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Abstract: In this paper, we explore the properties of holographic entanglement entropy (HEE), mutual information
(MI) and entanglement of purification (EoP) in holographic Lifshitz theory.  These informational quantities exhibit
some  universal  properties  of  holographic  dual  field  theory.  For  most  configuration  parameters  and  temperatures,
these informational  quantities  change monotonically  with the Lifshitz  dynamical  critical  exponent z.  However,  we
also observe some non-monotonic behaviors for these informational quantities in some specific spaces of configura-
tion parameters and temperatures. A particularly interesting phenomenon is that a dome-shaped diagram emerges in
the behavior of MI vs z, and correspondingly a trapezoid-shaped profile appears in that of EoP vs z. This means that
for some specific  configuration parameters  and temperatures,  the  system measured in  terms of  MI and EoP is  en-
tangled only in a certain intermediate range of z.
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I.  INTRODUCTION

The  interplay  between  quantum  information  theory
and quantum gravity has gained increasing attention dur-
ing the last decade. One central point of interest is entan-
glement measures in the context of the AdS/CFT corres-
pondence [1-4].

ρ

ρA
ρA S A = −Tr(ρA logρA)

ρA = TrBρ

There are  different  ways  to  characterize  different  as-
pects of entanglement for quantum systems. One particu-
lar  measure  is  the  entanglement  entropy  (EE).  Consider
the physical system described by a density matrix  char-
acterizing  the  state  of  the  system,  which  consists  of  two
subsystems A and B. Then  the  EE  of  subsystem A with
the  reduced  density  matrix  is  just  the  von  Neumann
entropy  for .  It  is  defined  as  with

.
In  a  holographic  framework,  termed  the  holographic

entanglement entropy (HEE), EE has a simple geometric
description  known  as  the  Rangamani-Takayanagi  (RT)
formula [5-7], 

S A =
Area(γA)

4GN
, (1)

GN γA

−2
∂γA = ∂A

where  is  the  bulk  Newton  constant,  and  is  the
codimension  minimal  surface  in  bulk  geometry,
anchored to the asymptotic boundary such that .
The RT formula has also been extended to the covariant
case,  which  is  dubbed  the  Hubeny-Rangamani-Takay-
anagi (HRT) formula [8, 9].  An important application of
HEE is to study phase transitions;  see for example Refs.
[10-20]. Especially, in contrast to thermal entropy, EE is
nonvanishing in the limit of zero temperature and thus it
is an effective probe of quantum phase transitions (QPT)
[14-18].

We  are  also  interested  in  the  common  information
between two systems, which can be described by the mu-
tual  information  (MI)  [21].  Supposing  that A and C are
two disjoint entangling regions separated by a subsystem
B, the MI is defined as
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I(A : C) = S A+S C −S A∪C . (2)

S A∪C

S A∪C = S B+S A∪B∪C

In the above definition, the joint information of A and
C, ,  is  subtracted,  which  guarantees  that  we  indeed
obtain the common information of A and C. Notice that a
nontrivial  MI  requires  that . In  addi-
tion, the  subadditivity  guarantees  the  positive  definite-
ness of MI.

MI has also been intensely studied in holography [24-
25]. Notice that EE is UV-divergent and needs to be regu-
lated [22, 23].  However,  it  is  found that  holographic  MI
(HMI)  can  remove  the  UV  divergence  of  EE  [24-26].
Also, MI can partly cancel out the thermal entropy contri-
bution  [27].  Therefore,  MI  is  also  an  important  quantity
in holograpy.

When the system is  in a pure quantum state,  EE is  a
good  quantum  entanglement  measure.  However,  for
mixed quantum states, EE is no longer a good measure of
quantum entanglement because it is also sensitive to clas-
sical correlations. Besides, MI is a certain combination of
EE such that it is not a genuinely new definition either in
holography or in quantum information theory.

Ep

ρAB HAB ≡HA⊗HB

Entanglement  of  purification  (EoP), , is  a  candid-
ate  quantity  measuring  the  correlation  for  a  bipartite
mixed  state  acting  on  [28, 29].  The
EoP is defined as 

Ep(ρAB) := min
|ψ⟩AA′BB′

S AA′ , (3)

ρAB = Tr[|ψ⟩
⟨ψ|AA′BB′ ]

AA′ BB′

Ep(ρAB) = Ep(A : B)

where  we  minimize  over  purification 
. We would like to point out that EoP is a meas-

ure of correlations in terms of the entanglement of a pure
state  [28].  Also,  notice  that  it  represents  the  minimal
value of quantum entanglement between  and  in
an optimally purified system [28]. For simplicity, we also
denote  in what follows.

Ep
ρAB ρAB = |ψ⟩⟨ψ|AB Ep

Ep(A : B) = S A = S B

Ep

ρAB ρAB = ρA⊗ρB
Ep

There  are  some  simple  properties  for  [28, 29].
First  of all,  if  is a pure state,  i.e., , 
reduces  to  the  EE,  i.e., .  This  means
that  no  purification  is  needed.  Secondly,  vanishes  if
and only if  is  uncorrelated,  i.e., .  More
generally, we have the following inequalities for  [28,
29]: 

min(S A,S B) ⩾ Ep(A : B) ⩾
1
2

I(A : B) , (4)
 

Ep(A : BC) ⩾ Ep(A : B) , (5)
 

Ep(AB : C) ⩾
1
2

(I(A : C)+ I(B : C)) . (6)

In  holography,  it  is  proposed  that  the  EoP  is  dual  to

Ew Ew

Ep

the minimal  area  of  the  entanglement  wedge  cross  sec-
tion  (EWCS)  [30, 31].  Most  features  of  match
very well with those of  in quantum field theory (QFT)
[30-33], which  enhances  the  reliability  of  this  prescrip-
tion.

3
Ep

3
Ep

Ep

However,  those  early  works  mainly  focused  on  the
case  of  AdS .  Recently,  some  pioneer  works  have
already been devoted  to  studying the  features  of  and
its evolution behavior beyond AdS  by numerics [34-37].
In particular, an algorithm calculating  for asymmetric
configurations has been proposed for  general  holograph-
ic  systems  with  homogeneity  in  Ref.  [35],  such  that  we
can  study  the  configuration-dependent  characteristics  of

.  These  studies  indicate  that  in  holography,  MI  and
EoP could have different abilities in depicting mixed state
entanglement  [36, 37], which  deserves  further  explora-
tion. In  addition,  a  similar  concept  of  holographic  com-
plexity  of  purification  (CoP)  was  also  proposed  in  Ref.
[38],  in  which  the  connection  between  holographic  EoP
and CoP was studied.

A notable feature for condensed matter systems is that
many of them possess Lifshitz scaling symmetry as 

t→ λzt, x⃗→ λx⃗ , (7)

z > 1

z = 1

z

z

where z is  the  Lifshitz  exponent.  When , the  iso-
tropy between time and space is broken. The dual bound-
ary  field  theory  flows  to  a  non-relativistic  fixed  point,
which possesses Lifshitz symmetry. When , the dual
boundary  field  theory  flows  to  a  relativistic  fixed  point.
In  holography,  the  gravity  descriptions  of  Lifshitz  fixed
points  have  been  obtained  in  Ref.  [42].  Many  Lifshitz
black  hole  geometries  have  also  been  implemented  in
Refs.  [43-57].  Notice  that,  here  we  call  Lifshitz expo-
nent to avoid confusion with the dynamical critical expo-
nent near the phase transition critical point [39]. In holo-
graphic theory, it is found that the dynamical critical ex-
ponent near the phase transition critical point may be in-
dependent of the geometry Lifshitz exponent  [40, 41].

Recently, the  informational  quantities  have  been  ex-
plored  for  holographic  dual  field  theory  with  Lifshitz
symmetry;  see  Refs.  [59-63]  and  references  therein.
However, most of these studies focused only on the HEE
or  MI  in  the  background  with  zero  charge  density,  and
there  have  been  few  investigations  on  the  informational
quantities  at  finite  density,  especially  the  EoP.  In  this
work, we shall study the related information quantities in
holographic  Lifshitz  dual  field  theory  with  finite  charge
density.

This  paper  is  organized  as  follows.  We  review  the
charged Lifshitz  black brane and deduce the expressions
of  HEE, MI and EoP with this  background in  Section II
and Section III, respectively. Then in Section IV, the nu-
merical  results  of  these  informational-related  quantities
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are presented  and  the  corresponding  properties  are  ex-
plored. Our results are summarized in Section V. 

II.  CHARGED LIFSHITZ BLACK BRANE

To  have  a  holographic  Lifshitz  dual  boundary  field
theory with  finite  charged  density,  we  consider  the  fol-
lowing  Einstein-Maxwell-dilaton  (EMD)  action  in  four-
dimensional bulk spacetimes [56] 

S =− 1
16πG

∫
d4x
√−g

[
R− 1

2
(∂ψ)2+V(ψ)

− 1
4

(
eλ1ψF2+ eλ2ψF 2

)]
. (8)

ψ
U(1) A Fµν

Fµν
A

λ1
λ2
V(ψ) = V0eγψ

The above action includes a dilaton field  as well as
two  gauge fields, A and , with field strengths 
and ,  respectively. A is  the  real  Maxwell  field  which
sources the charge while  plays the role of an auxiliary
field which supports an asymptotic Lifshitz geometry. ,

 are  free  parameters  of  the  theory.  The  potential
.

The action (8) supports a charged Lifshitz black brane
solution: 

ds2 = −r2z f (r)dt2+
dr2

r2 f (r)
+ r2(dx2+dy2) , (9)

 

f (r) = 1− M
rz+2 +

Q2

r2(z+1) , (10)

 

At = µr−z
h

(
1−

(
rh

r

)z)
, (11)

 

At = − ̸µr2+z
h

(
1−

(
r
rh

)2+z)
, (12)

rh

λ1 λ2

where  is the position of the horizon, and M and Q are
the mass and charge of the black brane, respectively. The
parameters V0,  and  in the action could be determ-
ined in terms of z as 

V0 = (z+1)(z+2) , λ1 =

√
2(z−1)

2
, λ2 =−

2
√

z−1
. (13)

Notice that γ=0 here.
f (rh) = 0The  horizon  condition  gives  the  relation

between M and Q, 

r2(z+1)
h −Mrz

h+Q2 = 0 . (14)

µ ̸µIn terms of Q and z,  and  can be expressed as 

µ =
2Q
√

z
, (15)

 

̸µ =
√

2(z−1)
2+ z

, (16)

µwhere  is  the  chemical  potential  of  the  dual  boundary
field theory.  The  Hawking  temperature  can  then  be  eas-
ily worked out as 

T̂ =
(2+ z)rz

h

4π

[
1− z

2+ z
Q2r2(−z−1)

h

]
. (17)

rh = 1

T ≡ T̂/µ

For  convenience,  we  can  set  by scaling  sym-
metry. Now, for a given z, this black brane solution is de-
termined by the scaling-invariant quantity .

AdS 2×R2

AdS 2 L2 = 1/
√

z(z+2)

In the limit of zero temperature, it is easy to find that
the IR geometry of  this  black brane is ,  which
is  the  same  as  that  of  RN-AdS  geometry.  However,  we
note that the curvature radius of  is ,
which  depends  on  the  Lifshitz  exponent z. For  the  de-
tailed derivation, we can refer to Refs. [64, 65]. 

III.  HOLOGRAPHIC INFORMATION-
RELATED QUANTITIES

For the static  case,  the RT formula is  still  applicable
to  the  Lifshitz  geometry  and  the  holographic  calculation
for EE matches the result for the Lifshitz field theory [66,
67]. However, we would also like to point out that since
the  entanglement  wedges  do  not  naturally  reach  the
boundary  of  the  spacetime  [68],  the  construction  of  the
covariant Lifshitz formula, i.e., the equivalent of the HRT
formula,  is  not  direct.  In  Refs.  [69, 70], causal  propaga-
tion of the high frequency Lifshitz modes is used to con-
struct  entanglement  wedges,  an  alternative  formula  to
HRT,  and  it  is  shown  that  some  field  theory  results  for
the EE can be reproduced.

ρ = 1/r ρ = 1
ρ = 0

In this paper, the Lifshitz geometry we study is static.
Therefore,  we  shall  follow  the  RT  formula  to  calculate
the  HEE,  then  the  MI  and  EoP.  For  the  convenience  of
the  numerical  calculation,  we  transform  the  coordinates
as  such that the horizon is at  and the bound-
ary is at . We re-express the black brane geometry as 

ds2 = −ρ−2zU(ρ)dt2+
1

ρ2U(ρ)
dρ2+

1
ρ2 (dx2+dy2) (18)

with 

U(ρ) = 1−Mρ2+z+Q2ρ2(1+z). (19)
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A := {0 < x < l,−∞ < y <∞}

ρ(x)

In this paper, we consider an infinite strip subsystem
in the dual boundary,  which can be specifically depicted
as  (see Fig.  1).  This  setup
preserves the  translation  invariance  of  the  minimal  sur-
faces  along the y direction such that  we can parametrize
the  minimal  surface  by  the  radial  coordinate .  Then,
we can write down the regularized HEE of the minimum
surface and the corresponding width of the strip: 

Ŝ = 2
∫ ρ∗

ϵ

ρ2
∗

ρ2
√
ρ4
∗ −ρ4

√
−Mρz+2+Q2ρ2z+2+1

dρ,

(20)
 

l̂ = 2
∫ ρ∗

ϵ

ρ2√
ρ4
∗ −ρ4

√
−Mρz+2+Q2ρ2z+2+1

dρ, (21)

ρ∗
ρ′(x)|ρ=ρ∗ = 0 ϵ

S ≡ Ŝ /µ l ≡ l̂µ

where  is the location of the turning point of the minim-
um surface at which , and  is the UV cutoff.
We are interested in the scaling-invariant HEE and width,
which are  and .

a = c
a = c = l b = d

For  MI,  we  also  consider  infinite  stripe  geometries
along the y direction. We denote the widths of A, B and C
along the x direction as a, b and c, respectively. Once the
HEE  is  worked  out,  MI  can  be  calculated  directly  in
terms  of  Eq.  (2).  When , the  configuration  is  sym-
metric.  For  this  case,  we  denote  and .  We
show the schematic symmetric configuration for comput-

ing MI in Fig. 2.
Ep

Ew
Ep = Ew

In holography, EoP  is proposed as the area of the
minimal EWCS  for a connected configuration of MI,
i.e., , which is given by [30, 31] 

Ep(ρAC) =min
ΣAC

(Area(
∑

AC)
4GN

)
, (22)

ΣAC
A∪C

Ep

where  is the cross-section in the entanglement wedge
of . Then, we can explicitly derive the concrete ex-
pression of  in our present model as 

Ep =
1

4GN

∫
Γ

ρ√
1−Mρ2+z+Q2ρ2(1+z)

dρ. (23)

We  show  a  schematic  configuration  for  computing
EoP  in Fig  2.  Next,  we  follow  the  numerical  procedure
outlined in Ref.  [35] to study the properties of HEE, MI
and EoP in holographic Lifshitz dual field theory. 

IV.  NUMERICAL RESULTS
 

A.    Holographic entanglement entropy
ρ∗

ρ∗

z = 2
ρ∗

l→∞
l→ 0

ρ∗→ 0

ρ∗

We first explore the behaviors of the turning point ,
which can provide some insights into the holographic in-
formational  quantities. Figure  3 shows  the  turning  point

 as a function of width l for different temperatures (left)
and as  a  function of  temperature T for  different  widths l
(right) for a charged Lifshitz black brane with . It is
easy to find that  increases monotonically with l. In the
limit  of ,  it  stretches  to  the  horizon  of  the  black
brane,  while  in  the  limit  of ,  it  shrinks  to  the  AdS
boundary,  i.e., .  The  behaviors  are  qualitatively
similar  to  that  of  the  RN-AdS  background  [35]  and  the
Gubser-Rocha  model  [37].  However,  notice  that  for  the
Gubser-Rocha model, there is a region of l where  is al-
most  vanishing  [37].  This  is  a  peculiar  property  of  the
Gubser-Rocha model,  different  from  the  RN-AdS  back-
ground and the charged Lifshitz geometry studied here.

ρ∗ ρ∗For the temperature behavior of , we see that  in-
creases  with  the  temperature  and  approaches  the  black
brane  horizon  in  the  high  temperature  limit  (right-hand
plot  in Fig.  3). The  reason  is  that  the  horizon  radius  in-

 

γA

Fig.  1.    (color  online)  Cross-sectional  view  of  an  extreme
surface  in bulk produced by the subsystem A with infinite
configuration  in  the  boundary.  This  subsystem A has  width l
along the x direction and is infinite along the y direction.

b ≡ d

Ep

Γ

Fig. 2.    (color online) Schematic configuration for computing MI and EoP for the symmetric case (left) and asymmetric case (right).
The two subsystems are separated by the region with width b (  for the symmetric case). The red curves represent the area of the
disconnected configuration and the black curves denote the area of connected configuration. MI is depicted by their difference.  is
calculated by the entanglement wedge  shown by the blue line.
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ρ∗

ρ∗
ρ∗

z = 2
ρ∗

ρ∗

ρ∗

creases with temperature and hence the minimum surface
tends to approach the black hole horizon in the high tem-
perature limit. However, we note that for finite l,  is fi-
nite even in the limit of zero temperature. The underlying
reason is  that  the  geometry  of  the  Lifshitz  system in  the
zero temperature limit is regular. This behavior is similar
to  that  of  the  RN-AdS  background  but  is  different  from
that  of  the  Gubser-Rocha model.  Furthermore,  in Fig.  4,
we show the width and the temperature behaviors of  the
turning point  for different z. This confirms the obser-
vations of the behavior of  for a charged Lifshitz black
brane for . Therefore, we conclude that the qualitat-
ive behaviors of the turning point  of the charged Lif-
shitz geometry are closely similar to those of the RN-AdS
background.  However,  notice  that  the  curves  of  for
different z in Fig.  4 intersect  each  other.  This  indicates
non-monotonic behavior of  with z in some specific re-
gions of l and T.  In addition, from the right-hand plot in
Fig.  4,  we  see  that  in  the  limit  of  zero  temperature,  the
turning point  stretches deeper into the bulk and is  closer
to the horizon of the black brane for larger z. This shows
that  HEE is  determined by the  near-horizon geometry at

the zero temperature limit when z is large.

l→ 0

Next, we explore the behaviors of HEE for different z,
as shown in Fig. 5.  We see that for different z, HEE de-
creases  monotonically  with  decreasing l and  approaches
negative infinity as  (left). The reason is that as the
subregion in  consideration  shrinks,  the  number  of  en-
tangled  degrees  of  freedom  will  also  decrease.  As  the
temperature  drops,  HEE  also  decreases  monotonically.
This is partly due to the contribution from the thermal en-
tropy,  which has a monotonically increasing dependence
on the temperature. In the limit of zero temperature, HEE
is finite (right).  This behavior in the low temperature re-
gion is similar to that of the RN-AdS system [35], but dif-
ferent  from  that  of  the  Gubser-Rocha  model  studied  in
Ref.  [37], for  which the HEE in the low temperature re-
gion exhibits a non-monotonic temperature behavior.

Also, from Fig. 5, we see that some curves of HEE in-
tersect each  other  (see  the  inserted  plots).  This  observa-
tion indicates  that  for  certain regions of l and T,  HEE is
non-monotonic  with z.  To  see  this  clearly,  we  plot  HEE
as a function of z for sample widths l and temperatures T
in Fig.  6, of  which  we  summarize  the  properties  as  fol-

ρ∗

z = 2
Fig. 3.    (color online) Variation of turning point  with (left) width l for different temperature T and (right) T for different l.  Here

.
 

ρ∗Fig. 4.    (color online) Width and temperature behaviors of the turning point  for different z.
 

T = 0.1 l = 1.5Fig. 5.    (color online) (left) HEE vs l for different z ( ) and (right) HEE vs T for different z ( ).
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lows.

T = 0.1

l ⩾ 1.8 l = 3
T < 0.15

● There is a region of large subsystem width and low
temperature in  which HEE increases  monotonically  with
z. In this case, the degree of freedom with large z is more
entangled than that with small z. In particular, for ,
as z increases, HEE  increases  monotonically  in  the  re-
gion of , while for , HEE increases monotonic-
ally with z in the region of .

● When the subsystem width decreases or the temper-
ature  rises,  the  non-monotonic  behavior  of  HEE  with z
emerges.  That  is  to  say,  as z decreases,  HEE  decreases
and  arrives  at  a  minimum  value,  and  then  goes  up  as z
further decreases.

So  far,  analytical  understanding  of  the  behaviors  of
HEE with z is still absent. In addition, it is also desirable
to test whether this behavior is universal in other Lifshitz
gravity theories. 

B.    Mutual information
In this subsection, we shall numerically study MI with

symmetric  and  asymmetric  configurations,  since  a  more
comprehensive  configuration  may  provide  more  insight
into the dual quantum system. 

1.    Symmetric configuration

T = 0.1

We  first  study  the  case  of  symmetric  configuration.
The left-hand plot in Fig. 7 demonstrates the behavior of
MI  with  the  separation  scale d for  fixed  system  scale l
and  different z ( ).  We see  that  MI  reduces  as  the
separation scale grows. When the separation scale grows
further and  goes  beyond  a  certain  critical  value,  MI  de-
creases to zero. This implies that a disentangling between
the  two  sub-systems  happens.  This  is  as  expected,  since
the correlation decays with the separation scale.  The be-
havior of MI with l for fixed d and different z is also ex-
plored and shown in the right-hand plot in Fig. 7. We can
see  that  MI  decreases  with  decreasing l,  then  reduces  to
zero as l further decreases below a certain value. This be-
havior  can  be  understood  by  the  fact  that  shrinking  the
size of the subregion will  reduce the degrees of freedom
involved with  the  entanglement.  These  results  from Lif-
shitz  geometry  are  quantitatively  consistent  with  those
from  RN-AdS  geometry  as  well  as  from  the  Gubser-
Rocha model [37].  Such a disentangling phase transition
is a universal property of MI.

(l,d)
Such  a  disentangling  phase  transition  can  be  clearly

demonstrated in the parameter space  shown in Fig. 8,

T = 0.1
l ⩾ 1.8 T = 1 l = 2

l = 3 T < 0.15

Fig. 6.    (color online) HEE vs z for sample widths l and temperatures T. (Top left) For , HEE increases monotonically in the re-
gion  of .  (Bottom left)  For ,  all  curves  of  HEE shown here  are  non-monotonic.  (Top  right)  For ,  all  curves  of  HEE
shown here are non-monotonic. (Bottom right) For , HEE increases monotonically in the region of .

 

T = 0.1

Fig. 7.    (color online) MI vs separation scale d with fixed system size l (left) and vs l with fixed d (right) for different z. Here we have
fixed the temperature .
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Tc

in which non-vanishing MI is depicted by the shaded re-
gion. An obvious property is that for a fixed temperature,
the  critical  lines  for  different z approach  a  constant  as l
grows.  This  means  that  the  non-vanishing MI imposes  a
constraint  on  the  separation  scale d. This  result  is  in  ac-
cordance with that of the Gubser-Rocha model studied in
our previous work [37]. However, notice that these critic-
al lines for different z intersect each other (see also Fig. 8
for more obvious intersections). To confirm this observa-
tion, we also show the critical  temperature  as a func-
tion of d for fixed l and different z (Fig. 9). The curves for
different z do indeed intersect each other.

Now,  we study the  temperature  behavior  of  MI.  The
left-hand  plot  in Fig.  10 shows  the  relation  between  MI
and temperature for fixed configuration size at different z.
We  see  that  when  we  heat  up  the  system,  MI  reduces.
Then, as the temperature rises further and goes beyond a
certain critical value, MI reduces to zero. At this moment,
a  disentangling  transition  emerges.  This  behavior  is  due
to  the  fact  that  the  thermal  effects  will  destroy  the
quantum  entanglement  when  the  temperature  is  high.
This  is  a  universal  property  which  has  been  observed  in
previous works [27, 37, 58].

Tc

(z,Tc)

In addition, we note that the curves of MI for some z
intersect each other near the disentangling critical temper-
ature  (left-hand plot in Fig. 10). This indicates that the
disentangling transition line does not change monotonic-
ally  with z.  To  confirm  this  observation,  we  show  the
phase  diagram  in  the  right-hand  plot  in Fig.  10.
Notice  that  as z increases,  the  critical  line  first  increases
slightly,  and  then  drops.  We  can  conclude  that  as z in-
creases,  the  critical  temperature  of  the  disentangling
phase  transition  becomes  lower.  We  can  also  infer  that
this non-monotonicity of MI with temperature is also in-
herited from that of HEE studied in the previous subsec-
tion. This is reasonable because the MI is directly related
to  the  HEE.  Notice  moreover  that  in  general,  when z is
large,  MI  decreases  with  the  increase  of z.  For  small z,
however, the  opposite  trend  appears  near  the  disen-
tangling phase transition point. 

2.    Asymmetric configuration

The schematic configuration for computing MI can be

a , c
seen in Fig. 2, for which the sizes of two subsystems are
unequal, i.e., . We show the results for MI in Fig. 11,
showing that a disentangling phase transition happens as
the separation  scale  increases  or  the  subsystem  size  de-
creases.  This property is universal,  which is independent
of the configuration.

We then study the relation between MI and temperat-
ure  for  fixed  configuration  size  at  different z (left-hand
plot in Fig. 12). Similar to the case with symmetric con-
figuration, we see that as we heat up the holographic sys-
tem, a disentangling phase transition happens. This indic-
ates that  such a disentangling phase transition is  also in-
dependent of the configuration.

Also, the curves of MI for some z intersect each other

 

(l,d)Fig.  8.    (color  online)  Parameter  space  for  different z.
The shaded region denotes non-zero MI.

 

Tc

l = 0.7

Fig. 9.    (color online) Critical temperature  vs d for differ-
ent z. Here l has been fixed as .

(z,Tc)Fig. 10.    (color online) (left) MI vs T for different z, and (right) the phase diagram . The red line is the critical line, below which
MI is non-zero and above which MI vanishes.
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(z,Tc)

near  the  critical  point  of  disentangling  phase  transition,
which is also similar to the case of symmetric configura-
tion.  Therefore  we  conclude  that  the  critical  points  of  a
holographic Lifshitz system do not show a monotonic re-
lationship  with z.  Further,  we  plot  the  phase  diagram

 in  the  right-hand  plot  in Fig.  12.  Compared  with
the symmetric configuration, before the critical line drops
with  the  increase  of z,  there  is  a  larger  region  of z in
which the critical line rises as z increases. Therefore, the
non-monotonic region of z depends on the configuration.
This is reasonable because, as observed in the subsection
above, the non-monotonic behavior of HEE also depends
on the system width l and the temperature T.

l = 0.7 d = 0.4

l = 1.5 d = 0.3

In the right-hand plots of Fig. 10 and Fig. 12, the crit-
ical  line  of  the  disentangling  phase  transition  exhibits
non-monotonic behavior.  We  expect  that  MI  as  a  func-
tion of z also exhibits  non-monotonic  behavior  for  some
system  configuration  parameters  and  temperatures.  To
this end, we plot MI as a function of z in Fig. 13. In the
left-hand plot, with fixed  and , we find that
when the  temperature  is  low,  MI  decreases  monotonic-
ally with the increase of z and vanishes when z is beyond
some critical  temperature,  which  means  that  a  disen-
tangling  phase  transition  happens.  As  the  temperature
rises,  the  non-monotonic  behavior  emerges.  That  is  to
say, as z increases, MI first increases, then gradually de-
creases  to  zero  and  the  disentangling  phase  transition
happens.  For  another  configuration  (  and ,
see the right-hand plot in Fig. 13),  we observe the novel
phenomenon that a dome-shaped diagram emerges when
the temperature is high. This means that when z is smal-
ler  than  some  critical  value  or  larger  than  some  critical

value,  the  biparty  subsystem  is  disentangled  in  terms  of
MI. 

C.    Holographic entanglement of purification

ΓAB
Ep = 0

For a symmetric configuration, the calculation of EoP
is  simply the  area  of  the  vertical  line  linking the  tops  of
the  minimum  surfaces  (see  left-hand  plot  in Fig.  2).  In
Fig. 14, we show EoP in a holographic Lifshitz system as
a function of d (left-hand plot) and l (right-hand plot). As
we have seen in the above section, when the two subsys-
tems A and B are far away from each other, MI reduces to
zero. As a result, the entanglement wedge  is discon-
nected  and  hence . As  the  two  subsystems  ap-
proach each other, MI obtains a finite positive value and
the entanglement  wedge  becomes  connected.  Corres-
pondingly,  the  EoP  suddenly  increases  to  a  finite  value.
After that, EoP rises further as both subsystems approach
more closely.

ΓAB

If we fix the separation scale d of the subsystems, we
find that EoP becomes zero when the subsystem is small.
This is also because in this region, MI is zero and the en-
tanglement wedge  becomes disconnected. As the size
of the subsystem grows, the EoP suddenly increases to a
finite  value,  for  which  an  entangling  phase  transition
emerges.  Then,  as  the  system  size  increases  further,  the
EoP grows slowly.

ΓAB

We  then  study  the  temperature  behavior  of  EoP,
which is  shown in Fig.  15. We see that  in the high tem-
perature region, EoP vanishes. The reason is the same as
discussed above; MI is also zero in this region and so the
entanglement  wedge  disconnects.  From  the  dual
view, this is because increasing the temperature can des-

a = 1.0 c = 0.7
a = 1.0 b = 0.4 T = 0.1

Fig. 11.    (color online) (left) MI vs separation scale b with fixed system size  and  for different z, and (right) MI vs sys-
tem size c with  and  for different z. Here the temperature is fixed as .

 

(z,Tc)Fig. 12.    (color online) (left) MI vs T for different z, and (right) the phase diagram . The red line is the critical line, below which
MI is non-zero and above which MI vanishes
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troy the entanglement between two separate sub-regions.
As  the  temperature  drops  beyond  a  critical  point,  EoP
suddenly  increases  to  a  finite  value.  As  we  further  cool
down the system, EoP grows slowly with the decrease of
temperature.

The behaviors  of  EoP  for  the  asymmetric  configura-
tion are very similar to the symmetric configuration. That
is to say, EoP decreases with the increase of system size
and suddenly decreases to zero, which indicates it  enters
into  a  disentangling  state  (left-hand  plot  in Fig.  16).  In
contrast to this process, EoP is zero when the system size
is  small.  When  the  system  size  increases  to  a  critical
value,  EoP  enters  into  an  entangling  state  and  then  EoP
grows slowly as the system size increases (right-hand plot
in Fig.  16).  In  addition,  as  the  temperature  drops,  EoP
slowly  decreases  and  suddenly  decreases  to  zero  when
the temperature reaches a critical value (Fig. 17).

l = 0.7 d = 0.4

l = 1.5 d = 0.3

Now, we comment on how z affects the EoP. There is
no  doubt  that  the  critical  lines  of  the  EoP  disentangling
phase transition should be completely in agreement with
those of  MI.  This  is  because  when  MI  vanishes,  the  en-
tanglement  wedge  is  disconnected  and  so  EoP  is  also
zero. Furthermore, to compare the EoP with MI, we also
plot  EoP  as  the  function z for  the  same  configuration
parameters and temperatures as those of Fig. 13. We find
that for  and  (see the left-hand plot in Fig.
18),  EoP  slowly  decreases  as z increases  and  no  non-
monotonic behavior emerges even for higher temperature.
For  the  configuration  parameters  of  and 
(see  the  right-hand  plot  in Fig.  18),  we  also  do  not  find
obvious non-monotonic  behavior.  However,  correspond-
ing  to  the  dome-shaped  diagram  in  MI,  a  trapezoid-
shaped diagram emerges in the diagram of EoP vs z when

the temperature becomes higher.

I(A : C) = S A+

S C −S A∪C

Before  closing  this  section,  we  argue  that  EoP  can
play a better role in characterizing the mixed state entan-
glement than HEE and MI. It  is known that HEE cannot
capture the mixed state entanglement well, due to the fact
that HEE takes  into  account  both  the  quantum entangle-
ment as well as the thermal effects for thermal states. MI,
following the  definition  of  HEE,  can  give  a  better  dia-
gnosis  of  the  mixed  state  entanglement  because  MI  can
partly cancel the thermal effect from the HEE. However,
this does not mean that MI can give a good diagnosis of
the mixed state entanglement. As can be seen from Fig. 6,
the variation of HEE with z always shows non-monoton-
ic behavior.  As  a  response,  MI  can  also  show  a  corres-
ponding non-monotonic behavior (Fig. 13). Also, such an
inverse non-monotonic  behavior  becomes  more  promin-
ent  with  increasing  temperature.  The  underlying  reason
comes from the dependency of MI on HEE, 

. When the temperature is large, the horizon ra-
dius  becomes  larger,  and  the  minimum  surface  tends  to
approach the horizon and receive more contribution from

1.0 1.5 2.0 2.5 3.0 3.5
z0.00
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0.08

0.10

0.12

0.14

MI

l=0.7,d=0.4

T=0.10

T=0.12

T=0.14

T=0.15

2 4 6 8 10 12
z

0.5

1.0

1.5

2.0

2.5

MI

l=1.5,d=0.3

T=0.2

T=0.3

T=0.5

T=0.6

Fig. 13.    (color online) MI as a function of z for selected configuration parameters (l and d) and temperatures.
 

EoP l = 0.7 EoP d = 0.4

T = 0.1

Fig. 14.    (color online) (left)  vs separation scale d for different z ( ), and (right)  vs system size l for different z ( ).
Here, we have set .

 

 

Ep l = 0.7
d = 0.4

Fig.  15.    (color  online)  EoP  vs T for  different z (
and ).
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S A∪C
I(A : C) I(A : C)

the  thermal  entropy.  As  a  result,  can  play  a  more
dominant role in . Therefore, in this case, 
can show an inverse non-monotonic behavior from that of
HEE.

From  the  analysis  in  the  previous  paragraph,  we  see
that MI can be totally dominated by the thermal entropy.
However, EoP does not suffer  from this problem. A dir-
ect  reason  is  that  the  minimal  cross-section  prescription
of the holographic EoP includes the contribution from the
entire  bulk  region,  which  will  never  be  dictated  by  the
near-horizon region. From Fig. 18 we see that the EoP al-
ways decreases  with z before  hitting the critical  point  of
disentangling phase transition, and no non-monotonic be-
havior  following  from  the  HEE  can  be  observed.  This
evidence  suggests  the  reliability  of  the  independence  of
the EoP  from  the  HEE  and  the  thermal  entropy.  Com-
bined with the observation in the previous paragraph, we
can conclude that  EoP can give a better  diagnosis of the
mixed entanglement measure than HEE and MI. 

V.  DISCUSSION AND CONCLUSIONS

In this paper, some related informational quantities of
holographic  Lifshitz  field  theory  have  been  numerically
computed  and  their  properties  discussed  in  detail.  These
informational quantities  reflect  some  universal  entangle-
ment properties of holographic relativistic dual field the-
ory. These characteristics are summed up as:

●  HEE  decreases  monotonically  as  the  temperature
falls, and finally approaches a finite value in the limit of
zero temperature.

●  MI  decreases  as  the  separation  scale  increases  or
the size of the subsystems decreases. Especially, a disen-

tangling phase transition emerges as  the separation scale
increases or the subsystem size decreases. When we heat
up the system, a disentangling phase transition in MI also
occurs. These properties  are  universal  and are  independ-
ent of the configuration.

● The disentangling phase transition also emerges in
EoP as the separation scale increases, the subsystem size
decreases  or  the  temperature  rises.  However,  different
from  the  case  of  MI,  the  change  of  EoP  is  abrupt,  as  it
suddenly decreases to zero from a finite value.

The peculiar  properties  of  the  informational  quantit-
ies of a holographic Lifshitz system are also explored. An
important  property  is  the  non-monotonicity  of  the  HEE
with z. The non-monotonicity emerges only for some spe-
cific configuration parameters and temperatures.

The non-monotonicity of the HEE with z also leads to
some  non-monotonic  behaviors  in  MI  and  EoP.  Firstly,
the disentangling phase transition point of MI and EoP as
a  function  of z is non-monotonic  for  some  specific  con-
figurations  and  temperatures.  Secondly,  such  non-mono-

EoP a = 1 c = 0.7 T = 0.1 EoP a = 1 b = 0.4
T = 0.1

Fig. 16.    (color online) (left)  vs b for different z ( ,  and ), and (right)  vs c for different z ( ,  and
).

 

 

EoP
a = 1.0 b = 0.4 c = 0.7

Fig.  17.    (color  online)  vs T for  different z
( , , ).

Fig. 18.    (color online) EoP as a function of z for selected configuration parameters (l and d) and temperatures.
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tonic behavior also emerges in MI. However, we note that
for EoP, we cannot observe obvious non-monotonicity. In
addition, we observe the novel phenomenon that a dome-
shaped diagram emerges in  MI vs z for some configura-
tions  and  temperatures.  Correspondingly,  a  trapezoid-
shaped diagram is also observed in EoP vs z. This means
that for some specific configuration parameters and tem-
peratures, the system measured in terms of MI and EoP is
entangled only in some intermediate range of z.

Some open questions deserve further study.
● An analytical study would surely provide more in-

sights  into  our  numerical  results.  Therefore,  it  would  be
valuable  to  study  the  related  informational  quantities  in
different regions  analytically,  especially  at  extreme tem-
perature,  or  extreme  system  scale  and  separated  scale,
following Refs. [27, 71-74].

● It  is  desirable  to  explore  the  non-equilibrium  dy-
namics  of  these  informational  quantities  in  holographic
Lifshitz dual field theory such that we can find more nov-
el  properties  different  from  holographic  relativistic  dual
field theory. Especially, it  would be valuable to examine
more inequalities  of  these  related  informational  quantit-
ies in holographic non-equilibrium Lifshitz dual field the-
ory.  Some  related  topics  have  been  explored,  see  Refs.

[75-77] and references therein.
● Many interesting topics only focus on the HEE. For

example,  in  Ref.  [78],  the  authors  study  HEE  in  AdS
plane waves, which pertain to certain hyperscaling-violat-
ing Lifshitz  spacetimes  and  are  dual  to  anisotropic  ex-
cited systems. The HEE and Fisher information metric for
a  closed  bosonic  string  in  a  homogeneous  plane  wave
background  are  studied  in  Ref.  [79]. Recently,  the  au-
thors have  further  studied  the  HEE  and  Fisher  informa-
tion  metric  in  Schroedinger  spacetime.  In  Ref.  [80],  the
authors study  the  deformation  of  the  bulk  minimal  sur-
face  for  both  changes  in  the  embeddings  and  the  bulk
metric. We  can  study  mixed  state  entanglement,  for  ex-
ample, MI and EoP, in these backgrounds.

● So far, there have been many studies of the inform-
ational  quantities  in quantum theory or  experiments  [81-
86], including the informational quantities of several dis-
joint intervals, quantum quenches, entanglement purifica-
tion protocols,  etc.  In  particular,  the  von  Neumann  en-
tropy, logarithmic negativity and odd entropy of Lifshitz
scalar  theories  have  been  studied  in  Refs.  [87-90].  We
can also study the theoretical information properties from
the  holographic  side  and  see  how well  they  match  from
the two sides.
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