
[41-48], and holographic model [49]. One may consult
Ref. [50] for further discussions on such exotic states and
related methods.

In Ref. [11], the QQgg states were systematically
studied using a CMI model in which the color mixing ef-
fects between the (QQ);(39);, and (QQ)s (G7)s, struc-
tures were considered, and the thresholds of the meson-
meson channels were treated as reference scales to estim-
ate the tetraquark masses. According to a series of stud-
ies on multiquark states that used the above model [11,
51-59], it appears that the method that uses thresholds
usually yields underestimated masses [50]. A possible
reason for the underestimation is that the color-electric
contribution to the two heavy quarks in the tetraquarks
was not explicitly considered [19, 60]. Considering the
color-Coulomb interaction, the binding energy of two
heavy quarks exhibits a positive correlation with their re-
duced mass. When the two heavy quarks are separated by
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a large distance, the QQgg state will form a mixed
(991(Q91c-(0F)s.(Qg)sc meson-meson type structure.
In contrast, if the two heavy quarks move in a small spa-
tial region because of the attraction, they may form a 3,
substructure, and the tetraquark can be treated as a
diquark-antidiquark state. In this case, it is not necessary
for the distance between the two light antiquarks to be
small owing to the considerable relativistic effect and
small color-Coulomb potential. In this study, we aimed to
perform a further investigation of double-heavy tetra-
quark systems, particularly the nonstrange double-charm
system.

The heavy quark flavor-spin symmetry appears in
limit mgp — oo, and it is used extensively to study the
properties of heavy quark hadrons. For states containing
two heavy quarks, the heavy diquark-antiquark sym-
metry (HDAS) can also be considered [61-67]. Accord-
ing to this symmetry, the mass splittings between QQq
baryons and those between Q’g mesons can be related
with the correspondence QQ < Q’. This consideration is
based on the observations that i) the size of QQ is small
in the heavy quark limit, ii) the color representations of
QQ and @’ are both 3., and iii) the interaction between
the light and heavy components is suppressed, even
though QQ and @' have different spins. Similarly, one
can relate the double-heavy tetraquarks QQgg, with the
color structure (QQ); , to the singly heavy antibaryons
0'gg. According to the HDAS, for example, we can es-
timate the mass of a double-charm tetraquark with the re-
lation Tean — 25, =X — B*, where n=u,d, and the hadron
symbol represents its mass. Obviously, the required un-
known input is only the mass of E,, which can be estim-
ated with the experimental mass of =/} in the CMI mod-
el. Although the quantum numbers of LHCb =/F have
not been measured, its mass is very close to the theoretic-
al value of the ground state predicted by Karliner and
Rosner in Ref. [68]. In the following calculations, we will
use mz,_ = 3621 MeV as the input to estimate the masses
of the double-charm tetraquark states. Other double-
heavy tetraquarks will also be systematically investigated.
If the LHCb E,. is actually the Z}, state with spin = 3/2,
mz. —mz, ~70 MeV should be subtracted from the ob-
tained masses of the relevant tetraquarks.

Unlike the conventional hadrons, the QQ diquark in
tetraquarks may also be in the color 6, representation. In
Ref. [9], the mass of I(J¥) = 0(1*) T.. with 6. cc was es-
timated. To include the mixing effects between the
(co)s (an)s, and (cc) (i) configurations and estimate
the masses of all the (cciin) states, in the current study,
we first need to identify the position of the (cc); (71,
state determined with HDAS. Observing that the J =2
tetraquark is the pure (cc); (7in)3, state because of the con-
straint from the Pauli principle, we directly relate its mass
to that of .. Thereafter, we determine the masses of the
lower tetraquark states from the mass splittings within the

CMI model. Other double-heavy tetraquark states will be
studied similarly. This concept is contrary to the estima-
tion strategy adopted in our recent works [11, 51-59, 69],
wherein the multiquark masses were determined from
lower mass scales.

The remainder of this paper is organized as follows.
In Sec. II, we present the method and formalism of the
study. Thereafter, we provide our analysis and numerical
results for the cciid states in Sec. III and the predictions
on their partners in Sec. IV. In Sec. V, we discuss the
constraints on the masses of the involved heavy quark
hadrons. Finally, Sec. VI presents our discussions and a
summary.

II. MODEL AND METHOD

A. CMI model

For ground state hadrons, the mass splittings of differ-
ent spin states with the same quark contents are mainly
determined by the color-spin (color-magnetic) interac-
tion in the quark model [70]:

-

HCMz_ZCij/—ii'/ljo_)-i'&j- (1)

Here, i(j) represents the ith (jth) quark component of
the tetraquark state, A i) is the vector containing the
eight Gell-Mann matrices for the ith (jth) quark compon-
ent, and &; (&) is the vector containing the three Pauli
matrices for the ith (jth) quark component. It should be
noted that 4; () should be replaced with —1; (~1}) if
the quark component is an antiquark. The effective coup-
ling parameters, C;;, which actually depend on the sys-
tems, include effects from the spatial wave function and
the constituent quark masses. Thus, the mass formula in
the CMI model is

M= Zmi +(Hcwm), 2

where the effective mass of the ith quark, m;, includes the
constituent quark mass and contributions from other
terms, such as the color-Coulomb interaction and color
confinement. In the following calculations, we will adopt
the values of the parameters presented in Table 1, which
are determined from the masses of conventional hadrons.

The CMI model can provide relatively reasonable
predictions for the mass splittings for various hadronic
systems, but it is not good enough to estimate hadron
masses because the effective quark masses have large un-
certainties. Ref. [11] presented two methods for estimat-
ing the double-heavy tetraquark masses: one employs the
mass formula (2), and the other uses the modified for-
mula
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Table 1.

Coupling parameters (unit: MeV) extracted from conventional hadrons. The value of C_; is estimated using the mass split-

ting in the Godfrey-Isgur model [71]. Approximations C.. =kCcz, Cpp =kCp;, Cep =kC,j, and Cys = Cys/k are adopted [72, 73], where
k= Cun/Cun ~2/3. The effective quark masses determined from the masses of the ground hadrons [74] are m, =361.8 MeV, m; =542.4

MeV, m. = 1724.1 MeV, and m;, = 5054.4 MeV.

Cun =183 Cps =12.0 Cue =40 Cup=13 Cy =57 Ci =44 Ce =09 Cee=32 Cpp=18 Cep =20
Cnii =29.9 Cps=18.7 Cnz=6.6 Cip=21 Cy5=93 Cy:=6.7 Cp=23 Ci=53 Cpp =29 Cp=33
M = (Mipreshold — {Hem threshold) + {Hc ). 3) It shares certain similar properties with an antiquark, and

The first method, which uses the parameters in Table 1,
provides theoretical upper limits for the masses. The dif-
ferences between these upper limits and the "realistic"
masses would be very large for heavy quark multiquark
states. This can be observed, for example, in the results
for conventional hadrons and the c¢s¢s tetraquark states
[51]. A possible means of remedying the deviations is to
include a color-electric term appropriately in the Hamilto-
nian of the CMI model [68, 75]. The second method
yields more reasonable results than the first one, but it
suffers from the problem of selecting the reference scale.
For example, the threshold of the J/y¢ channel leads to a
lower mass X(4140) than that of D¥D; does [51]. If the
state has a mixed structure of (c3)g (¢s)s, and (c3); (¢5)1.,
where the separation between ¢ and § is small and the
distance between c5 and ¢s is large, the choice to use
DS D™ asa reference system to estimate the tetra-
quark masses is more natural, even though the resulting
tetraquark mass is probably still lower than the measured
one. In the cciin case, the threshold that may be used is
only for the D®D® channel. However, when cc can be
considered a diquark with a small spatial separation, us-
ing such a threshold as a reference scale appears to not be
a good choice. The T.. mass (approximately 100 MeV
below the DD* threshold) will probably also be underes-
timated.

In the second method, better choices for estimating
the tetraquark masses than hadron-hadron thresholds
should exist. While estimating the tetraquark masses of
0q0qg and q19233G4 in Refs. [56, 69], we attempted to re-
late the reference scales to the X(4140) mass. The ob-
tained masses were higher than those with the meson-
meson thresholds. In the current study, we examine the
results with the aid of the heavy diquark-antiquark sym-
metry. At present, it is not clear which choice yields more
realistic results. Hopefully, future measurements regard-
ing the predicted tetraquark states can provide an answer
to this. In the following discussions, to compare the res-
ults, we will refer to the methods corresponding to these
three reference choices as the threshold, X(4140), and
HDAS approaches.

B. Diquark-antiquark symmetry

A diquark is generally assumed to be a color-3 correl-
ated quark-quark subsystem of a bound or resonant state.

diquark-antiquark symmetry (DAS) may exist, even
though the diquark and antiquark have different masses
and spins, and their dynamics are not necessarily the
same. This symmetry works for hadrons that contain a
heavy quark with a mass that is much larger than Agcp.
In this case, the heavy quark can be treated as a static col-
or source, and many properties are independent of the
quark mass. For example, if we treat the 77 antidiquark
as a heavier light quark n’, a ccin state will become a
cen’ state, which resembles a baryon structure. Sub-
sequently, the mass difference between the ccn’ tetra-
quark and ccn baryon is independent of the heavy quark
mass in the heavy quark limit. This similarity based on
DAS provides a method for estimating the masses of un-
known states from those of known baryons. Likewise, as
discussed by Savage and Wise in [64], if the cc heavy
diquark is treated as an antiquark Q’, the masses of vari-
ous Q' tetraquarks can be related to those of Qnn bary-
ons. As DAS is an approximate symmetry, whether or not
the predictions based on it are correct needs to be tested
experimentally. Before estimating the tetraquark masses,
we provide further explanations of diquark-antiquark
symmetry.

It is known that there are three types of light quarks
(u, d, and s), which form the base representation of fla-
vor SU(3). As quarks have spin, the flavor-spin S U(6)
can conventionally be used to classify various quark
states. If a light diquark is a stable object, it has been ar-
gued that a symmetry exists between the baryons and
mesons (diquarks and antiquarks) [76-78]. Considering
the color-3 diquark and antiquark together, we obtain a
flavor-spin 27-plet. Its SUB)®SU(2) decomposition
reads 27 =(64,3,)+3s,1,)+(3,2,). The substructure
(6/,35) represents an 18-plet with flavor-symmetric and
spin-symmetric diquarks. Similarly, (37,1,) represents a
triplet with flavor-antisymmetric and spin-antisymmetric
diquarks. The last substructure (3r,2;) represents the anti-
quark sextet. The decomposition indicates that the
diquark and antiquark can be combined into the
SU(6/21) symmetry algebra. We present the group struc-
tures in Fig. 1.

Lattice QCD simulations have indicated such a
diquark-antiquark symmetry [79, 80]; the static quark-
diquark potential is almost equal to the static quark-anti-
quark potential, and a quark-antiquark pair and a quark-
diquark pair have similar wave functions. However, ac-
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dd \}Q(ud + du) uu k(ud — du) 5
L (ds + sd) 1 (us + su)
v v2 %(ds —sd) %(us — su) i d
s
18 = (6f735> 3= (3]" 1s) 6 = (3f,25)

Fig. 1.
representation and the second the spin S U(2) representation.

cording to Ref. [61], the diquark-antiquark symmetry in a
light quark sector is broken for at least three reasons: (1)
a diquark and an antiquark have different masses, lead-
ing to kinematical differences; (2) the diquark and anti-
quark have different spin-dependent and velocity-depend-
ent terms; and (3) the diquark is not a point particle, and
its finite size must affect its interactions. Thus, the break-
ing effects for the diquark-antiquark symmetry between
the light diquarks and the light antiquarks are significant.

In contrast, for hadrons containing one heavy quark,
the aforementioned symmetry breaking effects will be
largely suppressed [61]. According to the heavy quark ef-
fective theory (HQET) [81], the kinematic and spin-de-
pendent terms are inversely proportional to the heavy
quark mass and make small contributions to the hadron
mass. The size of the diquark is not a major concern, be-
cause the constituent quark model is still successful in
handling the properties of conventional hadrons, even
though the constituent quark has a comparable size to the
diquark [61]. Thus, the size of the diquark has no signi-
ficant impact on the DAS. Therefore, in general, there is
possibly a better diquark-antiquark symmetry for had-
rons containing one heavy quark. In Ref. [82], Lichten-
berg, Roncaglia, and Predazzi analyzed the relations for
the masses of heavy quark hadrons using the Feynman-
Hellmann theorem and semiempirical formulas. They ob-
tained several mass sum rules for heavy quark hadrons.
We have listed a selection of these as follows:

D:-D*=B:-B*, 4)
¥, -3 =B"-D", 5)
E,—-E;=B"-D", (6)
Q-Q:=B"-D", (7

which are adopted in the following discussions. These
also follow from the heavy quark flavor symmetry. These
relations can be confirmed by observing that the values of

27-multiplet in SU(6) group with diquark-antiquark symmetry. The first number in the parentheses denotes the flavor SU(3)

(Lh.s.—r.h.s) are 129, -0.6, -9.5, and -21.5 MeV
(Q), -y = 14.4 MeV is used in the CMI model), respect-
ively. The common feature of these four relations is that
only the highest spins are involved. In fact, the final three
relations also satisfy the diquark-antiquark symmetry for
light quarks in which the diquark spin is 1. It is true that a
better DAS exists for hadrons containing one heavy quark
than for those without heavy quarks. Although more rela-
tions can be found in Ref. [82], it is not necessary to con-
sider them in this work.

Our strategy for estimating the masses of double-
heavy tetraquarks is to combine HDAS and the aforemen-
tioned four mass sum rules. To illustrate the concept, we
temporarily focus only on Eq. (4). If we consider the
heavy diquark-antiquark symmetry for the cc diquark, we
obtain

Q:C_Ecczéi_é*(z D:_D*)’ (8)

which can be used to estimate the mass of Q. using that
of Z,.. As a better heavy quark symmetry exists in bot-
tom systems than in charmed systems, we use the masses
of the bottom mesons. Here and in the following discus-
sions, we only consider the highest spin hadrons while
adopting the diquark-antiquark symmetry, because then,
the possible contributions from other color or spin struc-
tures will be avoided. As explained in Sec. I, we assume
that the spin of the LHCb Z, is 1/2. We can evaluate the
mass of E;. with the CMI model E}, = & + 16C,., = 3685
MeV. Thereafter, the mass of Q}., namely 3776 MeV, is
obtained. By using the CMI model again, we can further
obtain Q.. = 3706 MeV.

At present, doubly heavy baryons other than =.. have
not been observed, and the accuracy of Eq. (8) cannot be
verified. However, in theory, the reasonability of treating
a QQ diquark as a heavy antiquark O’ can be argued. Be-
cause the heavy diquark has lower kinematic energy and
less spin-dependent interaction, the heavy quark approx-
imation works better than the single Q case. Furthermore,
the heavy diquark (with a light quark spectator) actually
has better symmetry properties than the light diquark
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(with a heavy quark spectator) because a heavy diquark
has small spatial separation, which means that its interac-
tion with light quarks is not significantly affected by its
size. In the following parts of this paper, we first focus on
the double-charm tetraquark ccnin states by treating them
as systems that are composed of a small-size double-
charm diquark and a light antidiquark. According to
HDAS, the study of cciin states becomes that of heavy
Q’nn "baryons." This approximate symmetry, together
with the above mass sum rules, is evidently convenient
for us to relate ccin to E... Following those on the ccn
states, we perform similar studies on other double-heavy
tetraquarks. Whether or not the adopted approximation is
effective should be tested in future experiments.

III. ccinn SPECTRUM IN TERMS OF KNOWN =,

Based on the symmetry consideration, we obtain a
good flavor-spin supermultiplet [62] that contains both
tetraquark mesons ccgg and three-quark baryons ccq.
This double-charm supermultiplet is classified into three
types of states:

6 :ccu, ccd, ccs; 9
18, : ccuit, ccid, cedd, ccus, ccds, ccss, (10)
gfs sccid, ccus, ceds. (11)

The members in Eq. (10) contain a light antidiquark
with spin 1, and those in (11) have a light antidiquark
with spin 0. We treat the cc diquark as a heavy 3. "anti-
quark" Q’. Following the replacement, cc — Q’,Z;. with

spin 3/2 and the ccin with spin 2 are transformed into
M*Q, =(Q’n)’=3/? and i*Q, = (Q'nin)’=2, respectively, i.e.,

& (cei) — M, (Q'n), (12)

T = X5 (Q'nn). (13)

cenn

Note that only the highest spins are involved, and the cc
diquark has unique quantum numbers color = 3.,
spin = 1. The forms on the right hand side remind us of
the relation in Eq. (5), where the light diquark-antiquark
symmetry is used. With that equation, one can naturally
obtain
Tlow ' ~E.=%-D'=%,-B. (14)
The obtained mass of ccin with I=1,J =2 is, thus,

4195 MeV (with X7 and D*) or 4194 MeV (with ¥; and
B*). We select the latter value owing to the better heavy

quark symmetry for the bottom hadrons. Subsequently,
we have a good reference hadron T L{;‘# =2 and can estim-
ate the masses of the other cciin states by considering the
CMI differences. When only 3. cc is considered, the
masses of the three other double-charm tetraquarks are
T/207=0 = 4087 MeV, T/21/=" = 4122 MeV, and T/207=! =
3961 MeV. It is obvious that these tetraquarks are all
above the DD* threshold (3876 MeV).

Although the color structure of E.. is unique, that of
the exotic ccnn states is not. The mixing or channel coup-
ling effects from the (cc)s (i), color structure may sig-
nificantly change the tetraquark masses. When such con-
tributions are considered, two more tetraquarks appear.
We collect all the color-spin bases [11] for the ccin
states, which are displayed in Table 2. With these wave
functions, we finally obtain the numerical results listed in
the fourth column of Table 3 and illustrated in Fig. 2(a).
Moreover, we provide the masses estimated using Eq. (3)
(D"D™ as the reference state) and those using Eq. (2) in
the table. These can be viewed as the theoretical lower
(fifth column) and upper (sixth column) limits, respect-
ively, in the present framework. Comparing these three
results from different considerations, it is found that the
new masses fall within the range constrained by the lower
and upper limits, and the values are slightly larger than
the averages of the two limits. The masses of the lowest
1(0*) and O(1%) states in Table 3 are evidently smaller
than the above values without the (cc)s (i) contribu-
tions. However, the T.. state, the mass of which in the
HDAS approach is 155 MeV higher than the lower limit
(3774 MeV), is still above the DD* threshold. The other
ccnii states are also above the respective fall-apart
thresholds. Therefore, the HDAS approach results in
an unstable T,., which is consistent with the conclusions
obtained in Refs. [19, 20, 30, 31, 33, 39, 44, 45, 63, 83,
84].

Table 2. Color-spin bases for ccGg (q=u,d,s) states [11].
The superscripts indicate the spin, and the subscripts indicate
the color representations.

States I1JP) Bases

(ccin)  12%)  [(col@mi?

1% [eoi@mil!

101 [eoy@il®  [(eo)g@m]®
01%)  [eoy@mfl'  [(cog(ny]'
(ccisy (2 o@Dl
1" leoy@il' i@l [cog@s)l!
0" Weal@®  [(cog@n?]’
(ccs5) @9 [P
)  KeoyGo;l!
0" el [(cogG5°
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Table 3.

Results for the cciii (n=u,d) states (unit: MeV). The second and third columns present the numerical values of the CMI

matrices and their eigenvalues, respectively. The fifth and sixth columns list the masses estimated using Eq. (3) (D®D®™ as the refer-
ence state) and Eq. (2) (parameters presented in Table 1), respectively. These can be viewed as the theoretical lower limits (low.) and
upper limits (up.), respectively, for the tetraquark masses in the current framework. The fourth column displays our predictions with the

heavy diquark-antiquark symmetry (HDAS) consideration.

(cciin) I(J) (Hem) Eigenvalues Mass (our) HDAS Mass (low.) D®D® Mass (up.) Eq. (2)
12%) (92.7) (92.7) (4194.4) (4038.8) (4264.5)
1(1%) (22.3) (22.3) (4124.0) (3968.4) (4194.1)
10%) -129 1293 -101.9 3999.8 3844.3 4069.9

1293  86.2 175.1 4276.8 4121.3 4346.9
01+ -137.7 =747 -172.4 3929.3 3773.8 3999.4
an 747 -114 232 41249 3969.4 41950
4277 4391
1194 4313 4502 ——
4278
4124 4125 4242 4430 ——
4358
S -~ D*D* ST - D*D:
4227 DiD;
- — —3929
. * DD;
vo pipy DD
JP =0t JP=1t JP=2% JP=0t JP=1t JP =2 JP=0t  JP=1t  JP=2%
(a) ccnn (b) ccns (c) ccss
Fig. 2. Relative positions of the double-charm tetraquark states (solid and dashed lines) and relevant meson-meson thresholds (dotted

lines). The masses are given in MeV. In (a), the solid (dashed) lines denote the 7 =1 (I = 0) states, and the almost degenerate masses of
4124 and 4125 MeV correspond to the isovector and isoscalar states, respectively.

IV. PREDICTIONS FOR OTHER DOUBLE-
HEAVY TETRAQUARK STATES

We have obtained the cciin spectrum with the mass of
the LHCb E,. state by considering the diquark-antiquark
symmetry in the CMI model. It is natural to extend the
study to other double-heavy tetraquark states, including
ccis, ccss, bban, bbis, bbss, beni, beis, and bess. In
Ref. [69], we estimated the masses of the benin and benis
states by using X(4140) as a reference system. It will be
instructive to compare the results when using different
reference states.

A.

By following a similar procedure to that in Eq. (14),
we can easily obtain two relations from Egs. (6) and (7),
respectively:

cciis and ccS§ states

J=2 = _
T =cc T ¢

cciis

-D'=%;-B, (15)

T/2-Ql = -D: = — B

ccss

(16)

As the heavy quark symmetry breaking effects are larger

for charmed systems than for bottom systems, we use the
masses of Z; and B* in the former relation. To obtain the
latter relation, we employ Eq. (4) so that no u or d quark
is involved. Actually, if the heavy meson is sufficiently
heavy, the difference between the u, d, and s cases can
be neglected. Because the mass of Q; has not yet been
measured yet, we opt to use the masses of Q and D;.
With E! =3685 MeV and Q. =3776 MeV, estimated
using Eq. (8), we obtain 7/32=4313 MeV and
T/=2=4430 MeV. These will be treated as reference
scales to determine the masses of the other double-charm
strange tetraquarks.

Before proceeding further, we investigate the masses
of 7722 T/=2 "and T/ in different approaches. The cur-
rent estimation yields 177, 193, and 205 MeV for the
mass distances measured from the D*D*, D*D;, and
DiD; thresholds, respectively, which are gradually in-
creasing numbers. Those in Ref. [11] are gradually de-
creasing numbers, namely 23, 8, and -6 MeV, respect-
ively. Therefore, no stable J =2 tetraquarks are obtained
in this study, whereas the states in Ref. [11] are around
their fall-apart thresholds. This feature is an apparent dif-
ference between the HDAS and threshold approaches.
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With the above reference states, 77~2 and 7772, and
the mass splittings in the CMI model, we can estimate the
masses of the strange partners of the cciini states. The base
structures for the calculation are presented in Table 2. We
list the numerical results for all of the (cciis) and (cc5s)
states in Table 4, where we also display the theoretical
lower and upper limits for the tetraquark masses. Com-
paring the values in the fourth, fifth, and six columns, it is
obvious that our results with diquark-antiquark sym-
metry are slightly larger than the averages of the two lim-
its, which is the same feature as in the ccin case. The rel-
ative positions for the (cciis) and (cc3s) tetraquark states
are illustrated in Fig. 2(b) and Fig. 2(c), respectively. Ac-
cording to the figure, similar to the cchncase, all the ob-
tained double-charm strange tetraquarks can decay
through rearrangement mechanisms, and no such stable
states exist. This observation is different from that in Ref.
[11], where the lowest 1* ccn5 is stable.

B. bb{q and bcgq states

According to the diquark-antiquark symmetry, no
stable double-charm tetraquark states exist. In the bottom
case, the attractive color-Coulomb interaction between
the two heavy quarks may be sufficiently strong to aid in
the formation of stable tetraquarks. Next, we investigate
the bbgg and bcgqg systems, where g = u, d, or s. First, we
focus on the double-bottom tetraquarks, which have ex-
actly the same group structure as the double-charm states.
For the HDAS relations and wave function bases, we
simply need to perform a simple substitution of (bb) for
(cc) in Egs. (14)-(16) and Table 2. However, consider-
able difficulty arises in applying the formulas, as the
masses of =y, and Q;, have not been measured. In this
study, we need to select appropriate predictions for their
values from various investigations.

Table 4.

In the literature, numerous analyses on the masses of
Ep, and Z;, have been performed (see Table 1 of Ref.
[85] for a collection). We list several of the results in
Table 5, where the involved approaches include lattice
QCD [86], chromomagnetic models [60, 68, 87], the re-
lativistic quark model [88], the nonrelativistic quark mod-
el [89-91], the bag model [92], and the Bethe-Salpeter
equation [93]. To select an appropriate value for the mass
of E,, we adopt the following criteria: 1) the baryon
masses satisfy the light-flavor symmetry Q; —Q), =
E;, —Zpy in the heavy quark limit; 2) the HDAS relation
Q;, —E;, = B;-B*~91 MeV holds; and 3) the inequal-
ity Epb — (Epp)emr — 2(B— Bemn) < Eee — (Bec)emt — 2(D-
Dcyr) for the mass of Ep, is required. The final criterion
leading to Z,, < 10327 MeV means that the color-Cou-
lomb contribution to the bottom diquark is larger than
that of the charm case once the contributions from the ef-
fective quark masses and color-magnetic interactions
have been subtracted. It can be confirmed that a similar
inequality holds for heavy quarkona, n.—(n:)cmi—
2(D—Demi) > 1y — (p)emt — 2(B — Bewn) (numerically,
—882 MeV > —1181 MeV). The lattice results in Ref. [86]
meet the first and third criteria but not the second be-
cause Q;, —E; ~130 MeV > 91 MeV. In the chromomag-
netic models [60, 68, 87], the results are compatible with
all the criteria. In this case, we use the ground baryon
mass Ey, = 10169 MeV from Ref. [60], whereas the mass
of 2, is evaluated to be &, = Ep, + 16Cp, = 10190 MeV.
The mass of Q;, is, subsequently, further determined to
be Q;, = E;, + B; — B = 10280 MeV and that of Q;, is Q;, -
16Cps = 10266 MeV.

By repeating the procedure for studying the double-
charm tetraquarks, we similarly obtain the masses of the
highest-spin double-bottom tetraquark states:

Results for cciis and cc55 states (unit: MeV). The second and third columns provide the numerical values of the CMI

matrices and their eigenvalues, respectively. The fifth and sixth columns list the masses estimated using Eq. (3) (withD® D™ /DD as

the reference state) and Eq. (2) (parameters provided in Table 1), respectively. These can be viewed as the theoretical lower limits

(low.) and upper limits (up.), respectively, for the tetraquark masses in the current framework. The fourth column displays our predic-

tions with the heavy diquark-antiquark symmetry (HDAS) consideration.

(cens) JP (Hcm) Eigenvalues Mass (our) HDAS Mass (low.) D® D Mass (up.) Eq. (2)
2+ (76.1) (76.1) (4313.3) (4125.4) (4428.5)
52 00 0.0 -131.4 4105.8 3917.9 4221.0
1* 00 -873 -752 52 4242.4 4054.5 4357.6
0.0 -752 =30 41.1 4278.3 4090.4 4393.5
" -30.3 130.3 -122.7 4114.5 3926.6 4229.7
0 1303  61.0 1534 4390.6 4202.7 4505.8
(cc55) JP (Hewm) Eigenvalues Mass(our) HDAS Mass (low.) D$' D% Mass (up.) Eq. (2)
2+ (59.6) (59.6) (4429.9) (4211.6) (4592.6)
1* (-11.9) (-11.9) (4358.4) (4140.1) (4521.1)
. -47.6 1313 -143.7 4226.6 4008.3 4389.3
0 1313 3538 131.8 4502.1 4283.8 4664.8
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Ty~ = B, +%; — B’ = 10699 MeV,
T/ ==, +Z;— B* = 10818 MeV,
Tl{h:?? =Q;, +Q; - B; =10926 MeV. (17)

These values are 49, 78, and 95 MeV (increasing
numbers) higher than the B*B*, B*B:, and BB
thresholds, respectively. The mass distances from the cor-
responding thresholds in Ref. [11] are approximately 45,
29, and 13 MeV (decreasing numbers). With the newly

obtained masses of the spin-2 tetraquarks, we can further
estimate those of the lower double-bottom states in the
CMI model. We list all the results in Table 6 and plot the
relative positions for the bbgg tetraquarks in Fig. 3.

By comparing the current results with those in Ref.
[11], a similar bbin spectrum can be found. According to
Fig. 3(a), the T}, state with a mass of 10488 MeV is ap-
proximately 116 MeV below the BB* threshold (10604
MeV), and it should be rather stable, but other bbnn states
are not. This observation is the same as that in Ref. [11].

Table 5.

Theoretical predictions for the masses of doubly heavy baryons (unit: MeV) in various approaches: lattice QCD [86], chro-

momagnetic models [60, 68, 87], relativistic quark model [88], nonrelativistic quark model [89-91], bag model [92], Bethe-Salpeter
equation [93], and QCD sum rules [94, 95].

Ref. [86] Ref. [60] Ref. [88] Ref. [89] Ref.[90] Ref. [91] Refs.[68,87] Ref [92] Ref.[93]  Refs. [94,95]
S 10143(30)(23)  10168.9+92 10202 10340 10197719 10204 1016212 10272 10090£10  10170+140
E;,  10178(30)24)  10188+7.1 10237 10367 10236*9, - 10184+12 - 10337 10220150
O 1027327)20)  10259.0+15.5 10359 10454 10260714 10258 10208+18 10369  10180£5  10320£140
Q,  1030827)(21)  10267.5+12.1 10389 10486 10297*3, - 10429 - 10380140
Epe  6943(33)(28)  6922.346.9 6933 7011 6919+)7 6932 6914+13 6838 6840+10 -
T 6959(36)(28)  6947.9+6.9 6963 7047 6948+ 17 - 6933+12 7028 - -
Ei, 6985(36)(28) 69732455 6980 7074 6986+ 14 - 6960+14 6986 - -
Qpe  6998(27)(20)  7010.7+9.3 7088 7136 6986*27 6996 6968419 6941 69455 -
Q. 7032(28)(20)  7047.0+9.3 7116 7165 700924 - 6984+19 7116 - -
Q,  705928)21)  7065.7+7.5 7130 7187 7046111 - - 7077 - -

Table 6.

Results for the bbgg (g = u,d,s) states (unit: MeV). The second and third columns provide the numerical values of the CMI

matrices and their eigenvalues, respectively. The fifth and sixth columns list the masses estimated using Eq. (3) (with

BWB®/BMEX /B BEY as the reference state) and Eq. (2) (parameters provided in Table 1), respectively. These can be viewed as the
theoretical lower limits (low.) and upper limits (up.), respectively, for the tetraquark masses in the current framework. The fourth
column displays our predictions with the heavy diquark-antiquark symmetry (HDAS) consideration.

(bbiii) 1(JP) (Hem) Eigenvalues Mass (our) HDAS Mass (low.) B*) B™ Mass (up.) Eq. (2)
12%) (647) (647) (1 10698.7 ) (106913 ) (10897.1 )
1) (423) (423) ( 10676.3 ) ( 10668.9 ) (10874.7 )
Lo+ 311 412 7.8 10641.7 10634.3 10840.2
0" 412 803 103.7 10737.6 10730.2 10936.1
o(1 -1417 -238 ~146.1 10487.9 10480.5 10686.3
an -238 -17.3 -12.9 10621.0 10613.6 10819.5

(bbns) J* (Hem) Eigenvalues Mass (our) HDAS Mass (low.) B(*)E(:) Mass (up.) Eq. (2)
o+ (485 ) (485 ) (108176 ) (107647 ) (110615 )
250 0.0 0.0 -98.2 10670.9 10618.0 10914.8
1+ 00 -913 -249 -2.0 10767.2 10714.2 11011.0
00 -249 -89 25.0 10794.1 10741.2 11038.0
. 133 431 -13.7 10755.4 10702.5 10999.3
0 431 551 82.1 10851.2 10798.3 11095.1
(bbss) JP (Hem) Eigenvalues Mass (our) HDAS Mass (low.) B BY Mass (up.) Eq. (2)
o+ (322) (322) (10925.6 ) (10838.1 ) (112258 )
1+ (77) (77) (109010 ) (108136 ) (112013 )
. —4.6 45.1 -35.6 10857.7 10770.3 11158.0
0 451 299 60.9 10954.3 10866.8 11254.5
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10738
10699 10851 10954
1067 o 10818 10926
LOBAY Hmmrsareeeemssms e BB 10794 10901
.................... T2 sp 10755 ——LU767 . 10858 .
- e BEBE B:B:
""""""""""""""""""""""""" BB e D08 _
BB, 10671 S BB
———l0488 e BBs 5.5,
JP=0t JP=1t JP=2+ JP=0t JP=1t JP=2+ JP=o0t JP=1t JP=2t
(a) bbnn (b) bbns (c) bbss
Fig. 3. Relative positions for double-bottom tetraquark states (solid and dashed lines) and relevant meson-meson thresholds (dotted

lines). The masses are given in MeV. In (a), the solid (dashed) lines denote the 7 =1 (I = 0) states.

For the bbns states, the masses in the current work are ap-
proximately 50 MeV higher than those in Ref. [11]. Ac-
cording to Fig. 3(b), only the lowest T}, which is
slightly (~20 MeV) below the BB threshold, is possibly
a stable tetraquark. This conclusion is similar to that of
Ref. [11]. For the heaviest bbs5 states, the masses in the
current work are approximately 80 MeV higher than
those in Ref. [11], and no stable state is found in both ap-
proaches. Therefore, the HDAS and threshold ap-
proaches yield similar conclusions regarding the state sta-
bilities for double-bottom tetraquarks.

It is interesting that the masses of the bbnn states
from the HDAS consideration coincide with those from
the threshold approach. This coincidence may mean that
the (bb)(nn) diquark-antidiquark structure and (bi)(bi)
molecule-like structure have similar effects on the mass
spectrum. It probably also implies that the four quark
components have an almost equal spatial distance. If this
is true, it is also possible that more than one structure ex-
ists near the BB* threshold [27]. Of course, future experi-
mental data are required to evaluate which approach
provides more reasonable results and how large the ef-
fects from the mass uncertainty of =, would be.

HDAS relations similar to Egs. (14), (15), and (16)
can also be applied to bottom-charm tetraquark systems
with the replacement cc — bc. It should be noted that
there are two bases for the highest-spin bcnn and bcens
tetraquarks. For the former case, the color-triplet (color-
sextet) diquark exists only in the isovector (isoscalar)
state. For the latter case, the two bases are nearly un-
coupled, and the color-triplet diquark exists mainly in the
higher state. The color-sextet contributions to the higher
T;/=2 are not a concern.

Using the mass E,. =6922.3+6.9 MeV from Ref.
[60] and our CMI model, we obtain E; = 6974 MeV [50]
and Q; =E; +B;—B"=7065 MeV. Thereafter,

~ “be

T-M/= =5 +37 —B* =7483 MeV,

benn

pI=2higher _ e =, — B =7602MeV,

beis = Zbe
T)Z2=Q; +Q; - B, =7710 MeV, (18)

are obtained. These values are 150, 165, and 183 MeV
(increasing numbers) higher than the B*D*, B*D*, and
B:D: thresholds, respectively. In Ref. [11], such states
are approximately 34, 5, and 1 MeV (decreasing num-
bers) higher than the corresponding thresholds. With the
reference scales in Eq. (18), we obtain the numerical res-
ults for the bcgq tetraquark states in the CMI model.
These are listed in Table 7, and the spectra are plotted in
Fig. 4.

For the bcnn system, stable states are not found from
our results. However, if the errors in the adopted ap-
proach are considered, the lowest I(J¥) = 0(0") and 0(1*)
tetraquarks may be around the BD and B*D thresholds,
respectively. This conclusion differs from that in Ref.
[11], where these two states and the isoscalar spin-2 state
are all stable. In Ref. [69], we investigated the bcin spec-
trum with a reference scale related to X(4140) by assum-
ing it to be acscs tetraquark. It is interesting that the
masses of the bcnn states in that approach are consistent
with the present results. The conclusion that the lowest
0* Ty may be around the BD threshold is also consistent
with the findings in Ref. [19]. For the (bcnis) and (bcss)
systems, according to Fig. 4, no stable tetraquarks can be
found, which is consistent with the conclusion in Ref.
[69] but different from that in Ref. [11], where stable
bens is still possible. Although the masses of bcin agree
with those in Ref. [69], those of the bciis and bcess states
are higher. Future experiments will be required to evalu-
ate which approach, threshold, X(4140), or HDAS, is bet-
ter.

V. CONSTRAINTS ON MASSES OF 00q, 000,
AND 00Gg STATES

We have obtained the masses of the double-heavy tet-
raquark states with the aid of heavy diquark-antiquark
symmetry. The values are all larger than those in the
threshold approach in Ref. [11], in which reference
meson-meson thresholds were adopted. For the bciin and
bcns states, the current masses are also heavier than those
in the X(4140) approach in Ref. [69], in which the refer-
ence scales were related to the mass of X(4140). At
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Table 7. Results for the bcgg (g = u.d, s) states (unit: MeV). The second and third columns provide the numerical values of the CMI
matrices and their eigenvalues, respectively. The fifth and sixth columns list the masses estimated using Eq. (3) (with
B®D® /B DY /BY DY as the reference state) and Eq. (2) (parameters provided in Table 1), respectively. These can be viewed as the
theoretical lower limits (low.) and upper limits (up.), respectively, for the tetraquark masses in the current framework. The fourth
column displays our predictions with the heavy diquark-antiquark symmetry (HDAS) consideration.

(ber) 1) (Hem) Eigenvalues ~ Mass (our) HDAS  Mass (low.) B D®)  Mass (up.) Eq. (2)
12 ( 77.4 ) ( 774 ) ( 7483.2 ) (173638 ) (175795 )
3.0 170 36.0 -24.0 7381.9 7262.5 7478.1
1(1%) 170 326 -492 479 7453.7 7334.3 7550.0
360 -492 705 1102 7516.0 7396.6 7612.3
Lot 78 852 —483 73575 7238.1 7453.8
0 852 813 137.4 75432 74238 7639.5
0(2") (1309 ) (1309 ) (7436.7 ) (73173 ) (175330 )
-85.1 360 424 -1827 7223.1 7103.7 7319.4
0(1%) 360 —141.0 -49.2 -70.2 7335.6 7216.2 7431.9
424  -492 -163 10.5 7416.3 7296.9 7512.6
o0* -143.1 852 -238.6 7167.2 7047.8 7263.5
0% 852 1626 ~67.0 7338.8 7219.4 7435.1
(bens) JP (Hem) Eigenvalues ~ Mass (our) HDAS  Mags (low.) B®DSY  Mass (up.) Eq. (2)
s 61.0 03 40.3 7581.5 7429.8 7723.0
2 03 403 61.0 7602.2 7450.5 7743.7
138 -06 168 -03 356 -12 -150.3 7390.9 7239.2 7532.4
-06 -906 -0.1 356 00 -50.1 —48.2 7493.0 7341.4 7634.5
- 168 -01 158 -12 -50.1 0.0 -435 74977 7346.1 7639.2
-03 356 -12 =777 -14 420 21.9 7563.1 7411.5 7704.6
356 00 -501 -14 453 -03 30.6 7571.8 7420.2 7713.3
-12 =501 00 420 -03 -79 88.1 7629.3 74717 7770.8
98 02 0.6 86.7 -212.0 7329.2 7177.5 7470.7
o 02 -1122 867 00 —69.6 7471.6 7319.9 7613.1
-06 8.7 -1367 06 -36.8 7504.3 7352.7 7645.9
86.7 0.0 06  56.1 115.9 7657.1 7505.4 7798.6
(bess) JP (Hem) Eigenvalues ~ Mass (our) HDAS  pags (low.) BE*) D§*> Mass (up.) Eq. (2)
2+ (446 ) (446 ) (77101 ) (175239 ) (179079 )
-34 166 352 -63.7 7601.9 7415.6 7799.6
1+ 166 -1.0 =509 13.0 7678.5 7492.3 7876.3
352 =509 20.1 66.4 7731.9 7545.7 7929.7
. -274 882 -91.1 7574.4 7388.1 7772.2
0 882 309 94.6 7760.1 7573.9 7957.9
7657 7629
7602 7760
7732
7710
7679
7602
7574
............................................ BfD:
............................................ BsDj
............................................ B*Ds
............................................ BéDs
JP =0t JP=1t JP=2t
(a) benn (b) bens (c) bess

Fig. 4. Relative positions for bottom-charm tetraquark states (solid and dashed lines) and relevant meson-meson thresholds (dotted
lines). The masses are given in MeV. In (a), the solid (dashed) lines denote the 7 =1 (1 =0) states.
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present, it cannot be judged where such states are actu-
ally located, as there is still no observed double-heavy
tetraquark. Even for conventional baryons, a state con-
taining two heavy quarks that are heavier than =.. has not
been reported. It is helpful to make a theoretical estima-
tion on the range of their masses to understand the pos-
sible structures of an observed state. In Tables 3, 4, 6, and
7, we treat the masses obtained using Eq. (2) as the upper
limits. In fact, the range may be narrowed further from
another perspective. We now investigate the constraints
on the masses of the QQqg and QQQ baryons first, and
then those of the double-heavy tetraquarks. If the experi-
ments reveal a state with a larger mass than the obtained
limit, that hadron should not be a ground state with high
probability.

Suppose that we are estimating the mass of a multi-
quark state X using Eq. (3). In principle, several refer-
ence hadron-hadron systems can be adopted. Their
thresholds will result in different values for the mass of
the X state. Considering the two reference systems A+ D
and 8+C, where A, B,C,D are four hadrons, and A+D
and B+C have the same quark content as X, two values
for the mass of X (M#p and Mgc) can be obtained. An
inequality between these must exist. For convenience, we
further assume that they satisfy Map < Mgc. Thus, ac-
cording to the estimation formula (3), we obtain

(Ma—(Hcvpal + [Mp — (Hevn)pl <
(Mg —{(Hcvn)sl + [Mc —(Hemr)els (19

where M#gcp should be the measured masses and no
longer the theoretical masses obtained using Eq. (2) or
(3). This formula means that the color-electric interac-
tions in the hadrons have different effects on the two ref-
erence hadron-hadron systems. In many cases, it has been
found that systems with Mg > Mg/Mc > My satisfy the
inequality [51, 54, 55]. If the assignment for the four had-
rons can be provided, and the masses of three of them
have been measured, a constraint on the mass of the
fourth hadron will be obtained. In this case, we do not de-
mand that the multiquark state X must exist. For the in-
volved states in this study, A has two heavy quarks,
whereas B/C has one heavy quark. Because the binding
between two heavy quarks owing to the color-Coulomb
potential is positively associated with their reduced mass,
the QQ attraction inside A is large. When the quark
structure in A+ D is changed to B+C, the two heavy
quarks require additional energy so that they can be sep-
arated and recombined with other light quarks into two
single-heavy hadrons. Subsequently, an inequality (19)
naturally follows. It should be noted that this is different
from the Hall-Post inequalities, which link N-body ener-
gies to N’-body energies (N’ < N) [96].

As an example, we consider the ground ZE. state.
When we discuss the case whereby A=E.. and D is a

light meson, we can select the following four sets of ref-
erence meson-baryon systems:

I:E +neX.+D;, IN:E,.,+Ko X . +Dy;
M: E.+KeoE.+D; IV:E,.+¢ o E +D;.

Their corresponding X states are ccnnii, ccnns, censi, and
censs, respectively. When we adopt the inequality
Map < Mgc, we can obtain the upper limits for the mass
of E..: 3770, 3694, 3735, and 3663 MeV, respectively.
Their difference may be a considerable 100 MeV, but the
lowest value of 3663 MeV should be used as the con-
straint. This value is approximately 40 MeV higher than
the LHCb result of =} =3621 MeV [1]. To obtain the
mass constraint, we can also use higher spin states herein,
such as Z.+p — Z.+D*, but no new results are ob-
tained. Another case that can be discussed is that in which
D is a light baryon. Five sets of reference baryon-baryon
systems can be considered:

[:E+NoZ +2;
M:E .+ X +E5,;
M:E . +EeE +E5);
IV E+E e X +Q

) fld
ViE,+Q o 5 +Q,.

Their corresponding X states are ccnnnn, ccnnns, ccnnss,
ccnnss, and ccensss, respectively. The upper limits that are
obtained are 3776, 3732, 3717, 3709, and 3657 MeV, re-
spectively. This situation is very similar to the above
case. Combining the analyses in these two cases, we ob-
tain Z.. <3657 MeV, which is approximately 30 MeV
higher than the measured value.

Extending the discussions to Z,, and Z,., we can
similarly determine the minimum upper limits for their
masses. We display the relevant reference states and res-
ults in Table 8. The obtained constraints are =, < 10319
MeV and Z,. <6972 MeV. Similar constraints can also
be found in Ref. [50]. In fact, more stringent constraints
are possible.

In Sec. IV.B, we obtained the constraint =, < 10327
MeV with the inequality Z, — (Epp)omr — 2(B — Bomr) <
Ece — (Bee)emr — 2(D — Deyr) while determining an appro-
priate mass of E,,. This inequality, similar to (19), also
arises from the color-Coulomb interaction between two
heavy quarks. Naturally, the mass of =, can also be
taken into consideration, and we obtain

Epp—(Epp)emr — 2(B = Bewn)
< Epe = (Epe)emt — (B— Bemr) — (D — Demr)
< Ecc - (ECC)CMI - 2(D - DCMI)- (20)

The constraint Z;, < 6963 MeV subsequently follows.
Replacing the reference mesons with reference baryons,
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Table 8. DBC states in constraining the upper limits for the masses of the QQn baryons and the obtained limits (up.) in MeV. Here,
"Meson" ("Baryon") means that D is a light-quark meson (baryon).
Eec Meson nZ.D KX.Dy KE.D ¢Z.D;
Up. 3770 3694 3735 3663
Baryon NZ X, PRI SICACH EX.Q, QEQ,
Up. 3775 3732 3717 3709 3657
Epb Meson nZpB KX}, B K= B #Z, By
Up. 10466 10377 10423 10339
Baryon NZpZp pOYAH EEE, EXpQp Q=
Up. 10462 10412 10389 10379 10319
Zhe Meson D 7Z.B K¥,Dy KX, B #=, Dy @=.B;
Up. 7102 7111 7027 7022 6988 6991
Baryon NZ,E. L5 I3.E) E5,Q, E5.Q EE/ 5, Q= Q, Q=0
Up. 7108 7065 7057 7042 7024 7042 6982 6972

we similarly obtain

Epp—(Epp)emt —2(Zp — (Zp)emr) < Epe
= Epe)emi — (Zp = (Zp)emn) — (e = (Ze)emn)
< Ecc - (Ecc)CMI - z(zc - (ZC)CMI)~ (2 1)

Now, slightly smaller numbers (Z;, < 10308 MeV
and Z,. < 6954 MeV) than those shown in Table 8 are ob-
tained.

According to the above discussions, our short sum-
mary on the mass constraints for the doubly heavy bary-
ons is as follows: E. <3657 MeV, E,, < 10308 MeV,
and Z,. <6954 MeV. Of course, the constraint on Z,,
may be updated once the mass of =, is measured, or vice
versa. If an observed =, or Z,. has a larger mass than
the limit provided here, it should not be the ground state.
In the previous sections, the masses adopted were
Zee =3621 MeV, Z,,=10169 MeV, and ZE,.=6922
MeV, which satisfy the obtained constraints. We do not
discuss the QQs case. At present, without experimental
data regarding the QQs baryons, we cannot obtain more
stringent constraints than those provided in Ref. [50].

Using the same concept, we can also estimate the up-
per limits for the masses of triply heavy baryons. These
rely on the masses of doubly heavy baryons. We use
Eee =3621 MeV, B, < 6954 MeV, and =, < 10308 MeV
as the inputs and list our results for all of the ground
triply heavy baryons in Table 9, from which Q.. <4962
MeV, Q. <8250 MeV, Qe <11578 MeV, and
Qupp < 14939 MeV can be obtained. Similar constraints
can also be found in Ref. [50]. The upper limits for the
Qv Qpbe, and Qupp, states could be changed to lower
values if the masses of Z,. and =, are measured experi-
mentally.

Now, we investigate the QQgg case. When we con-
sider a double-heavy tetraquark state in terms of the

diquark-antiquark symmetry, its mass is linearly depend-
ent on the mass of a related double-heavy baryon, which
is treated as the input; see, for example, Eq. (14). If we
use A" to denote the difference between the upper limit
for the mass of this QQg baryon and the mass that we ad-
opt, we can set the upper limit for the mass of any tetra-
quark state by adding A"P- to the obtained tetraquark
mass, so that the HDAS relation still holds. Explicitly, we
need to add 36, 139, and 32 MeV for ccgg, bbgg, and
bcgq, respectively. For the lowest QQnn tetraquarks, we
have T, <3965 MeV, T, <10627 MeV (= BB*
threshold+17 MeV), and Tj. <7199 MeV. However, be-
cause the symmetry relations are only approximately cor-
rect, the measured tetraquark masses in future experi-
ments may exceed such limits.

Let us return to the upper limits using the inequality
(19). Naturally, the involved X systems are QQqggg and
00qqqqq. In the latter case, tetraquarks are always in-
volved in the reference channels (A+9D or 8+C), and
we cannot obtain useful information, at least presently. In
the former case, we, unfortunately, cannot obtain reliable
constraints either. If X = ccsnns, for example, the refer-
ence system can be (ccifi)(s3), (csin)(c5), or (ccs)(Ans).
However, in constraining the mass of cciin, neither
(csan)(cs) nor (ces)(ans) can be adopted. The former sys-
tem involves another tetraquark state, whereas the latter
does not meet the requirement to use the inequality (19)
that the two heavy quarks should be separated into two
hadrons, which guarantees the difference caused by the
color-Coulomb potential. Another reason is that the mass
of ccs baryon has not been measured. If we neglect the
requirement to use (19) and consider the case where
X = ccninn, the reference state (ccn)(ani) can be adopted
and a mass constraint 7, < 3952 MeV is obtained. This
value appears to be the upper limit of the mass, but this is
simply conjecture and not a conclusion. Therefore, we
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Table 9. DSBC states in constraining the upper limits for the masses of the QQQ baryons and the obtained limits (up.) in MeV. Here,
"Meson" ("Baryon") means that D is a light-quark meson (baryon).
Qeee Meson =D KZ..Dg
Up. 5038 4962
Baryon NZcZe PICICA EE0e Qe
Up. 5043 5000 4977
Qech Meson =B ZeeBs EpeD KEp:Dy
Up. 8339 8250 8298 8254
Baryon NEccZp IE.E), EEec NEpcZ, DI EEpcQ,
Up. 8336 8285 8252 8336 8292 8269
Qpbe Meson nZpeB KZ,.By =D KZ,,Dy
Up. 11666 11578 11657 11581
Baryon NZp.Zp ZEpE) EZ5cQp NEpZ. SEppEL
Up. 11663 11612 11579 11662 11619 11596
Qi Meson nEpyB KEpy By
Up. 16028 14939
Baryon NE2s XEppE), 5
Up. 15025 14974 14941

could not get more information from the case that D is a
light hadron. One may wonder whether we can estimate
the lower limit of the QQgg mass with the minimum the-
oretical mass of QQQ baryon by considering the case
where X = 000QGGq. In fact, obtaining the limit is pos-
sible, but the constraint is probably not useful. For ex-
ample, one could get T.. > 3704 MeV with Q... =4790
MeV [97]. This value is approximately 70 MeV smaller
than the lower limit given in Table 3, and no meaningful
constraint is obtained.

Similar to (20), another inequality exists for tetra-
quarks. In this case, we only consider the case without
strange quarks. Subsequently, we obtain

Typ—(Tpp)emi — 2(B — Bewn)

< Tpe = (The)ewn — (B+ D = Bewi — Dewnn)

<Tee = (Tee)emt — 2(D = Do), (22)
which can be employed to verify the results obtained in
the previous sections. As Ty, — (Tpp)emt — 2(B — Bovn) = 8
MeV, Ty —(Tpe)omi — (B+ D —Bevi—Down) = 120 MeV,
and T — (Tee)emr — 2(D — Demr) < 156 MeV, the inequalit-
ies are certainly satisfied. We can also consider the in-
equality to be similar to that of (21), but the obtained re-
lations do not change. Thus, the inequality (22) is suffi-
cient for the purpose of conducting a simple check on the
obtained tetraquark masses.

VI. DISCUSSIONS AND SUMMARY

It is known that the mass splittings of conventional

hadrons are mainly determined by the chromomagnetic
interactions. However, while applying the CMI model (2)
to hadron masses, the deviations from the experimental
data may be large (e.g., Table 2 of Ref. [50]). After all,
the model is a simplified version of potential quark mod-
els. Contributions from color-Coulomb interaction, color
confinement, and others are simply effectively absorbed
into the masses of the quarks and coupling parameters. In
principle, it is unrealistic to determine all the hadron
masses with only one set of parameters. In the multi-
quark case, we tend to adopt a method to compensate for
the above effects partially by selecting a suitable refer-
ence system, instead of using Eq. (2) directly. This ap-
pears to be more reasonable than simply taking a set of
effective quark masses as input, but the details of the kin-
ematic and dynamic effects may still lead to a significant
shift in the spectrum. To fix the deviation, we can take
the other effects into account explicitly by sacrificing the
concision and simplicity of the calculation. However, we
can also balance simplicity and rationality in certain pe-
culiar cases, as in the double-heavy tetraquark systems
explored herein.

When the 3. QQ diquark is regarded as a heavier an-
tiquark Q’, the double-heavy tetraquark QQgg can be
viewed as a single-heavy "antibaryon" Q’Gg in the sense
that they have the same color configuration. The mass re-
lations among the QQgg, 0Qq, Qqq, and Qg states fol-
low such a heavy diquark-antiquark symmetry. As only
the highest-spin QQgg states may contain the pure 3. QQ
diquark, and no mixing effects are involved, their masses
are determined with the symmetry relations, and they are
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selected as the reference states to obtain the tetraquark
spectra. Another consideration for using the highest spin
states is that the spin-dependent terms between the light
quarks will be cancelled, and those between the heavy
and light quarks can be ignored.

Once the masses of all the double-heavy tetraquarks
are obtained, it is easy to determine whether or not stable
tetraquarks exist from Figs. 2-4. In Table 10, we present
our answers to the question. In fact, numerous discus-
sions on double-heavy tetraquarks can be found in the lit-
erature [50]. For example, Carlson et al. [63] discussed
non-strange QQgq systems and found that Ty, is suffi-
ciently stable against strong decay, T.. is unstable, and
Ty 1s uncertain. For comparison, we have also displayed
the results obtained in several reference studies in the ta-
ble. In general, all the studies support the stable double-
bottom tetraquark Tp,. The results indicate that the
double-charm T, state is probably unstable, whereas the
stability of T}, remains controversial.

The consistency between our results and others indic-
ates that the estimation method with HDAS is reasonable.

Table 10.
and "not determined," respectively.

However, how reliable the numerical results are is not
clear because they are affected by several factors. First,
the accuracy of the approximate HDAS relations and er-
rors of the input QQq masses determine the locations of
the tetraquark spectra. Second, the existence of the
(Q0)s,(37)5 configuration may significantly affect the
mass splittings if the color-electric contributions are con-
sidered explicitly. Third, the values of C;; determining
the mass splittings are extracted from conventional had-
rons. Whether they can be applied to multiquark states re-
mains an open question.

The spatial structure of the tetraquark states was not
considered in the above discussions. An observed double-
heavy state can also be a meson-meson molecule, the spa-
tial structure of which differs from the compact tetra-
quark. At present, it is generally difficult to determine a
criterion to distinguish a compact multiquark state from a
molecular state, but there are cases where this is possible.
In the bbnn case, both compact tetraquarks and mo-
lecules [98-102] are possible, but the binding energies in
these two configurations differ. It is possible to identify

Stability of the double-heavy tetraquarks in various studies. The meanings of "S," "US," and "ND" are "stable," "unstable,"

Reference (ccnm) (ccns) (cc35) (bbnn) (bbns) (bbss) (bcnin) (bcns) (bcss)

This work us us UsS S S us ND usS [N
[8] S S S S S us
[11] S S UsS S S us S S usS
[16] S S
[18] S S S
[19] us S S
[20] us S S us usS
[24] S S S
[28] S us UsS S S us S usS usS
[29] S S S
[30] us us UsS S Us us us us us
[31] us us us S us us us us us
[32] UsS us usS
[33] us us us S S S
[34] S S
[39] us S

[44, 45] us us S S S usS

[47] S
[48] S S usS usS
[63] us S ND
[69] ND us
[83] us us us S S us us us us
[84] Us Us Us S S uUs Us Us Us

043102-14
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the inner structure of the observed state: a large (small)
binding energy corresponds to a compact (molecular)
state. However, in the cciin case, the observed state
should be a molecule [98, 99, 101] if it is below the re-
lated meson-meson threshold. In the bciinn case, both mo-
lecules [99, 100] and compact tetraquarks are around the
related meson-meson thresholds. This situation is com-
plicated, and further discussions are required.

The detailed partial widths for the studied tetraquarks
depend on the Hamiltonian and specific processes, and a
quantitative calculation will be discussed in future work.
Here, we present a brief analysis on their dominant decay
patterns. In Table 11, the strong and electromagnetic de-
cay patterns for the lowest state in each system are
provided. For higher states, we simply mention the re-
arrangement decay modes. The thresholds of such meson-
meson channels are illustrated in Figs. 2-4. Whether or
not the decays can occur is determined mainly by the kin-
ematics and quantum number conservations. In the cciini
case, the allowed channels for the I(J") = 0(1") state are
DD* and D*D*, those for the 1(0*) state are DD and
D*D*, and those for the 1(1%) state are DD* and D*D*,
whereas DD, DD*, and D*D* are all allowed channels for
the 1(2%) state. The channels in the case of bbiini are sim-
ilar. In the cc55 and bbss cases, the channels can be ob-
tained with reference to the 7 =1 cases. In the cciis case,
the 0* states can decay into DD, and D*D?, the 1" states
can decay into DD?/D*D, and D*D}, and the 2* state can
decay into all these channels. The case of bbns is similar.
In the case of bcnii, the allowed channels for the 0t state
are BD and B*D*, those for the 17 state are B*D/BD* and
B*D*, and all these decay channels are allowed for the 2+
state. The channels in the case of bcss can be obtained
with the replacement n — s. In the case of bciis, the al-
lowed decay channels for the 0 states are B,D/BD; and
B*D:/B:D*, those for the 1* state are B:D/B*D; and
B:D*/B*D, and those for the 2% state are B;D/BDj,
B:D/B*Dy and B:D*/B*D:.

If the studied compact double-heavy tetraquarks exist,
one may wonder where and how to search for them ac-
cording to the decay channels. In principle, they can be
produced at any collider if the collision energy is suffi-
ciently high. For example, they may be produced in the Z
boson decay [103], hadron decays [104], pp collision
[105], heavy-ion collisions [106-109], and e*e¢~ annihila-
tion process [9, 10, 110]. A low production rate and small
signal/noise ratio should be the main reasons that double-
heavy tetraquarks are not observed. Owing to the clean
background, the e*e™ annihilation process offers its own
advantage in searching for a double-charm state. As a sig-
nal of double-charm tetraquarks has not been observed in
such a process, the detection efficiency should probably
be increased with improved analysis methods, such as
that proposed in Ref. [110].

In summary, we have determined the masses of the
highest-spin double-heavy tetraquark states QQgg with
the aid of the heavy diquark-antiquark symmetry. There-
after, such reference states were used to derive the masses
of their partners with mass splittings in the CMI model.
We presented the results in Tables 3, 4, 6, and 7 as well
as Figs. 2-4. The double-charm tetraquarks ccgg
(g =u,d,s) were significantly higher than their rearrange-
ment decay channels, and we did not find a bound state in
the systems. In the double-bottom systems bbgg, we did
not obtain stable bb35 states, but observed a deep bbin
bound state (T,) and a shallow bbiis bound state. Their
I(JP) were both 0(1*), and their masses were 10488 MeV
(= 116 MeV below the BB* threshold) and 10671 MeV
(~ 20 MeV below the BB%/B;B* threshold), respectively.
The Tp, mass was very close to that obtained in Ref. [11]
when BB*was used as the reference state. For the bottom-
charm systems (bcggq), no stable bciis or bess was found,
but we could obtain two near-threshold bcrin states. These
were the lowest 0(0") state Tj,., with a mass of 7167
MeV, and the lowest 0(1") state, with a mass of 7223
MeV. Considering the model uncertainties, it was diffi-

Table 11. Strong and electromagnetic decay patterns for the lowest tetraquark states.
Strong decay Electromagnetic decay
System Mass/MeV
2 body 3 body 3 body
(cennyl=) 3929 DD* DDn DDy/DD*y
(ccns)y’=! 4106 D*Dy/DD*; DD;n DDyy/D*Dyy/ DDy
(cc55)’=0 4227 DDy D;Din D¢Dyy/D;D%y
o =1 _ _ _
(bbnn)lzo 10488
(bbis)’=! 10671 - - BBy
(bb55)’= 10858 B,B,/B:B: - B.Byy|B,By/B B}y
=2\ J=0 B - B
(benin); 2, 7167 BD BDy
(benz)’=0 7329 ByD/BD; - B,Dy/BD,y/B:Dy/B*D,y
(bess)’=0 7574 B,D/B;D; B:Dsn ByDyy/B'Dyy/B,Dy/B:D"y

s
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cult to draw a conclusion regarding whether or not they
were stable. From our results, it can be concluded that the
order of possibility for finding a bound QQgg tetraquark
should be (cc) < (be) < (bb) and that a bound tetraquark
becomes more difficult to form with an increasing num-
ber of strange quarks. Because not all of the input masses
were measured, we also discussed the constraints on the

masses of heavy quark hadrons, such as Eg, < 10308
MeV and Q.. <4962 MeV. We obtained T.. <3965
MeV, T,, <10627 MeV, and Tj. <7199 MeV for the
lowest tetraquark states. Of course, whether or not this is
true requires future experimental tests. We hope that our
predictions for double-heavy states will be helpful for fu-
ture investigations.
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