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Abstract: The isoscaling parameters @ey,) in the fissioning systems, i.e., those extracted from the Evaluated Nucle-
ar Data Library (ENDF/B-VIIIL.0) and the Joint Evaluated Fission and Fusion File (JEFF-3.3), show an obvious dif-
ference from simple statistic model prediction where only the symmetry energy plays the dominant role. To explain
the aeva as a function of the charge number of the fission fragment, a statistic scission point model is adopted. Our
analysis shows that the effects of the shell correction, nuclear shape deformation, and intrinsic temperature of fission

fragments are indispensable as well as the symmetry energy. Furthermore, an alternative method for extracting the

intrinsic temperatures of fission fragments is proposed based on the isoscaling relationship in fission fragments. The

intrinsic temperatures of the light fragments are higher than those of the heavy fragments.
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I. INTRODUCTION

Isoscaling indicates the ratio of isotope yields from
two systems, /2 and /, which have same charge number
but different neutron numbers. The ratio exhibits an expo-
nential relationship [1-9], i.e.,

Yh (I’l, Z)

R0 = 3 s

oc exp(an +fz), M

where Y (n,z) and Y,(n,z) denote the yields of the frag-
ment with the neutron number » and charge number z. «
and B are referred to as the isoscaling parameters. The
parameter « is extracted from the isotopic yield ratios at
the given z, and B is extracted from the isotone yield ra-
tios at a given neutron number 7.

Isoscaling behavior has been observed and discussed
in a variety of nuclear reactions, including deep-inelastic
collisions [2], evaporation following excitation [3], multi-
fragmentation [4-6], and fission [10]. For the fissioning
system, Friedman examined the isotope yields of the fis-
sion fragments from binary fission with a simple statistic-
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al model [10]. When the symmetry energy plays a domin-
ant role in the isotopic distributions, the isoscaling para-
meter « increases with the charge number of the frag-
ment, i.e., z. However, the shell corrections are also im-
portant for describing the fissioning system, and it leads
the deviation from a smooth linear » dependence of InRy;
appears [10, 11]. Thus, the a values exhibit significant
uncertainties in certain region. The isoscaling behaviors
of the Kr and Xe isotopes from the photofission of actin-
ides were also investigated in Ref. [12], and the isoscal-
ing of Xe was found to be affected by N =82 and 88
neutron shells. Veselsky eral. examined the isoscaling
parameter a of the independent fission fragment yields
from the evaluated nuclear data file ENDF-349 for the
binary fission of 23%233U targets induced by 14 MeV
neutrons and the spontaneous fission of 24324 Cm to un-
derstand the fission dynamics around the scission point
[11]. The importance of the shell closure is verified again,
but the behaviors of the intrinsic temperature of the fis-
sion fragment are less discussed.

In this work, we only explore the isoscaling paramet-
er @ from the evaluated data, i.e., ENDF/B-VIILO [13]
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and JEFF-3.3 [14]. The isoscaling parameter « extracted
from the evaluated fission yield data is referred to as @eva
in the following description. The systems are
n+238235237 and the induced neutron energy is 14 MeV.
To understand the physics behind the z dependence of
Qeval, We analyze it within the framework of the statistic
scission-point model. Our results illustrate that symmetry
energy is crucial for describing the aey,; however, the
shell correction, nuclear shape deformation and intrinsic
temperature of the fission fragments cannot be ignored in
the description of the isoscaling parameter even away
from the shell closure. Additionally, the isoscaling ana-
lysis also provides an alternative method to extract the in-
trinsic temperature of the fission fragments. The finding
is that the intrinsic temperature of the light fission frag-
ment is higher than that of the heavy fission fragment,
which is consistent with the conclusion in Ref. [15].

II. ISOSCALING PARAMETER ¢ FROM EVALU-
ATED DATA

The evaluated data from the ENDF/B-VIIL.O and
JEFF-3.3 database are wildly used in nuclear engineering
and technology and can be regarded as "experiment-like
data" to a certain extent. Thus, in this study, we only
present the isoscaling parameter a obtained from the
evaluated data, i.e., @eyvai, for neutron induced fission at
14 MeV. The isoscaling parameter a.y, of the binary fis-
sion of n (14 MeV)+23%23U systems, which were ob-
tained from the evaluated independent fragment yields,
has been reported in Ref. [11]. Their studies show that the
isoscaling parameter a.y, increases with the fission frag-
ment proton number z, except in the region of z =38 —43
where the .y, decreases with z. Is this true and is the be-
havior of aeyy as a function of z also valid for n+23233U?

To understand it, we investigated two sets of fission
systems, one set is n+23U and n+2*3U, and the other is
n+238U and n+233U. The evaluated fission yields in the
ENDEF/B-VIIIL.0 [13] and JEFF-3.3 databases [14] are ad-
opted to estimate the model dependence. Figure 1
presents the InRy(n,z)+(65—2z) for n+?3U/n+ 33U (left
panels) and n+28U/n+233U (right panels), in which,
InRy(n,z) = n(Yy(n,z)/ Yi(n,2)). To clearly show the res-
ults of InRy(n,z) at different z, we shift them by a factor
of (65—7z). The upper panels are the results obtained with
JEFF-3.3, whereas the bottom panels are for ENDF/B-
VIIL.O. A linear behavior of InRy(n,z) is observed for
both sets, and isoscaling behavior for fission fragments is
observed from the evaluated data.

Figure 2 presents the extracted ae, values as a func-
tion of z. The left panel is the aew for n+2°U and
n+23U, and the right panel is e for n+23¥U and
n+233U. The values of ey for n+238U and n+3°U are
similar to those of n+28U and »n+233U, which is not
shown here. The red square symbols are from the evalu-
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Fig. 1. (color online) InRy(n,z)+(65—7z) from two evaluated

database. Left panels are the results for n+233U/n+23U, and
right panels are for n+238U/n+23U. Upper panels are the res-
ults from JEFF-3.3, and bottom panels are from ENDF/B-
VIIL.O.
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Fig. 2.
a function of proton number of fission fragment for
nt23U/m+23U (left) and n+238U/m+23U (right) at 14 MeV.
Blue circle symbols are the results from JEFF-3.3, and red
square symbols are from ENDF/B-VIIL.O.

(color online) Extracted isoscaling parameter aeyy as

ated fission yields in ENDF/B-VIIL.O. The blue circle
symbols are from JEFF-3.3. It should be noted that the
evaluated fission yields in the ENDF/B-VIILO file are
based on the Wahl systematics [16], and its accuracy
heavily depends on the measured data. The JEFF-3.3
database includes a more extensive experimental data-
base and the use of the GEF code, which is mainly based
on the fundamental laws of physics and general proper-
ties of microscopic systems [17]. As shown in Fig. 2, the
general trends of .y, as a function of z obtained from the
ENDEF/B-VIIL.0 and JEFF-3.3 are different.

In the cases of aey, extracted from ENDF/B-VIII.O,
the a@ea as a function of z is relatively flat for
n+233U/m+233U, where @eyq = 0.25. For n+28U/n+233U,
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our results confirm again that aey, increases with z, ex-
cept in z=38-43, as in Ref. [11]. In more detail, the
eval Values monotonically increase from 0.41 to 0.7 with
z increasing from 30 to 38, and from 0.5 to 0.94 in the
range of z = 44 -60.

In the cases of @.y, extracted from JEFF-3.3, the gen-
eral trend of ..y as a function of z is that ., decreases
with z until z ~ 46 and then increase with z. These trends
are highlighted with the shaded region. For n+
BSU/m+3U, ey = 0.25-0.40. For n+38U/m+233U, the
eval Values increase from 0.74 to 0.9 with z increasing
from 30 to 33, and then, ..y decreases from 0.9 to 0.72
from z =33 to 34, and then increases from 0.72 to 0.83
with z increasing from 34 to 38. In the range of z <38,
there are large discrepancies of .y, as a function of z
between JEFF-3.3 and ENDF/B-VIII.0, which should be
understood in the future.

III. RESULTS AND DISCUSSIONS

The previous analysis show that a.y, as a function of
z has a structure. Ideally, it must be understood from the
fission dynamics [18-26], but the theoretical predictions
of the fission isotope distributions based on the micro-
scopic many-body theory is still a big challenge [27-30].
In this work, we will understand the structure of @eya(z)
in the view point of the statistic scission-point model.

A. Statistic scission-point model

For the fissioning system, one can assume an interme-
diate coupling between the collective and single-particle
levels populated when the system moves along the fis-
sion path toward scission [31, 32]. This situation can be
described by introducing a collective temperature para-
meter, i.e., T.on, Which characterizes the quasi-statistical
equilibrium of the collective degrees of freedom and is
different from an effective intrinsic temperature of the
fission fragments, i.e., 7. In the following analysis, we as-
sume a quasi-equilibrium among collective degrees of
freedom near the scission point, which is fundamental for
the calculation of the relative probabilities of the comple-
mentary fission fragment pairs.

In the statistic scission-point model, the relative prob-
ability of the formation of any fission fragment pair is
given by [31, 32]

Y(n,z,ti,N—n,Z—-2,73)
Ocexp[_E(”sZ’TlvN_nvz_ZaTZ)/TCOH:I' (2)

Here, N and Z are the neutron number and proton num-
ber of the fissioning systems n+233233238U, 5 and z are
the neutron and proton numbers of the fission fragment 1,
and N—n and Z-z are the neutron and proton numbers
of the complementary fission fragment 2. The free en-

ergy E of the system around the scission configuration
can be approximately expressed as,

E(n,z,71,N-n,Z—-2,7) =E1(n,z,71) + E2(N —n,Z—-z,72)
+Vni2+ Ve 12,

A3)

where E;(n,z,71) is the free energy of fragment 1 at in-
trinsic temperature 7; and E;(N —n,Z—-z,7;) is the free
energy of complementary fragment 2 at intrinsic temper-
ature 7. Vi 12 and V¢ o are the nucleonic interaction and
Coulomb interaction energy between fission fragment 1
and fission fragment 2, respectively. After scission, the
short-ranged nucleus interaction Vy;, can be ignored
when the two fragments are separated sufficiently but not
the long-ranged Coulomb interaction V¢ j;.

Thus, the yield ratio of fission fragment with charge
number z and neutron number n between the heavy and
light systems can be expressed as

Y[(I’Z,Z)
oc| = En1(n.2) = Ena(Ny—n,Z=2) = Ve

InRy(n.2) =1n( Y”("’Z))

+ E1(n,2) + Eig(Ny=1n,Z = 2) + Ve o |/ Tean

2= (Epa2(Np—n,Z—-2)—Ejp(Nj—n,Z-2))/Tcon.
)

Because the heavy and light systems have the same
charge number Z,V¢. |, = V¢, |, and the Coulomb contribu-
tions to the yield ratios are canceled out.

In our analysis, a simple prescription for the free en-
ergy of the fragment with mass A = N +Z and charge Z,

E(A,Z) ~ —-BE(A,Z)+ f*(1(A, 2)), (5)

is used. The binding energy BE(A,Z) of a nucleus is cal-
culated based on the method proposed in Ref. [33]. The
rms deviation between the AME2003 data and the predic-
tion with this method is only 0.516 MeV, which is better
than the results from FRDM [34], HFB-14 [35], and
HFB-17 [36]. Briefly, the binding energy of the nucleus
with mass A, charge Z and deformation S is calculated as
a sum of the liquid-drop energy term and the Strutinsky
shell correction energy term as in Ref. [33]:

BE(A,Z,f) = —~Erp(A, Z2)isa(1 + bifS7) — Eshen. (6)

Here, B; is the deformation parameter, and Egy iS the
shell correction energy. The E;p(A,Z) is described by a
modified Bethe-Weizsdcker mass formula [33, 37], where
the pairing contribution is involved in,
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Z(Z-1
Ep(A.Z) =a,A+a,A*" +a. (Al 3 ) (1= 77213
+ dgym(N = Z)% A + apsi A5 6. (7

The shell correction is obtained by the traditional
Strutinsky procedure [33]. The intrinsic temperature re-
lated energy term f*(v(A,Z)) can be approximately writ-
ten as
2

A
f1(@(A2) = ZO[T(A’Z)] ®)

based on the form of free energy in the Fermi gas model.
7(A,Z) is the intrinsic temperature of the fragment with
mass 4 and charge Z, and € = A/ag. agp is taken as the
usual level density parameter in Refs. [38, 39]. In our
studies, the exact value of ¢ is not used, because we are
only interested in which temperature is higher between
the heavy and light fission fragments.
By inserting Eq. (5) into Eq. (4), we obtain

InRy(n,z) =~ (Epa(Np—n,Z—72)
—Ep(Ni=n,Z—-2))/Tcon

=[ABEZ -2~ Af' @Z~2)|/Teats 9)

Wlth ABE(Z— Z) = BE]LQ(Nh - I’l,Z— Z) - BELz(N[ - n,Z— Z),
and Af'()=[f@Ar-a.Z-2)- f@(A-a.Z-2)]. Tt
leads,

1 O[ABE(Z-27)-Af*(r)(Z-2)]
a(z) x—=—
Tcoll on 4
=QBE(Z) —a'fx(Z), (10)
. 1 OABE(Z-
with  ape(z) = To # . and ay (2) = ol

OAf* (1(Z -2))
on .

B. Effects of binding energy on isoscaling parameter «

Because the symmetry energy, shell correction en-
ergy, and nuclear deformation energy have been included
in the binding energy of the nucleus, their effects on «
should be understood. In this section, we discuss the in-
fluences of the binding energy on the isoscaling paramet-
er a.

According to Eq. (10), the difference in the binding
energy ABE between the heavy and light systems determ-
ines the main behavior of « as a function of z. In the ex-
pression of ABE, the terms related to the difference of the
volume symmetry energy ABEgm, shell correction en-
ergy ABEgen, and nuclear deformation energy ABEges are
defined as,

ABEgyw(Z —7) =(BE"2 — BELZ)

sym sym
(Ny—n-Z+2)°
=—a e ——
YNy —n+Z-2
Ni—n—Z+2)?
_WNizn=Z+27) (11)
Ni—n+Z-z2
ABEgen(Z-2) = BE:lfin - BEi}]zell’ (12)

and

ABE4(Z - z) =BE); — BES

= |ELoTbiB) " — (Epp i) |- (13)

For the systems of n+>¥U/n+?3U and nt+>38U/
n+?3U, the magnitudes of ABEj, are in the range of
35-43 MeV and 90-106 MeV, respectively. In Fig. 3
(a), (b), (c), and (d), we present the difference of the shell
correction energy (ABEge;) and deformation energy
(ABE4et). The left panels show the results from
n+233U/n+23U, and the right panels show those from
n+238U/n+233U. The displayed regions correspond to the
isotopes for extracting the isoscaling parameter «.

The |ABEgenl and |ABEg| for n+23U/m+23U are
shown in panels (a) and (b), and their values are less than
2 MeV in most areas, except in the region of (z~ 42,
n~62) and (z ~52, n~82), where the |[ABE,| reaches
up to 4 MeV. |ABEyy| in this region is approximately 38
MeV. Thus, one can expect that @ mainly depends on the
symmetry energy, but could be modified in a certain re-
gion.

The results of |ABEgen| and |ABEg| for n+238U/
n+233U are presented in panels (c) and (d). The maxima
of |ABEen| 6 MeV is located at approximately z =42
and 52, and the corresponding |ABEgym| is approximately
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Fig. 3. (color online) The upper panels (a) and (c) show the

ABEgen, and the bottom panels (b) and (d) show ABEgs. The
left panels show n+23U/n+233U, whereas the right panels
show n+23U/n+23U.
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95-99 MeV. In detail, there is a valley at approximately
z=40 and two peaks around (z~42,n~63) and
(z~52,n~ 82). For the |ABE4¢/|, a valley in the region of
(z~32, n~52) is also observed. Thus, it is expected that
« as a function of z for n+23U/n+233U should have two
peaks around z ~ 32 and 40. This behavior is well visible
in Fig. 2 for the JEFF-3.3, but obscure for the ENDF/B-
VIILO. In the region of 38 <z <45, ABEg, increases
with n, and it may significantly influence « in this region.

To quantitatively understand the total effect from the
symmetry energy, shell correction, nuclear deformation,
and others on the @, we present ABE as a function of n
for z from 30 to 60 in Fig. 4 (a) and (b). The left panel
shows n+23U/n+23U, whereas the right panel shows
n+238U/n+233U. Roughly, we can observe that the slope

of ABE with respect to n, i.e., ———, first decreases with

z in z<35, and then increases with z in z>48. For
n+238U/n+233U, ABE exhibits staggering behavior, which
is caused by the odd-even effect in ABE. The staggering
behaviors are not observed for n+23U/n+233U, as both
systems of n+233U and n+?3U are even-A systems and
the odd-even effects are canceled out. It should be noted
that the simple linear relationship of ABE as a function of
n cannot be used in the region of 38 < z < 45 owing to the
shell correction effects.

In Fig. 4 (c) and (d), we present the @ values extrac-
ted from the symmetry energy, i.e., asym(z), and binding
energy, ie., app(z) for n+*PUMm+?3U  and
n+238U/n+233U, respectively. The collective temperature
Teon is approximately taken as 1.5 MeV for describing
the ey from JEFF-3.3 in the region of 46 <Z < 55. The
pink lines are the agym obtained only with the symmetry
energy term based on Eq. (6) in Ref. [10], the green bold
lines are the @ values obtained from the binding energy,

40
n+°U/m+* U 7=40

N
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n+ZJSU/n+233U

z=30 =50 2776
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7z=40 7=50 j/f/ b
y 20 X
0 60
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=
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Fig. 4. (color online) Upper panels: ABE of n+?3U/n+?33U
(a), and of n+238U/n+?3U (b). Bottom panels: extracted apg
compared with @y, obtained with ENDF/B-VIII.0 and JEFF-
3.3 and extracted asym. (c) is for n+233U/n+23U and (d) is for
U+ 23U,

i.e., agg. In the region of 38 < z <45, we do not calculate
the app values because there is no good linear relation-
ship of ABE as a function of n. For n+23U/n+>33U, the
values of apg are roughly close to @y, obtained with
JEFF-3.3 but different from the results from ENDF/B-
VIILO. For n+28U/n+233U, a clear difference between
app and aey, can be observed. In the region of z < 38,
our analysis shows that apgp decreases until z~36 and
then increases with z. The values of apg are smaller than
ey Obtained with the JEFF-3.3 in the region of z < 38.
For the heavy fragments of z > 58, the extracted values of
apg are larger than .y, obtained with ENDF/B-VIIL.O or
JEFF-3.3. The underestimation in 35 < z < 38 and overes-
timation in z > 55 indicate the significance of the intrins-
ic temperature 7 of the fission fragments.

C. Intrinsic temperature of fission fragments from «

Using Eq. (8) and the Taylor expansion of
T(Ap—a,Z—7z) at Aj—a as in appendix A, Af*(r) is re-
written as

Afft(Z-2) ~co+crxa+cyxaxt(Aj—a,Z—2z), (14)

with parameters cg, c1, and ¢;. Here, a and z are the mass
and charge of the fission fragment, respectively, and
Apjr—a and Z -z are the mass and charge of the comple-
mentary fission fragment. If the ae., are considered as
the "experiment-like data" of «,

1 0Af*(r
af‘(z) =aBE(Z) — Aeval(2) = Toor gn( )
co
C1 (6
= + T(Aj—a,Z—-7), 15
Tcoll Tco]] ( ! ) ( )

according to Eq. (10). Therefore, one can qualitatively
understand the intrinsic temperature of fission fragment 2
from the isoscaling parameter « of fission fragment 1 ac-
cording to the relationship,

C1

TCO
(Z-2) = Cz“ |8 - @] - o (16)

In Fig. 5 (a), the lines are the « values obtained with
the consideration of the intrinsic temperature according to
Eq. (16). This means that all the effects, such as the sym-
metry energy, shell correction, nuclear shape deforma-
tion, and intrinsic temperature have been included. Ow-
ing to the complication of the fission mechanism, it is dif-
ficult to extract the exact values of the intrinsic temperat-
ure. Thus, in Fig. 5 (b), we present the normalized intrins-
ic temperature 7°, i.e., 70 = 7(Z—-z)/max(r(Z-z)), to es-
timate which temperature is higher between the two fis-
sion fragments. The shaded region represents the uncer-
tainties of ¥ which are obtained by fitting two sets of re-
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Fig. 5.
ure effect in the statistic scission-point model. The red dashed

(color online) (a): « values considering the temperat-

line represents n+23U/n+233U, whereas the green solid line
represents n+23U/n+233U; symbols are the aey values ob-
tained with JEFF-3.3. (b) normalized 7 as a function of the
proton number of fission fragment 2.

action systems, i.e. n+233U/n+?3U and n+>U/n+23U.
Even there is a complicated structure on the charge num-
ber dependence of 7y, it is clear that the intrinsic temper-
ature of the light fission fragments is higher than that of
the heavy fission fragments. In addition, the normalized
intrinsic temperature 70 does not depend on the choice of
c2, which is connected to the ¢ in Eq. (8). The value of
c; may change the exact value of 7y but cannot change
the conclusion on which temperature is higher between
the light and heavy fission fragments.

IV. SUMMARY

In summary, the evaluated data of the fission frag-
ment yields of the systems of n+23U and n+2*3U as well
as n+?U and n+233U at 14 MeV neutron energy were
analyzed to calculate the isoscaling parameter aeys. The
isoscaling parameters .y, extracted from the ENDF/B-
VIIIL.0 and JEFF-3.3 databases show an obvious differ-
ence from the simple statistic model prediction where
only the symmetry energy plays the dominant role.

To explain the aeyy as a function of z of the fission
fragment within the framework of the statistic scission-
point model, the effects of the shell correction, nuclear
shape deformation, and intrinsic temperature of fission
fragments are indispensable. Our results show that the
isoscaling parameter a can be used to learn the intrinsic
temperature of the complementary fission fragment, and
the intrinsic temperatures of the light fission fragments

are higher than those of heavy fission fragments.

Additionally, different behaviors of the isoscaling
parameter @ as a function of the fragment proton number
are observed in the ENDF/B-VIIL.0 and JEFF-3.3 files,
especially for n+233U/n+?33U in z<38. The values of
Qeyal Obtained from JEFF-3.3 are larger than those from
ENDEF/B-VIIL.O0. The difference in the isotope distribu-
tions of z<38 from the ENDF/B-VIIL.O and JEFF-3.3
evaluated data could cause the difference in predictions
on the production of neutron-rich nuclei, energy release,
and the neutrino emission in the utility of the evaluated
data. Thus, it will be interesting and important to meas-
ure the fission fragments at the z < 38 region. It will also
be helpful for us to understand the fission mechanism
more deeply. Furthermore, a systematic study on the iso-
scaling parameter B will also be helpful to completely un-
derstand the isotope distribution of the fissioning system
and should be conducted in future.
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APPENDIX A: EXPRESSION OF Af*

Based on the form of free energy in the Fermi gas

model, the intrinsic temperature related term f*(7(A,Z))

. . A 2

can be approximately written as f*(7(A,Z)) = —[T(A,Z)] s

. €

where € = A/ag and ay is the usual level density paramet-

er [38, 39] and 7(A,Z) is the intrinsic temperature of the

fragment with mass 4 and charge Z. The Af*(r) defined
in Eq. (10) can be written as

A;—a

Ah —a
[12]* =
€

(7]

Af*(t) =

2 42 2 _ 2
_AnTip ATy aT, —Tp)

; (AT)
€) €

where 14, = 1(A,—a,Z-7z), and 7p = 1(A;—a,Z —z). Using
Taylor expansion for 1,(A; —a,Z—z) at A;—a, we obtain

(Th =)~ bo+bi1i(A—a,Z-2), (A2)

here, by and b; are the Taylor expansion parameters. In-
serting Eq. (A2) into Eq. (A1),

Aff(t)~co+crxa+cyxax1(Aj—a,Z —7), (A3)

with parameters cg, c;, and c;.
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