Chinese Physics C  Vol. 45, No. 7 (2021) 073108

Di-Higgs production as a probe of flavor changing neutral Yukawa couplings
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Abstract: Top partners are well motivated in many new physics models. Usually, vector like quarks, 71 R, are in-
troduced to circumvent the quantum anomaly. Therefore, it is crucial to probe their interactions with standard model
particles. However, flavor changing neutral couplings are always difficult to detect directly in current and future ex-
periments. In this paper, we demonstrate how to constrain the flavor changing neutral Yukawa coupling T'th indir-
ectly, via the di-Higgs production. We consider the simplified model, including a pair of gauge singlet 71, r. Under
the perturbative unitarity and experimental constraints, we select mr =400 GeV,sp =0.2, and mr =
800 GeV, 51, = 0.1 as benchmark points. After the analysis on the amplitude and evaluation of the numerical cross
sections, we infer that the present constraints from di-Higgs production have already surpassed the unitarity bound
because of the (yiT,R)4 behavior. For the case of my =400 GeV and s;, =0.2, Reyf:R and ImyfR can be bounded
optimally in the range (—0.4,0.4) at the HL-LHC with 20~ CL. For the case of my = 800 GeV and s =0.1, ReyLT’R
and Imy’ZR can be bounded optimally in the range (—0.5,0.5) at the HL-LHC with 20~ CL. The anomalous triple

Higgs coupling 6y, can also affect the constraints on yiTR. Finally, we determine that the top quark electric dipole

moment can provide stronger yiTR bounds in the off-axis regions for some scenarios.
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I. INTRODUCTION

The standard model (SM) of elementary particle
physics has been proposed for more than fifty years [1-3],
and it is verified as a very effective description of this
field [4]. The electro-weak symmetry breaking (EWSB)
[5-8] mechanism predicts the existence of a physical
Higgs boson, which is observed at the Large Hadron Col-
lider (LHC) in 2012 [9, 10]. Although the SM is signific-
antly strong, there are still a few unelucidated problems
in particle physics. The typical problems are Higgs mass
naturalness, gauge coupling unification, fermion mass
hierarchy, electro-weak vacuum stability, dark matter,
matter anti-matter asymmetry, etc. Many new physics
beyond the SM (BSM) are aimed at solving or partially
solving these problems. In some of these BSM models,
vector-like quarks (VLQs) [11, 12] are introduced to cir-
cumvent the quantum anomaly.

For the up-type VLQ, the T quark can interact with
the SM particles via the ThW, TtZ, and Tth interactions.
Constraints on these couplings are crucial, because they
can help us elucidate the nature of the EWSB. For the
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strong interaction mediated pair production of VLQs, we
can solely constrain the partial decay branching ratios of
the T quark. To bound these couplings, the single produc-
tion of VLQ needs to be considered. Unfortunately, it is
difficult to directly detect the flavor changing neutral
(FCN) interactions T'tZ,Tth, owing to the suppression of
the single T production from the ¢Z, th fusion. Here, we
will focus on the FCN Yukawa (FCNY) interaction 7th.
After the Higgs boson detection, we can obtain more in-
formation on new physics from the Higgs precision meas-
urements [13-16]. The FCNY interaction can emerge in
loop induced processes, for example, 2 —yZ and
gg — hh. In our previous work [17], we demonstrated the
possibility of constraining the FCNY coupling via the
h — yZ decay mode indirectly. The double Higgs produc-
tion is also an appealing channel for elucidating the
FCNY interaction, which is free of electro-weak gauge
interactions. The constraints from h — yZ and gg — hh
are independent of exotic decay modes and total width of
the T quark.

In this paper, we first discuss the framework of the
developed FCN couplings in Sec. II. Sec. 111 is devoted to
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the theoretical and experimental constraints on the simpli-
fied model. In Sec. IV, we compute the new physics con-
tributions to the parton level cross section of gg — hh.
Then we perform the numerical constraints on the FCNY
interactions in Sec. V. Finally, we provide the summary
and conclusions in Sec. VI.

II. FRAMEWORK OF FLAVOR CHANGING
NEUTRAL COUPLINGS

A. Minimal singlet vector-like quark model

The SM gauge group is SUc(3)®S UL(2)® Uy(1), un-
der which the singlet up-type VLQs have the representa-
tion (3, 0, 2/3). Let us start with the minimal extension of
SM by adding a pair of singlet 7,Tr [11, 12], which is
named as the VLQT model. Note that the mass mixing
term Tptr can be discarded with field redefinition [18,
19]. Then, the Lagrangian can be written as [12]

_ Yuk: gauge

L—LSM"'LTH awa+.£T ,

L;ukawa —_ FZTQ;_5TR - MTTLTR +h.c.,
L5 Ty ipTy + TiDTs,

where @ = io»®*, and the covariant derivative is defined
as D, =0,—ig'YrB,. Yr and Qr are the Uy(1l) and elec-
tric charge of the T quark, respectively. The Higgs

v+h+iy

V2
onable to ignore the mixings between heavy particles and
the first two generations because of mass hierarchy and
the bounds from flavor physics [20-22]. Here, for simpli-
city, we only consider the mixings between the third gen-
eration and heavy quarks.

To diagonalize the ¢ and T quark mass terms, we can
perform the transformations

In fact, we obtain the relationship mytanfg =m,tanéy.
Subsequently, we will consider si, cr, sg, crk as short

forms for sinfp, coséy, sinfg, cosbgr, respectively. Then,
we can obtain the mass eigenstate Yukawa interactions:

doublet is parametrized as ®7 = [qﬁ*, . It is reas-

. cosf, sinf

TL —sinf, cos6O.

R cosfr  sinfr

TR @

—sinfg  cosBr

- - m _m _
Lvukawa 2 —mytt—mgpTT — —tcihtt - —TsihTT
v v

1
2473

8
Lgauge D_Zy
Cw

[

2, 2 5 -
3 ShIRY' IR — §S%4/TR7“ Tr

Here, we have two independent extra parameters my and
6. For more details, please refer to our previous work
[17].

B. Simplified model

In addition to the singlet VLQs, the scalar sector can
be enlarged in the non-minimally extended models. For

C _ = S _ -
+ %(W:lLyybL + Wﬂ bL‘yH[L) + %(W:TLypr + Wﬂ bL‘yﬂTL).

M = st eLh(RL TR + Tri) — —spcoh(Tutr + R TL),
% v
3)
and gauge interactions
2,5\, 4 Lo, 2,5\ 4 1 _ -
Sw iy + ESL - §SW TyyHTL + ESLCL(IL’}/’”TL + TL‘yytL)
“4)

example, we can also introduce a real gauge singlet scal-
ar [23, 24], Higgs doublet [25], and even both the singlet-
doublet scalars simultaneously [25, 26]. In these models,
the T quark can possess other decay channels [27, 28].
Here, we will adopt a general framework [29]. Accord-
ingly, the simplified related mass eigenstate interactions
can be expressed as [17]

Lo-—mit—mrTT - eA, Z Qrfy'f+ eZﬂ[fy”(g’La)_ +ghw )t + Ty (gl w_ +ghw )T

f=tr
+ iy (g w-+ g} w )T + Ty (g w_ +

+hi T w- + Y] w )T +hT(OF ) ws +

+ %(W; TLy b+ W, by TL) — Ak’

\/_

07

g )t = i + iy R+ hT (r +i°5)T
v

C - =

%(WZILWbL + W, bLy'1)

OR ) wo)t+
R 2

)
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where w, are the chirality projection operators (1+°)/2
and the gauge couplings are presented as

1 1 2 1 1 2
b= (343 = (334

swew
T SL.CL ¢ 2SW T 2SW T
=, = ——, = ——, =0. 6
L 2swew &R 3ew &R 3ew &R ©)

The triple Higgs coupling Ay, can deviate from the SM
2

= ’% in many new physics models [30-39].
Here, mr, 01, &1, &, yr, yr are all real parameters, while
yiT, yiI can be complex. Henceforth, we will turn off the
parameters k, and y7 for simplicity.

Next, we will demonstrate how to constrain the
FCNY couplings via the gg — hh channel. Although the
FCNY couplings yiT’R are not free parameters in the above
VLQT model, they can be free in more complex models.
If we can extend the SM by the singlet 7, Tr and many
new scalars, there can be enough degrees of freedom.
Therefore, we can consider them as free parameters in
realizing a general analysis.

value

III. CONSTRAINTS ON THE SIMPLIFIED
MODEL

In this section, we will review the theoretical and ex-
perimental constraints on the simplified model. Specific
details can be obtained from our previous study [17]. The
S-wave unitarity will lead to the bound [17]

VO P+ R + 12T Py 2+ TP+t P < 16w (7)

In Fig. 1, we present the unitarity allowed region in the
plane of [y{|—|y{/|. Higgs signal strength and top quark
physics provide relatively loose constraints. Direct search
can bound the VLQ mass as light as 400 GeV without
specific assumptions [28]. The strongest constraints on
mr and sp originate from the electro-weak precision
measurements. Here, we consider the S and 7 parameters
[22, 40-43]. In Fig. 2, we present the allowed parameter
space regions from the global fits at 1o and 20~ confid-
ence levels (CLs). In this study, the input parameters are
selected as mz=91.1876 GeV, my =80.387 GeV,
my, = 125.09 GeV, m; = 172.74 GeV, Gr =1.1664x
1075 GeV~2, and cw =my /mz [4].

Next, we consider the constraints from the top quark
electric dipole moment (EDM). If CP violation exists in
the FCNY interactions, it will contribute to the EDM type

. . 1 — .
interaction —Ed,EDMto'”"yStFw. The dPM is calculated as

T
YR

o
N

2 3 4 5

1A
Fig. 1. (color online) Parameter region allowed by the per-
turbative unitarity. Figure from Ref. [17].

0.30

0.25
—20
0.20 10

0.00 500 1000 1500 2000

mr (GeV)
Fig. 2. (color online) Constraints on my, s from the S and T’
parameters. Here, the green and red colors depcit the allowed
regions at 1o and 20~ CLs, respectively. Figure from Ref. [17].

JEM eQTMTD’g()’iT)*'—)’iT()’g)*]Cl’ ®)
16721
with C; defined as

1
C =?[Bo(mt2,m%,mi)—BO(O,m%,m%)
t

2 2 2 2 2.2 2 2
+ (my —m; —m;)Co(m;,0,m; ,my,my,mz)].

As can be observed from the identity [y (yi")*—
)1 =2i(Rey Imy}! —Reyid Tmy!"), df®™ will vanish
if we turn off both the imaginary parts of y’.. The top
quark EDM can be bounded as |dEPM| < 5x 10"2¢-cm at
90% CL [44-46] with the ACME results [47]. In fact, we
can rescale the limit to be |dEPM|<6.3x1072le-cm or
Im,d*PM/e| < 5.5x 107> with the improved data [17, 48].
If we consider my =400 GeV, the top EDM sets the up-
per limit of [yl (1")* —y{f (& )*| to be 0.12 at 90% CL. If
we take my =800 GeV, the corresponding upper limit of
v ) =y ()| is 0.24 at 90% CL. The looseness of
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the constraints increases with my . g%
IM(3) = —imfﬁ’r‘ (k)€™ (k2)(A™ fa+ B fp+ C* fo),
IV. ANALYSIS OF DOUBLE HIGGS )
PRODUCTION where a and r;, represent the color and spin indices, re-
spectively, and the tensor structures A*”, B, C*” are giv-
A. New physics results on amplitude en by
The double Higgs production is a trending topic in the
field of Higgs physics. The di-Higgs production cross K K o VP
section has been calculated in SM for several years [49, AR =gty 2L cH = L,
50]. The new physics effects have also garnered consider- ki-ky ki
I : - 2K 2k p)K Y 20k pO)PRY
able attention in this community [51-55]. A few studies B =g 4 kK Ak poiG P 2Rk pUp K
on di-Higgs production are based on the SM effective piki-ka)  ph(ki-ky) pi(ky -ka)
field theory (EFT) [56-61] and non-linearly realized EFT 204 p ,  fa- mt
[62-65]. There are also several studies considered in spe- +—— pr=—"7F).
cific models, such as the Higgs singlet model [66-68], Pr g (10)

two Higgs doublet model [69-72], VLQ models [73-75],
composite Higgs models [76, 77], minimal supersymmet-
ric standard model (MSSM) [78-80], next-to-MSSM [81,
82], and many other new physics models.

For VLQ models, there are additional fermion contri-
butions: the pure new quark loops and loops with both
SM and new quarks. In Figs. 3 and 4, we present the

These structures possess the orthonormal relationships
A™ A, = B B,, =C*'C,, =2 and
A®B,, = A®Cy, = B”C,, = 0. The coefficients f4 pc re-
ceive contributions from the ¢ and T quark loops and can
. T
be written as fapc=fypct fAT,B,c+ ijTB’C. Here fzi(,B?c

Feynman diagrams from the pure quark loops and mixed represents the contributions from pure #(7) quark loops,
while £!T, . indicate the contributions from mixed ¢ and T

quark loops, respectivelyl). The latter will be induced by A,B,C 5
FCNY interactions. The FCNY contributions are less quark loops. When we set ki = 1 and turn off the coup-
considered in most studies, as they are smaller than the  lings y{'y, they move straight to the SM result. After a

same flavor terms. However, this channel can be sensit- few lengthy calculations, we can obtain their explicit ex-
ive to large FCNY couplings. pressions. )
Starting from the Lagrangian in Eq. (5), the amp- The pure top quark contribution to f4 is given by
litude of gg — hh can be parametrized as fi=kfit +12f2° Here, f* and i are defined as
g // h g m — — h g m , h g — _ h
h / \ 7
- t ' i '
N / \
g N g 0000 — — h g £000100) N h g — — h

Fig. 3. Typical Feynman diagrams contributing to the g(ki,u)g(k2,v) — h(p1)h(p2) production with pure top (and 7) quarks running in
the loops, where the counter-clockwise diagrams should be included.

g e _ ] g ____ n UNAVAVAVAY s b
t T t N ;
t N7
¢ T T . DN
¢ T t AN
g —=—=—=h I - ———h UEAVAVAVAV, 4 N
g Lo T
T « 7 h 9 AN\ o __
/
T e T
VAN t
T 7 N
9 N\ h

Fig. 4. Typical Feynman diagrams contributing to the g(ki,u)g(k2,v) — h(p1)h(p2) production with both top and 7" quarks running in the
loops, where the counter-clockwise diagrams should be included.

1) The diagrams are drawn by JaxoDraw [83].
2) During the calculations, we have used the FeynCalc to simplify the results [84, 85].
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o o _ O
1,0 B
A s(s—m[2+(4m,—s)co(s)] fl —m[2+(4mT—s)CO(s)]
2m 2 2 2 2 2 _ 2
f};“‘=2’;"{ 2c3(>+¥[( m)Ch(#) fAT’“l=%{4m%05(§>+M[(f—mz>c§(ﬂ
+ (= mp)Cl(@)] +m? (8m7 — = 2m}) + (= mp)Cy ()] +m3(8m3. — = 2m})
x| Dy, 8) + Dy (@1, §) + Dy (7,0 x| Df (,8)+ D (,8) + DY (2. )|
i —m} } f-mt TM}
+2+ —(4m? - m2)Dy (i, i) (11) +2+ —L(4md - m)DY (G, §. (12)

The pure T quark contribution to fs is given by  The top and T quark mixed contributions to f4 is given

2
fAT_( VYT) i (”) 10 Here, £ and f7° are by £ =P+ DT 40 04 i 0 1T

mr
defined as Here, £i7°" and f{""* are defined as:

Tal 2 my, —m;
e = : {2m, Ci(8) +2miCE (5 + m—[(t mA(CT @)+ CY (D) + (- m)(CE (@) + CF ’(u))]
+(m? +m3 — mﬁ)[mf(DgT(f, 8)+DIT (@, 8) + DIY (7,)) + m>(D}' (7, 8) + D} (&, ) + DY (7, a))]
- m2 ,
+2+ (m, +mT—mh)Dt (, A)}
o2 Y {4( niz =D CiT (1) + CF (0] + 42 - )| CFF (@) + CF(@)|

+3(4m} - )| D (£.8)+ DYf (,8) + DY (. )] + §4m3. - )| D' (7. 5) + D' (0. $) + DY (7.0 |
+4(fi—my)DY (7, a)}. (13)
The pure top quark contribution to f3 is given by £ = «2f5”". Here, f5' is defined as
2
i =%{ —28Ch(8) +2(mj; = DYC(D) + 2(m;, — W)Ch(@1) — 2(8m? + § — 2m )Ch(m3)

+2m? (8my + §— 2m})| Dy (. 8) + Dy (1, §) + Diy(7. )|

+ —— [ $8(8m}i— 2 — i) Dy, %) + Sa(8m? it — 2* - mp) Diy(@, 5)
- mh
+(8m7 + § = 2mp)(8(8 = 2m)CH(8) + S(3 — 4mp)Ch(m) + 28(m;, = DCH(D) + 20a(m], — )C (u))]} (14)

2
The pure T quark contribution to f3 is given by f} = (vy_r) f3°" Here, f4°" is defined as
mr

m2
£ :TT{ —25CL(®) +2(m; - HCE (&) +2(m7 = )CL (@) - 2(8m7 + § - 2m)CE (m3)

+2m3.(8m3 + 5= 2mp)|[ DY (2, 9) + Dy (@, §) + Dy 7, a)]

+ 7| $88m3E— 7 = nip) DY (7, 8) + Sit(Bm it — > = mp) D (1, )

tu—mh

+(8m. + § = 2mp)(3(8 = 2mp)C{ (8) + (3 — 4mp)CY () + 28(mj; — HYCE (F) + 20(m}, — )C (ﬁ))]}. (15)
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The top and T quark mixed contributions to f5 is given by fi = (TP +Iyd P fy " + [ Y+ (i) ]f’TD2
Here, f5°" is defined as:

o1 _ 2 . Tt
£ 1=Tf{__[co( )+C0(s)]—-(s—2mh+2m, +2m3)[CY (mp) +C] (mh)]+

[CgT(t) +Cy')]

2 _

m
i [C(’)T(u)+Cg’(u)]+ S (m} —m3)(S+m} +m} —mp)| DY (7.5 + DY (@, 8) - D§'(7.8) - D} (0,9)]
m +m
(4—T)( §—2m} +2m? +2mT)[D’T(t §)+ DYl (i, ) + DY (,2) + D{' (1, $) + D' (@1, 8) + D' (@, ﬁ)]
PPN 2\ a 2 2 2 tra T(a
+ pre— |8(5 = 2m)(8 = 2mj + 2m +2m3)(Cl($) + CF (5))

+280m7 = mp)(8 = 2mj, + 2m3 + 2m7)(CH(8) = CF (8)) + §(5 — 4mp)(8 — 2mj + 2my +2m3)(CY (mp) + CF' ()
+ 28y = D)(8 = 2mj, + 2m7 + 2m7)(CE () + C (D)) + 20y, - #)(8 — 2y, +2my +2m3)(CY (@) + Cf ()
+8(mf —m3)*(8 = 2m, +2m; +2m3)(DY (7, 8) + Dy (@, 8) + DYy (7,2) + DY (7,8) + Dy (0, §) + Dy ' (7, )
+288(m} — m7.)(3 = 2mj, +2my +2m3)( Dy (7,8) - DY (7. 5))

+280(m; —m3)(5 = 2m;, +2m; +2my)( DY (t,8) - D' (i1, $))

— S0 + mfy = 200m] +m3))(DY (7.9) + DY (i, $)) - S0 + miy — 20(m} + m3))(DY' (. 8) + Dy (2, s))]} (16)
and f;°7 is defined as

2mymy? . .
e =@{ 2| Cil ) + € m2)| + 2m2 [ DI (7.8) + DI (2, 8) + DY 7.

+2m3| D' (,8) + DY (i, §) + DY (1. 0) | + — ! [5G —2m7)(C(8) + CF (8)) = 280m7 — m3)(CH(3) - CF (9))
tu— m
+ 38— 4mp)(CY (mi) + €' (mp)) + 200m; = D(CE () + C (D) + 2a(m;, — w)(CY (@) + Cf (@)

+3(7 + Omf —m3)?)(DY (7.5 + DY (5,9) + 82 + (m} - m3)?)(DY (,8) + DY (.5))

+28(m; = my)(DY (7,8) - D' (7, 8)) + 28(m; = mp)(DY (@, $) - DY (@, §)) + 23(m; —m3)* Dy (7, u)]} (17)
The pure top quark contribution to f¢ is proportional (A 2m; . 75 L0 1
to «k;; hence, we set fi. to be zero. Similarly, the pure T = §_mi 120m2 m? ’
quark contribution to f¢ is also turned off. The top and T 2 T 1
. . . . . r,al _ h
quark mlxed contributions to fr is given by S == 3 [1 + 2o +0(—4)],
m m
T = —i[ T (y Y iy ]f’TD Here, 7 is defined as o '
o _NOni=i) (1
0 =mmpv?| DY (7,8 + DY (2,8)+ DY (1,0) ' '
+D{'(1.%)+ Dy (@1, 8) + D{ (7, fd)]- (18)  Regarding the coefficients of pure T quark loops, they are

just the ones with m; replaced by mr.
For the case of ¢ and T quark mixed loops, there are
B. Heavy quark expansion

m
L m}zl’ 8,50 ) more complications. In the limit 7«1, the coeffi-
In the limit ——— < 1, the coefficients of pure top mo

2
quark loops f3, f% can be expanded as cients fi, fi, fI" can be expanded as

073108-6



Di-Higgs production as a probe of flavor changing neutral Yukawa couplings

Chin. Phys. C 45, 073108 (2021)

1
1 212 1 ez - 0(_] (20)
17,01 7,02 .
S| :O , > J— — 4+ O —, B 4
L [m?T ] L 3mmy [miT ] e
2
tT,0 _ m,
T =——+0 i =
fe =y [ IT] In the above, r,r is defined as riy = o
. 4
FTol V(2 - i%) (1 + 7)1+ 207 logrl, — i) C. The cross section analysis
B T2 4 _ 2
i (1f = m ) 2 (1=rip) When averaging the initial spin and color degrees of
+ O(%], freedom, we can obtain the partonic cross section of
T gg — hh at the leading order (LO) as follows:
a}G2 /§(§—4mg) 1
Frolge — hhi5) = | deoso P+ + 1)
+o 128(47)3 1

22

_ oGy (e 2 NP YN LY Y 2)?
= GGy f df (| fal® +1/3l +|fc|)tmin——z<‘/g+\/s—4mh), rmax-—z(«f— s—4m?)’). (D)

where fa, f, fc are calculated as

fa=li+ B+ B = afy i 5+ ( ‘Z:)f}‘\ (an’) Frt+ O P bR A+ T OF) HR oD A0

2
vyr
fo=la+fs+ 15 =K ;D‘+(ml) F5 =t O P+ R s + [yl

fe=fe fE+ 18 == O R O [

| . .
Note that there is a = factor in the partonic cross sec-

tion because of the identical final states. In general, the
anomalous triple Higgs coupling A, will also alter the
di-Higgs production cross section. Its effects can be cap-

tured with £, f2*(f =+,7) multiplied by the factor

1+ Onhh = /]'hhh//li]%'
After folding the partonic cross section with the gluon
luminosity, we can get the hadron level cross section

1 ! dx ,
Lo(pp — hh) = f dr f = )
—L T
<f(2 ,yF)aLocggehh S=15). (23)

where f represents the gluon parton distribution function
(PDF) and uF is the factorization scale.

k)

) +y ] 17,02

(22)

V. NUMERICAL RESULTS AND CONSTRAINT

PROSPECTS
Similar to the VLQT model, for simplicity, we con-
sider &, = ¢, yr ——TTsi , but let Re(y)),Re(y¥)

Im(y{’ )Im(y ) to be free. Then we can select several
benchmark scenarios and estimate the constraints on the
magnitude and sign of the FCNY couplings. Now, we
need to normalize the cross section to the SM ones nu-
merically for fixed my and si, which is defined as

hh
= M_ (24)

O'IS}E)/I(pp — hh)

Up to LO level, uy, can be parametrized as

i =1+ Ap+ AN S+ AL+ (Ao + ARG (YT P+ T 1)

+(A3+ Ahhhéhhh)

TOR + e G T+ Aa(y!] |2+|y |)2+A5[y O +y 6T

+As(yT P+ v DT O )" + v O 1= A7 DT 0 )" = v G 12, (25)

From the observation of Egs. (21) and (22), we can

I
infer that Ay, A, Az, Alh, AlhhARRh - ABMh depend on the
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choices of both m7 and sp, whereas A4, As, Ag, A7 solely
depend on mg. Moreover, A", A4, As, A; are always
non-negative, and A, vanishes as sp tends to zero.

Although oM(pp — hh) has been calculated with
high precision [86-94], we will not consider this complex
calculation here. Here, we only keep the LO results be-
cause a large part of the QCD corrections can be can-
celled in the ratio [57, 65, 95, 96]. To obtain the numeric-
al results of cross sections, we write a model file using
FeynRules [97, 98], FeynArts [99], and NLOCT [100].
Then, this file is linked to MadGraph [101]. Before the
numerical calculations, we use the following default set-
tings:

e Proton contains b and b, that is, we adopt the 5 fla-
vor scheme.

e We adopt the PDF choice "MSTW2008lo68cl"
(LHAPDF ID 21000 [102]).

e The default "dynamical scale choice" is set to be 3
(see [103]).

e The input parameters are selected as
my = 125.09 GeV, Gp = 1.1664x 1075 GeV2, m, = 172.74

GeV, and a(myz) =0.1184; hence, v = 246.221 GeV.

Currently, the Higgs pair production is bounded to be
lnn] < 6.9 at 95% confidence level (CL) [104, 105]. At
the high luminosity LHC (HL-LHC), di-Higgs produc-
tion measurement is accessible. The expected signal
strength is pp, = 1.00%058 with 1o~ uncertainty [106]. We
set the benchmark points as mr =400 GeV, s =0.2 and
mz =800 GeV, sp. =0.1, and the following discussions are
based on the two benchmark points. Now, we should de-
termine the specific values of Ay, Ay, Az, As, As, Ag, A7
and AR, Ah ADIR AT Rirst, we have oM (pp — hh) =
24.7 fb. When setting different values of 6., ¥{', yii , we
can obtain different normalized cross sections (see Tables
1 and 2). Then, the numerical values of Ay,...,A; and
A, Althh - ARRRCARRR can be solved from the first seven
and last four equations seperately. Their results are
presented in Table 3.

A. Benchmark point m; = 400 GeV and sy, =0.2

For the case of mr = 400 GeV and s =0.2, the nu-
merical results of yy,, are evaluated as

finn =1—0.1919 = 0.6958 S, +0.2754 6%, +(0.3717 = 0.1343 5 ) (' > + T 1)

+(1.672 = 0.9956 ) [y ()" +yid 7)1 +0.07449(ly T * + |yid 1H)? + 1114 [y (v
=3.071[y T iy -

+0.3166(y;" 2 + |y T O ) + i i7"

In this case, the present di-Higgs production experi-
ments provide the constraints &, € (-3.61,6.13) and
Rey!” Imy!” Reytl , Imy¥ € (-2.62,2.62) at 95% CL by set-
ting one parameter at a time. In Table 4, we provide the
expected constraints on the parameters &, Rey!”, Imy;",
Reyg ,Imy’T at HL-LHC. It can be observed that both the
current and expected constraints at HL-LHC are stronger
than the unitarity bound, because the highest power in di-

Ty 4y (1
Yo 2 (26)

Higgs production cross section is proportional to (y )4
As mentioned above, there are four interesting para—
meters Re(y’ ), Re(y% ), Im(y ), Im(y ). Accordingly, we
can plot the reached two-dimensional parameter space by
setting two of them to be zeros or imposing two condi-
tions. Here, we select six scenarios: (D y are both real
(similar to both imaginary number case); @ yid is real
and y{" is imaginary (similar to the real y;” and imagin-

Table 1. Normalized cross sections for different &, y’LT, y{{ values with mr = 400 GeV and s;, =0.2 at v/s=14 TeV.
Onhh ( y’LT, yi{ ) expressions of ppy, numerical values of
0, 0) 1+A; 0.8081
0, 1) 1+A1+A+Ay 1.254
1 1 1
= 1+A1+-A+ —A 0.9057
(0,2) + 1+4 2+164
0 a, n 1+A] +2A2 +2A3 +4A4 +4As5 +4Ag 10.92
1, =1 14+A; +2A; —2A3 +4A4 +4A5 — 4Aq 1.695
1, i) 1+A; 424 +4A4 +44A7 14.13
11 1 1 1 1 1
=, = 1+A1+ A2+ A3+ —-As+ -As+ - A 2.206
(2’2) A+ S A+ S A S ALt JAs T 1A
(0, 0) L+ Ay + AR 4 Al 0.3877
1 ©, 1) L+ Ay + AR 4 ABIL L A 1 AT 4 A 0.6996
(L L+ Ay + AR ARRR 4 (A + ABIY + 2(A3 + Al .
’ +4A4 +4As5+4Aq
-1 (0, 0) L+ Ay — Al 4 Alh 1.779
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Table 2. Normalized cross sections for different 6y, yi, y values with my = 800 GeV and s =0.1 at vs=14 TeV.
Ohih ( yLT, yg ) expressions of upy numerical values of
0, 0) 1+A; 0.9506
O, 1) 1+A1+A2+ Ay 1.098
05 L4414 A2+ 2 Ad 0.9838
0 1,1 1+A) +2A + 243 + 444 +4As +4A¢ 5.255
(1, —1) 1+A; +2A2—2A3 +4A4 +4A5—4A6 0.3376
a, i 1+A; +24, + 444 +44A7 5.247
11 1 1 1 1 1
5 5 L+A + 2 As+ - A3+ —As+ ~As+~A 1.675
(2,2) +Ar+5Ar+ S A3+ 2 A+ 2 As+ 1 As
(0, 0) L+ Ay + AR 4 Althh 0.4502
1 ©, 1) L+ Ay + Al 4 ARRR 4 Ay 1+ ABID 1 Ay 0.5526
a1 L+ Ay + Al 4 ARRR 4 (A + ABIYY + 2(A3 + Al 3519
’ +4A4 +4A5 +4A¢
-1 (0, 0) L+ Ay — Al 4 Alhh 2.013
Table 3. Coefficients in Eq. (25) solved using the signal strength values in Tables 1 and 2.
Vs/TeV (mr/GeV, s.) Ay Ay A3 Ay As Ag Az
(400, 0.2) -0.1919 0.3717 1.672 0.07449 1.114 0.3166 3.071
14
(800, 0.1) -0.04939 0.1279 1.087 0.01943 0.378 0.0711 0.9907
\ﬁ/TeV (mT/GeV, SL) Aghh Aillhh Aghh Aghh
” (400, 0.2) —0.6958 0.2754 -0.1343 —-0.9956
(800, 0.1) -0.7814 0.281 —-0.04494 -0.5731
Table 4. Expected 1o and 20 bounds at HL-LHC for the parameters 6, Reyi” ,Imyi” ,Reyi ,Imyil under the benchmark point mr =

400 GeV and s =0.2. Here, we adopt two different methods: (1) turn on one parameter at a time (individual method) and (2) turn on all

five parameters (marginalized method).

method CL S Rey(" Imy{" Reyll Imyfl
lo (-0.681, 0.327)U(2.20, 3.21) (-1.13,1.13) (-1.13, 1.13) (-1.13, 1.13) (-1.13, 1.13)
individual
20 (-1.03, 3.56) (—1.40, 1.40) (—1.40, 1.40) (—1.40, 1.40) (—1.40, 1.40)
lo (=3.76, 3.99) (=191, 1.91) (-1.91, 1.91) (-1.91, 1.91) (-1.91, 1.91)
marginalized
20 (—4.48, 4.66) (=2.09, 2.09) (—2.09, 2.09) (-2.09, 2.09) (-2.09, 2.09)

ary yiI' case); 3 yII =0 (similar to the y! =0 case); @

W =GO =@y =05

In Figs. 5 and 6, we present the plots with &, =0
and 6y, =0.5 respectively From these plots, we ob-
serve that Re(y r) and Irn(y r) are constrained to be in
the range (-2, 2) approx1mately at 20 CL. In some of
these scenarios, the 2o interval can be as tight as
(-0.4, 0.4). The reach regions of 10 and 2o are quite
different. The value of &, has significant effects on the
extraction of yiTR. For the first (upper left) plot, the first
and third quadrants are more constrained. This can be un-
derstood from Eq. (22), because there is constructive in-
terference between the positive [y Ok Ty R (y Ty term
and other box diagram induced terms. However, itisa
destructive interference if [y (y Ty 4 y )*] is negat-

ive. The last five plots are symmetric, relative to the hori-
zontal and vertical axes. For the second (upper central)
and sixth (lower right) plots they receive contributions
from the [y{" ()" =y (7)*] term. Because |fc|* in Eq.
(21) is always pos1t1ve the constraints are stronger For
the fourth (lower left) plot, positive [yi" (i )* +yi (vi)*]
induces the constructive interference; therefore, the
bounds are also stronger For the third (upper right) plot,
both [y" ()" +yg 1)*] and [y{( ye 0iF)*] van-
ish; hence, it is less constrained than other plots. In addi-
tion, there can be more cancellations between the tri-
angle and box diagrams for larger 6,,,. Therefore, the
constraints are usually looser than the zero &, ones.

In fact, we infer that the di-Higgs production at HL-
LHC can give stronger constraints than those from per-
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Im(y)=Im(y)=0 Re(y])=Im(yq)=0

| ggohhat2oCL
[ gg-hhat 1o CL
-2 - EDM at 90% CL

| ggohhat2oCL
[ ggohhat 1o CL

3 210 -05 00 05 10
im Re (1)

=Ry

gg-hh at 20 CL
[ ggohhat 1o CL
[ EDM at 90% CL

[ gg-hhatta
-04 -0.2 0.0 0.2 04 .—1.0 -0.5 0.0 0.5 1.0 -0.5 0:0 0.5
Re (y}'p) Re (v,-y3) Re (v'g)

Fig. 5. (color online) Reach regions of y!,yi"" at HL-LHC with 6, = 0 for the case of my =400 GeV and s. =0.2. In the above plots,
we take Im(") =Im(y) =0 (upper left), Re(y’)=Im(!7) =0 (upper central), yi7 =0 (upper right), yi" =y (lower left), yi7 = —yif
(lower central), and yiT = (T )* (lower right). We also consider the top quark EDM constraint for the scenarios Re(y!") = Im(7) = 0 (up-
per central) and yi” = (yi7)* (lower right), where the reach regions of y!,yiT are depicted in red at 90% CL.

Im(y")=Im(y3)=0 Re(y[)=Im(y}7)=0

s S
2 9 >
Q Q
o o
-1 -1
‘ gghhat 20 CL [ gg-hh at 20 CL
st 10t o
-2 -2
-2 -1 0 1 > ) 1 0 1 > -1.5-1.0 -0.5 0.0T 05 1.0 15
Re (v}") Im (/") Re (y/)

A=m)"

Im (Y;.TR)
Im o/} -yR)

gg~hh at 20 CL
[ ggohhat 10 CL
77 ggoh [ EDM at 90% CL

-04 -02 00 02 04 -0.5 0.0 0.5 -1.0 -05 0.0 0.5 1.0
Re (vx) Re (v}',-yM) Re (/')

Fig. 6. (color online) Reach regions of yiT, y{{ at HL-LHC with 6y, = 0.5 for the case of mr = 400 GeV and s =0.2. In the above
plots, we take Im(y}") =Im(y/ ) = 0 (upper left), Re(y{") =Im(y%) = 0 (upper central), yi/ =0 (upper right), yi" =i (lower left), yi" = —yi7
(lower central), and y! = (T )* (lower right). We also consider the top quark EDM constraint for the scenarios Re(yi") = Im(!) = 0 (up-

per central) and yi” = (yi7)* (lower right), where the reach regions of y7,yiT are shown in red at 90% CL.
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turbative unitarity and & — yZ decay [17]. When we con-
sider the top quark EDM bound, the two scenarios
Re(y’ )—Im(y "y=0 and y (y )* can also be con-
strained. For the other scenarios y =0, yL = +yR,
Imy!" =Imy! =0, they are insensitive to the top quark
EDM because we have the relationship dpPM ~ YT (i) —
(y Ty = 21(Rey Imy Rey Imy ). For the scenarlos
Re(y Ny=Im(yy)=0 and y' =(})*, we compare the
bounds from di-Higgs production and top quark EDM for

S =0 (Fig. 5) and 6, =0.5 (Fig. 6), respectively.
From these plots, we can observe that the off-axis re-
gions can be strongly bounded by the top EDM, whereas
it will lose the constraining power in the near axis re-
gions.

B. Benchmark point mr = 800 GeV and sy, =0.1

For the case of mr = 800 GeV and s; = 0.1, the nu-
merical results of uy,;, are evaluated as:

tinn =1 —0.04939 —0.7814 Sy, +0.281 62, + (0.1279 — 0.04494 5 )(y'T > + T 1)

+(1.087 = 0.5731 )|y} (V%

T+ R O] +0.01943(yT P + Iyt 1)) +0.378y{

2
R) IR (y)]

F0.0TLLT R+ T P O+ 047y - 0.9907 [y 0Ty 3T 6 ] - 27

In this case, the present di-Higgs production experiments
give the constraints &y, € (=3.42,6.20) and Rey’T
Imy!", Reyl, Imy € (-3.81,3.81) at 95% CL by setting
one parameter at a time. In Table 5, we provide the ex-
pected constraints on the parameters &, Reyf,
Imy!", Rey!d , Imy?l" at HL-LHC.

We will also plot the reached two-dimensional para-
meter space by setting two of them to be zeros or impos-
ing two conditions. In Figs. 7 and &, similar plots are
presented for the six scenarios with &, =0 and
S = 0.5, respectively. From these plots, we infer that
Re(y{’y) and Im(y{’y) are constrained to be in the range
(-3, 3) approximately at 2 oo CL. In some of these scen-
arios, the 2 o interval can be as tight as (-0.5, 0.5). The
reach regions are similar to those in the my = 400 GeV
and s, =0.2 case. Di-Higgs production at HL-LHC will
give stronger constraints than those from 4 — yZ decay
under these scenarios [17] For the scenarios
Re(y’ )—Im(y "y=0 and y (y )*, we also compare
the bounds from di-Higgs production and top quark EDM
for 6, =0 (Fig. 7) and 6y, = 0.5 (Fig. 8), respectively.
When mr becomes larger, yiT’R are constrained more
loosely. When s;, becomes very small, the pure top quark
contributions are SM-like, and the pure 7 quark contribu-
tions are highly suppressed. Therefore, the main devi-
ation of uy, is from the FCNY interactions.

Table 5.

By the way, the FCNY coupling may be probed via
other processes too. For example, we can probe the
FCNY coupling Tth via the direct production processes
pp — Tth,Tt,ThW,Thj. However, they are limited by low
event rate, and the detailed analyses in these channels are
beyond the scope of this work.

C. Comments on the doublet and triplet
vector-like quarks

We have assumed T r to be singlets throughout this
work, although they can be components of the doublet or
triplet VLQs. There are two doublet and two triplet VLQs
containing the 7 quark: (X,T)Lg, (T,B)Lr, (X,T,B)LR,
(T,B,Y)Lr. Here X,B,Y carry g,—%,
respectively. For the doublet (X, 7). r, the Higgs particle
solely interacts with the 71 r. For the doublet (T,B).r
and triplets (X,T,B)Lr, (T,B,Y)Lr, the B quark can mix
with the SM bottom quark. Thus, the Higgs particle will
interact with both the 7 and B quarks. Let us denote left
(right) up-type and down-type quark mixing angles as 6;
(6,) and @ (6%), respectively. They can be related with
each other [12].

e For the triplet (X,T,B)Lr, We obtain the relation-

4 )
-3 electric charges,

. m m
ships tan¢f, = — tan6! and tang% = — tan6”. ¢! and 6"
mr mp

Expected 1o and 20 bounds at HL-LHC for the parameters S, Re) Imy Rey Imy under the benchmark point my =

800 GeV and s =0.1. Here, we adopt two different methods: (1) turn on one parameter at a time (individual method) and (2) turn on all

five parameters (marginalized method).

method CL Shih Rey!” Imy!” Rey!l ImytT
lo (0.499, 0.541)U(2.24, 3.28) (-1.61, 1.61) (-1.61, 1.61) (-1.61, 1.61) (-1.61, 1.61)
individual
20 (-0.852, 3.63) (=2.04, 2.04) (=2.04, 2.04) (=2.04, 2.04) (=2.04, 2.04)
lo (—4.12, 3.89) (-2.82,2.82) (-2.82,2.82) (-2.82,2.82) (-2.82,2.82)
marginalized
2o (—4.80, 4.51) (-3.05, 3.05) (-3.05, 3.05) (-3.05, 3.05) (-3.05, 3.05)
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Fig. 7.
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plots, we take Im(y{") = Im(y ) =0 (upper left), Re({") = Im(yi{) = 0 (upper central), yi
0Ty (lower right). We also consider the top quark EDM constraint for the scenarios Re(y) =Im(i7) =0 (up-
are depicted in red at 90% CL.
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(color online) Reach regions of y!’', yi at HL-LHC with 6, = 0 for the case of my =800 GeV and s = 0.1. In the above plots,
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o mpemy
can be related via the identity sin26) = V2 S sin26; .
mp—m,
Thus, there is only one independent mixing angle ¢ .

e For the triplet (7,B,Y)Lr, we have the relation-

my bt b
m—tanﬁL. QL and HL

. m
ships tan#!, = — tan¢} and tan6} =

can be related via the identity
1 m2—m? .
sin2¢) = 5 T ’2 sin26! . Therefore, there is only one
2 m? 5~

independent mixing angle 6] .
e For the doublet (X,7)Lr, we have the relationship

m . .
tand] = —ttanG{{. Thus, there is only one independent
mr

mixing angle 6.
e For the doublet (7, B)Lr, we have the relationships
m m
tang = —tan@,, and tan6’ = 2 tan 0% . Hence, there are
m mpg

two independent mixing angles 6%, and 5.

For the doublet (X,T).r, the constraints on FCNY
couplings from di-Higgs production are similar to those
in the singlet T g case. Compared to the singlet 71 g,
there are extra BBh, Bbh-type Yukawa interactions for the
doublet (T,B)Lg and triplets (X,7,B)Lgr,(T,B,Y)LR.
Therefore, the constraints on FCNY interactions are ex-
pected to be looser.

VI. SUMMARY AND CONCLUSIONS

Top partners are well motivated in many new physics
models, and FCNY interactions can appear between top
quark and the new heavy quark. To elucidate the nature
of the flavor structure and EWSB, it is important to probe
the FCNY interactions. However, it is challenging to dir-
ectly constrain the 7th coupling at both current and fu-
ture experiments.

In this study, we introduced a simplified model and
summarized the main constraints from theoretical and ex-
perimental perspectives first. Then we calculated the
amplitude of di-Higgs production. After selecting
mp =400 GeV, sp =0.2 and my =800 GeV,s. =0.1 as
benchmark points, we evaluated the numerical cross sec-
tions. It is inferred that the present constraints from di-
Higgs production have already surpassed the unitarity
bound, owing to the (y{’p)* behavior in di-Higgs produc-
tion cross section. The constraints from di-Higgs produc-
tion at HL-LHC are also stronger than the 7 — yZ decay.
For the case of my =400 GeV and s =0.2, Rey’LT’R and
Imyf’R are expected to be bounded in the range (-2,2)and
even (—0.4,0.4) in some scenarios at HL-LHC with 20
CL approximately For the case of mr =800GeV and
s, =0.1, Rey and Imy are expected to be bounded in
the range (- 3 3), and even (=0.5,0.5) in some scenarios
at HL-LHC with 20~ CL approximately. The value of &,
can have significant effects on the constraints of yifR. In
simple terms, larger &, values trigger looser constraints

on y!’., as there can be more cancellations between the
triangle and box diagrams. Finally, we determined that

: T
'Fhe top quark EDM can provide stronger bounds of yi'
in the off-axis regions for some scenarios.
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APPENDIX A: ASYMPTOTIC BEHAVIORS OF THE

LOOP FUNCTIONS

1. The shorthand notations of Cy and Dy functions

The definitions of Cy and Dy functions related to pure
top quark loops are given as

Ci(8) =C(0,0, 8,m},m?, m?),
Co(mh) Co(mh,mh,s m,,m,, )

Ciy () =Co(0, mh,t m2,m?,m?),

Cl\(@r) =Co(0,m2, it,m?,m?,m?),
Dy (7, %) Do(mh,O 0, mh,t §,m>,m2,m?,m?),
Di\(@1,8) =Do(m?,0,0,m?, it, §,m*,m?,m?,m?),

AAD) Do(mh,O mh,O foi,m? m* m?,m?). (A1)

The definitions of Cy and Dy functions related to pure
T quark loops are given as

C}(8) =Co(0,0, 5, m3, m5, m3),
Cg(mi) ECO(mi,mi,ﬁ,m:‘},m:‘},m:‘}),
Cl (@) =Co(0,m;, 1, mb, mb, m%),
Cl (@) =Co(0,m3, i1, m7.,my, m3.),

T2 oy = 2 2282 2 2 2
D() @,3) =D0(mh, 0,0, my,t, S, my, my,mr, mT)’

D} (1, 8) =Do(m?,0,0,m, 11, §, 3, my., my, mz.),

DY (#,0) =Do(m7,0,m3, 0,8, t,my,my.,my,m%).  (A2)

The definitions of Cy and Dy functions related to
mixed ¢ and T quark loops are given as

CBT(mh) Co(mh,m,zl,s m,,mT, )

Cf)T(t) ECO(O,mh,t,m, ,my ,mT),

Cil (@) =Co(0,m7, it,m2,m?,m3),
DIT(t $) Do(mh,O 0, mh,t S mT,mt,mt, )
D (i1, 8) =Do(m3,0,0,m3, it, §,my,m?,m2,m?),

DI (i,&) =Do(m;,0,m;,0, 7, 0, m? ,m,my, m?), (A3)
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and Colle 1y, K22 2 )
1 plopl
ox+y+z—1
CH ) =Coli i 5,8 ) — [ [ a2t D
T 25 02 2 2 0 0 0 my = xyky = x2k; = yzki,
CO l(i) ECO(O’ mh’t’ mT’mT’mt)’ k2 k2 k2 k4 k4 k4 k2k2 k2k2 k2k2
CTH ) =Co (O B i __ L KA AR, KR R FRIKG KGR R
0 (M) = 0( s My, Uy M, Mg, 1T, )’ 2m12 24m;l 180mt6
D{'(#,8) =Do(m;, 0,0,m, 7, 8,mf ,mi, mi. my), o[
Df'(@, 8) =Do(m;,0,0,m}, it 3,m7 ,m, m, m7), O\ )
DY'(F.2) =Do(m3, 0,m3. 0.7, 0, m? . m3). (A4) (A6)
In fact, we have the relationship DT (7,4) = DI'(7, ). In particular, we obtain the following results:
2. Heavy quark expansion of Cy function Cl (s 1 S §*
o r-— 1+—2+—4 ,
L 2m; 12m;  90mi;
Cy function is defined as
1 2m§+§ 3m2+2m,§+§2
Clm?>) ~——|1 + .
s a2 9 R 12m? 90m? ’
CO(k ’klz,kzam()’m],mz) ! ;t\ ~ !
b 1 mi+t  my+mi+
_ Q) b 1 Chiy v —— 1+~ + (A7)
1 (q° —m)l(g +k1)* —m7][(q + k2)* —m3]
Lot et o(x+y+z—1) : 0 ; ;
= f f f dxdydz— > - - E - The expansion of C{ (&) functions can be obtained when
0 J0 Jo xme +ymy + zm; — xyky — xzk — yzky, replacing the 7 in Cj(f) with &. The expansion of C
(AS) functions can be obtained when replacing the m, in Cj
. . . ) with mz.
where ki =k —k; and D is the dimension of space time. When the first two internal masses are equal, the Cy
When the three internal masses are all equal, the Cy func- function can be expanded as:

tion can be expanded as [86]

1,1 opl
ox+y+z-1)
Co(kz’kZ,k2,m2,m2,m2)=_fffdxdydz
12272 e T 0o Jo Jo (x+y)m? +zm3. — xyk? — xzk3 — yzk?,

1 ol 2 2 2 2 2 232
-1 xyk? + xzk> + yzk xyk? + xzks + yzk k0
=_f ffdxdydz‘s(“y’;z )2 1+ 2T y212+(y1 2 yzn) ]+0 —
o Jo Jo (x+y)m; +zm3, (x+y)m; +zm3, ((x+y)my +zm3.)?

2 2 2 2 2 g4 6
N 1 +logry —rpp ~ 2+ 6rtT logr +3ry, 6rlT +ry o

ma (1= 12y 12mr2.(1-12)* ‘

5+2(1+2r7)logry, —4rk —rt.
4 2 \4 (k3 + ki)
4mT(1 1)

_3-30r7, =20 (1 +3log ) + 60ry — 1517, + 217 i
1

180mS.ré.(1—r2)°

6

10+ 9r2T +3(1+ 6r2T + 3r4T)10gr2T - 18r4T —ry
+ : ! L L LTkl + K33, +k3)

OmS.(1—r2.)°

~ 3+ 44rt2T + 12";27(2 + 3rt2T)10grt2T - 36rfT - 12rt6T + rfT E + 1)
36mSr2,. (1120 R

(A8)

When the first and third internal masses are equal, the Cy function can be correlated with the first two mass equal
cases via the following relationships:
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272 42 2 2 2 272 42 2 2 2
CO(k ’k129k27mt7mT’mt):C0(k ’k]29k]7mt7mt7mT)7
272 42 2 2 2 272 42 2 2 2
CO(k ’k127k29mT9m[7mT) = CO(k sklzsklsmT7mT3m[ )' (A9)

In particular, we obtain the following results:

g 1 14logri—rk mp+i 5+2(1+2r%)logry -4k —ri;
C() (i)"'_z ’

ms, (1-r2)? s 4(1=r2 )yt
my +mit+ 2 10+3(1+6r% +3rf)logrk. + 9rk. — 181, = %,
m, 9(1-r2)° |
C(’)T( i) ziz . 1+ logrtzzT —zrtzT B 14 . 2+ 6r12T logriT + 3rt2€ —46rfT + rf’T
my. (I=rz) my, 12ra(1=rz)
.\ m_i 5+201 +2r2)logr?. —4rd. - rt, . m_g 104301 +6r2. +3rt ) logrd, +9r2 — 18rf. — 15,
m‘} 2(1 - rtzT)4 mg 3(1- rtzT)6
B m,zlf . 3+ IZrIZT(Z + 3rt2T)10g rtzT +44rt2T - 36rfT - 12rt6T + rfT
mS, 18r2.(1 = r%.)°
B §_2 . 3-30r% — 604 log r2, — 207, + 60rS, — 1515, + 212 (A10)
m§ 180r.(1=1r%)0 '

Maintaining the terms up to O(—4) , and considering the log rtzT enhanced terms, they can be simplified as
m
T
T 1 2 2 o Mt
Cy (D) ~— [1+logry +rz(1+2logry) + ——
mr my

(5+2logr3)],

1 5 (2 m,
Cf (mp) ~— [1+logriy + rip(1+2logriy) — Lz (T +11+ 6logrfT] + —(5+2logr7y)]. (A11)
my. 12mg \ryp 2my.

Similarly, we can obtain the following results

2 2 _ .2 2,7 2 2 2 2 4
Cg’(ﬂ . L L+rglogry —ry, B mh+t' L+2r5, 2+ 1) logry, +4r:. — Sry;,

T ST K-r

mi + mﬁf+ 2 1+ 3rt2T(3 + 6rt2T + r;‘T)log V,2T + 18rt2T - 9r;‘T - IOr?T
6 ’ B s

my. 9(1 —rtT)6

2 2 2 N 2 g4 2 4 6
CT’(mz) o ‘ L+ry log Fop = Tip 5 1 —6ry. —6r; . logry, +3r; + 2rtT
o Uny) =

1- rtzT)2 m‘} 12(1 - rtzT)4

1
)
T
m 1425 2+ i) logr +4rg = Srly mp 14 3r(3+6rp + ) logryy + 187 —9rj — 107
2m3. a-r2) mS 31-r%)0

mi§ 1- 12rt2T - 12rfT(3 + ZrtZT)log rtzT — 36r;‘T + 44rt6T + 3r§T

2
m? 18(1 =r7)8

§2 2—15r% +60r). + 605 logr2, — 205, — 30r%. + 3r!?
. L . (Al2)
ms, 180(1 — r2.)°

. 1 S —
Keeping the terms up to O(—4] , and considering the log r%.-enhanced terms, they can be simplified as
mp
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2 R 2
m 1 K m

1+72.(1 +logrd,) + ——1, Cl'm?) ~ —— |1+ r2(1 +logrd,) + —— + —+ |
ir( grr) 2 o (m}) il ir( ) 12m2 " 2m?

1
CYlh~-— (A13)
mr

3. Heavy quark expansion of Dy function

Dy function is defined as

Do(kz,k%z,k%:;,k%,k%,k%:%,m(z),m%,mg,mg)
_Qm*? 1

D
in? f - mH)(q+k1)? —m2[(g+k2)> —m31[(q + k3)> —m3]

1 1
o(x+y+z+w—1
:ffffdxdydzdw S Gry+ztw-1) (Al4)
0 JO JOo JO

2 k2 — k2 — k2 — k2 — k2. — k2 12°
[xmy + ymy + zm5 + wms — xyky — xzk; — xwk3 — yzky, — ywki, — zwk3;]

where kjy = k) —ka, ky3 =k, — k3, and k3 = k; —ks. When the four internal masses are all equal, the Dy function can be
expanded as [86]

ox+y+z+w—-1)
Dok, k2 k2 K2, K2 k2 m2 m2 ,m2m )ffffdxddzdw
0 120K235 K35 K K3, 1Ty s 110, 11y Y [m 2—xyk2—xzk%—xwk%—yzkfz—ywk%—zwk§3]2

[ K+ k2, + k3 + k3 + K3+ k2, 1
1+ +
10m? 140m
+ 20k, + ks + Koy + ki + ki, ko, + kiskay) + 2k2 2k + k) + 25 (k3 + k33)
k6
+ 205 (k3 +133) + (k]13, + I3Ki + Kaki)) + 0( )]

m;

6mt

(2(k4 + I+ I+ I2IE + I3 + K2

(A15)
In particular, we obtain the following results:
. 1 2m>+§+1  6mt+4m2(5+1)+ 282 + 27> + §f
Dy(#,$) »— |1+ —— i 4m$+D B ,
6m; 10m; 140m;
o 1 2my + i+ Sm)+4my (T+0) + 28 + 207 + 1
Dy, i) ~— |1+ : . (A16)
6m; 10m; 140m1;

The expansion of Df(&, §) can be obtained when replacing the 7 in D{,(7,§) with &. The expansion of DT functions
can be obtained when replacing the m, in Dy with mr.

When three internal masses are equal, the Dy function can be expanded as

2 12 12 12 12 12 2 2 2 2
DO(k ,k125k239k39k2’k137m7"’mt’mt9mt)

1 1 1 1
1] -1
:ffffdxdydzdw ~ SIS SR Rl
o Jo Jo Jo [xms +(y+z+w)m

2 — xyk? — xzk% — xwk3 — yzk, — ywk?, — zwk2,
_ f] fl fl fldxdydzdw oCcty+ztw=1) [ 2(xyki + xzks + xwk3 + yzki, + ywki, +z2wk3,) 0 K
[xm%+(y+z+w)mt2]2 xm%+(y+z+w)ml2 8

m; r
(3 +KZ+KD) 146,21 +1%)logr +9r% = 9ry

2 4
1 1+2r logr —ry

~—

T
m‘} 272 pa | —rT)3 mg 6rt2T(l —V,ZT)S
(k2 +k3; +kiy) 1=8rp =120 logry + 815 — 1y
- s . (A17)
my. 24rtT(1 - rtT)
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2
We only expand this equation up to O(kT

], because the general results will be relatively lengthy. For the integral
mr

8
m; r

1, ol gl
A ox+y+z+w—1
Df)T(t,f):f f f f dxdydzdw — (x 2y W )2
o Jo Jo Jo [me+(y+z+w)m,—)c(y+w)mh—xzt—yws]2

1 1 pl gl 2 2 2
-1 2[x(y +w)ms + xzt + yws|  3[x(y + w)ms + xzt + yws
:f f f f dxdydzdw[ Sxty+ztw—1) (1+ Lty +wym, Y ]+ Lty wym, sl )
o Jo Jo Jo

. . . k*
DIl (7,8), we obtain the expression up to O(—]

xm2. + (y+z+wym?]? ' xm2.+ (y+z+w)m? [xm2 + (y + 2+ w)m?]?
+0( 1 )~ L 1 +2rt2T10gr12T—rfT (2m%+t) . 1+6r12T(1 +rt2T)10gr12T+9r12T—9rfT—rf’T
10|~ 4 2 2 6 2 2
Myp)  Mp 2rp(L=rg)? my 6rp(l=rg)
A 2 4 2 6 _,8 & 2 4 8 10_ 12 6 2
LS 1= 8ri. — 12r7 logry +8ry. — ryy .\ s_2 . 1 =972 +45r . —45ry. + 9y — i +60ry, logri.
m, 24, (1 - 1)’ ms. 180r8,(1 1)

$(F+4m?) . 1= 15r2, = 80rt, +80r%, + 15r%. — r10 — 60r4.(1 + r2 ) logr2,

ms 1207 (1= r%.)’
. P+ 2mji+ 3my 1+ 2817 = 28rf — rjy + 12 (1 4+ 3 + 1) log 1y
mS 12r2,(1 =%
(A18)
. 1 Sy N
Keeping the terms up to O(m_é] , and considering the logr?. enhanced terms, they can be simplified as
T
3 1 [1 Qmy+D( 1
DY (1.8) v—— | 5 +3+2logry + r7p(5 + 6logrfy) |+ ——| = +6logry, + 14
2m [ riy 6m,. o
i ( L3 g 25) (A19)
—— | — —— —12logr;; —25].
2 iy
Similarly, we can obtain the following results:
2 2 _ 4 2 2 2 2 2 4 _.6
DTG e 1+2r7dogry. —ryy  (2m; +1) 149 +6rp (1 4+ ) logry = 9rf —
0 mh 2(1-r2)3 ms, 6(1-12)
§ 1- SrtzT - IerT log rtzT + Srf’T - r?T 2 1- 9r[2T + 45rfT —45r§T + 9rt1;) - rtsz + 6Ort6T log rtzT
+ — _—
mS, 24(1-12)3 mS 180(1 - r2)7
S(E+4my) 1= 1517 —80r + 80 + 1517 —ryf = 60r% (1 + rp) log
mS 12001 -r2.)7
. £+ 2mji+ 3my 1+ 281 = 28rf —rj + 12 (14 37 + 1) log 1y (A20)
ms 12(1-7r2,)
. 1 S . .
Keeping the terms up to O[m_é) , and considering the log r%.-enhanced terms, they can be simplified as:
T
DI'(#,%) 1 (14372 +2r%.10gr%) —ZmiJrf $ (A21)
1,8) = +3r +2rlogr) + + .
0 2m‘} o O8N 6m? 24mg

When two internal masses are equal individually, we obtain the following relationships:
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Shi-Ping He
Do(kz,kfz,k%,k%,k%,k%,mt,m%,mT, ) DO(kZ’k%’k%wkfz’k%yk%’mrmtz’mtz’m%)
=D (ka3, k2, k3, K2 I3 2y m m2 P m). (A22)
Dy function can be expanded as:
Do(kz,k%2,k§3,k%,k%,k%,mtz,m%,m%,mtz)
:f f f f dxdydzdw o(x+y+z+w—1)
[(y+ z)m% +(x+wym? - xyk% - xzk% - xwkg - yzk%2 - ywkf3 - Zwk§3]2
f f f f drdydzd S(x+y+z+w—1) 2(xyk? + xzk3 + xwk? + yzk2, + ywk?, + zwk§3)}+0(£)
[+ 2)m2 + (x+ wym?]? (v +2)m2 + (x+w)m? ET
1 2+ rp)logry =2y Kk +ki+kgy 3+ (1+drg +rip)logry —3rh
N m‘; (1-12)3 mt, 2(1-12)
ﬁ 1+ 6rtT(l + rtT)logr + 9r - 9r;‘T - rt6T ) k% 1+ 6rtT(1 + rtT)logr + 9r - 9r?T - rZGT . (A23)
m$, 6r2.(1—r%)> mg 6(1—r%)>

2

We only expand it up to O[kT
mr

. . K
obtain the expression up to O(T)
m,p

], because the general results will be relatively lengthy. For the integral DY (7,4), we

ox+y+z+w-1)

1 1 1 1
DT (t,0) = f f f f dxdydzdw
0 0o Jo Jo Jo [(x+w)m? + (y+2)m3. — (xy + zw)m; — xzt — ywu]?

Il pl gl
-1
:fffdeddedW 6(x+y2+z+w )2 :
o Jo Jo Jo [(x+w)m; + (v + 2)m7]?

| 2[(xy+ zw)mi + xzt + ywu]
(x+ w)mt2 +(y+ z)m%

1 2+(1 +rt2T)10gr[2T—2r

3[(xy+ zw)mﬁ + xzt + ywu]? ) 1
[+ wym? + (v + 2 2 m9.

2m,+t+u 3+(1+4r +rtT)10grt2T—3r;‘T

10
m; 1

6

my (A=rg)? My 2(1-rg)’
Sy +4mj i+ i) + 28 + fi+ 20 11+ 2755 = 270 — 11ry + 3(1+ 9 + 9ry + 1) log (A24)
ms, 1 8(1 —r2)
. 1
Keeping the terms up to O(—4] and considering the log . enhanced terms, they can be simplified as
mp
B S 2

B +logry). (A25)

. 1
DY (,0) ~ o |2-+1ogry +4r7,(1+log )] -
T

In the above calculations, the ¢ and 7 quark mixed Cy
and Dy integrals will agree with the pure top quark integ-
rals in the limit of m, = my (or r,r — 1). In addition, these

A

expansion results have been numerically verified by Lo-
opTools [107].
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