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Abstract: The chiral phase transition and equation of state are studied within a novel self-consistent mean-field ap-
proximation of the two-flavor Nambu-Jona-Lasinio model. In this newly developed model, modifications to the

chemical 4 and chiral chemical us potentials are naturally included by introducing vector and axial-vector channels

from Fierz-transformed Lagrangian to the standard Lagrangian. In the proper-time scheme, the chiral phase trans-

ition is a crossover in the 7 —u plane. However, when us is incorporated, our study demonstrates that a first order
phase transition may emerge. Furthermore, the chiral imbalance will soften the equation of state of quark matter. The
mass-radius relationship and tidal deformability of quark stars are calculated. The maximum mass and radius de-
crease as ps increases. Our study also indicates that the vector and axial-vector channels exhibit an opposite influ-

ence on the equation of state.
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I. INTRODUCTION

The phase diagram of strongly interacting matter is an
important research topic in hadron physics. Under ex-
treme conditions, the hadron state will undergo phase
transition from hadron to quark and restoration of spon-
taneous chiral symmetry [1-4]. At finite a temperature
and density, the chiral restoration may be a first-order
phase transition; however, the results of different models
and even different regularizations are inconsistent. At
zero baryon density, although the lattice Monte Carlo
simulations provide reliable results, which indicate that
the chiral transition is a crossover, when the temperature
is zero and density is high, the lattice calculation faces the
sign problem [5, 6].

At high density, topological gauge fields with
nonzero winding number (instantons and sphalerons) may
appear [7-13]. The interaction of quarks with these topo-
logical gauge fields will alter the helicities of the quarks,
which results in the chiral imbalance between left- and
right-hand quarks via the axial anomaly [14-16]. The in-
teraction of quarks with these topological gauge fields
would also lead to local P and CP violations. Strong mag-
netic fields are suggested to be produced at the very first
moments of a noncentral heavy ion collision [17, 18]. If
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the chiral imbalance is significant here, it will result in
observable effects in the experiment because the right-
and left-hand quarks move in different directions along
the magnetic field. This phenomenon is called the chiral
magnetic effect (CME) [19] and can be considered as an
indirect evidence of P and CP violations [20, 21].

The chiral imbalance indicates an asymmetry in a
number of right- and left-handed quarks. To study the ef-
fect of this asymmetry, a chiral chemical potential us ,
conjugated to the chiral charge density ns, can be intro-
duced [19, 22]. As demonstrated in Refs. [22-24], this
chiral chemical potential influences the position of the
critical end point (CEP). The verification and determina-
tion of the CEP is a critical issue in literature [25-27].
Even if CEP exists, its location remains uncertain. Re-
searchers have attempted to provide relevant information
from experiments [28-31] and astronomy [32-35].

However, in the effective model, the existence of
CEP depends on the choice of the regularisation scheme.
Although the CEP exists in the three-momentum cutoff
scheme, it disappears in the proper-time regularisation
scheme; hence, there is a need to ascertain whether the
CEP still exists in a chiral imbalance system. We will ex-
amine whether the existence of chiral imbalance could
lead to the chiral phase transition from crossover to a
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first-order transition. If the first-order phase transition is
determined in QGP without proper regulation of the chir-
ally imbalance, it remains uncertain whether the first-or-
der transition is triggered by high density or chiral imbal-
ance.

Furthermore, the influence of chiral imbalance on the
equation of state (EOS) is interesting. Owing to the
quantum anomaly, the chiral density ns is not a strictly
conserved quantity. Therefore, studies on the effect of
chiral imbalance are considered as on a time scale signi-
ficantly larger than the conventional time scale of chiral-
ity changing processes [36]. In addition, the possible im-
pact of chiral imbalance on the EOS is neglected in the
literature. However, chiral density could induce using
electro-magnetic fields. As expressed in the Eq. (1) in
Ref. [36], with parallel magnetic fields in the background,
the chiral density ns is proportional to the magnetic field
strength. With the electric field £ and magnetic field B,
the flip chirality can take place on a time scale z and the
chiral density is exprssed as

qz. 2
ns = 2—7;‘2|6E||eB|exp[—|;Tf—AZE']T, )

where g, represents the electric charge of the flavor f'and
M corresponds to the constituent quark mass. It is well
known that pulsars are determined with strong magnetic
fields. Hence, chiral imbalance has a significant probabil-
ity of occurring in pulsars, which will make CME more
obvious. First, we will study the effect of chiral imbal-
ance on the equation of state (EOS). Its influence on the
mass-radius relationship and tidal deformability of quark
stars will also be investigated. However, before that, a
short discussion on the stability of the two-flavor quark
matter is presented here. The most stable particle with the
ground state of the strongly interacting matter at zero
density is the nucleon. The strange quark matter may be
the ground state at a non-zero density [37-40]. This hypo-
thesis has never been validated, and the stability of quark
matter may be model dependent. A recent work indicated
that quark matter with only u-d quarks can be the ground
state of baryonic matter, other than the u-d-s strange
quark matter [41]. Accordingly, we study the non-strange
quark matter.

In this research, the chiral phase transition will be
studied under the novel Nambu-Jona-Lasinio (NJL) mod-
el [42-44]. The standard two-flavor NJL Lagrangian
solely contains scalar and pseudoscalar-isovector chan-
nels. However, its Fierz transformation, as a mathematic-
ally equivalence, contains more interactive channels [45],
especially the vector channel. Except the chiral chemical
potential, model calculations indicate that the vector
channel will also affect the chiral phase structure and the
location of CEP [46, 47]. The critical chemical potential

will increase as the vector coupling increases. When the
coupling is sufficiently large, the CEP will disappear. The
contribution of the vector channel is relatively important
at nonzero densities. The vector coupling strength is usu-
ally considered a free parameter in the quark model. In
the relativistic mean-field model of nuclear matter, the
vector couplings are fitted to low-energy data. However,
the possibility of being suppressed at high temperatures
and densisties is unknown. Subsequently, density-de-
pendent couplings are proposed in exploring hot and
dense nuclear matter. Therefore, the detection of CEP in
heavy-ion collisions will also provide information on vec-
tor channel interactions.

The linear combination of the standard NJL Lagrangi-
an and its Fierz transformation will consistently include
the vector channel interaction. The considered channels
in the Fierz transformation are the vector —(Jy*y)> and
axial-vector —(Jiysy*y)>channels. In the mean-field-ap-
proximation,

—@y'Y)* ~ =2nyt Y+, )

— Wiysy"w)* ~ 2nsy sy —nl. 3)

Here, the n and ns represent the number and chiral num-
ber densities of quarks, respectively.

This paper is organized as follows: In Sec. II, we in-
troduce the novel self-consistent mean-field theory of the
NJL model. In Sec. III, we present our numerical results
and analysis on the phase transition. Sec. IV provides a
short summary of our work.

II. NAMBU-JONA-LASINIO MODEL

In the recently developed self-consistent two-flavor
NJL model [42-44], the Lagrangian can be expressed as a
linear combination of a standard NJL Lagrangian (LnjL)
and its Fierz transformation (Lgie,) [2, 45, 48], which is
expressed as

Lo = -a) Ly + @ Liers, “4)

where a weights the contribution from the Fierz trans-
formation. At a finite density, uy"y can be added to the
right-hand side of Eq. (4). Similarly, we can consider the
quark chiral imbalance by introducing a term usy/ysy to
the right side with us being the chiral chemical potential
coupling to the chiral operator. Here, we adopt the con-
ventional NJL Lagrangian with a four-quark interaction
for Lnj. The Ly and its Fierz transformation L,
can be written, respectively, as

Ly =G p—my+ G () + @iys?)’ |, (9)
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and

LFierz =lp(1 b-

2007 +2@ivsty
—2(J7Y)’ - 2(Fiysy)’ -4y
— 4y ysy) + @) - (o)’ | (6)

Under the mean-field approximation, the effective quark
mass is

M=m-2G'o. @)

Here, o =(yy) is the two-quark condensation and G’
represents the four-quark effective coupling for the mixed
Lagrangian Eq. (4), which has a relationship with G, ex-
pressed as

, _ a
G = (1 4NC)G. ®)

The new coupling G’ needs to be recalibrated to fit the
low-energy experimental data. The modified chemical
and chiral chemical potentials are defined, respectively, as

Hr=H= )
aG
/~15r=#5+mn5- (10)

Here, n= (d/*t,b> and ns = <I,DT’}/51,U> represent the quark
and chiral number densities, respectively. Note that the
modified part of us, differs from Eq. (34) of Ref. [46]
with a negative sign. This is because the four-quark
pseudo-vector interaction in Eq. (31) of Ref. [46] has a
negative coupling -Gy .

The chiral condensate and (chiral-) quark number
densities are given by minimizing the thermodynamic po-
tential density. At a finite density and temperature, the
chiral condensate is expressed as

oo NNfMTZ Zsz ~2dp, (an

s=+]n=—oco

where @, represents the fermion Matsubara frequency,
which is defined as @, = w, +iu and w, = 2n+ 1)aT with
n €Z. In addition, the energy for different helicities s is
defined as E; = /M?+ (us, — slp))? with s=+1. In the
proper-time regularization scheme, 1/A(p?) is replaced
with fT ® dre ™) with Tyy = 1/A}, and Ayy as the UV
cutoff for regularizing the ultraviolet divergence. The
chiral condensate at a finite temperature and density can

be written as in Ref. [49]:

B NNfM 00 2—TE
22 Z v

s==x1

x[1= f7 (poptyptse T) = f (p,/lr,,usr,T)]dep,
(12)

N.NM 2
G Z f p—Erfc( \TUuvEs)
s=x1+0 Eq

212

X [1 =I5 (Do s tsrs T)—ff(p,ﬂr,ﬂsr,T)]dp. (13)

Here, Erfc(x) represents the complementary error func-
tion and f;* defines the Fermi-Dirac distribution function
under the modified (chiral-) chemical potentials and
nonzero temperature 7, with

1

where E; = /M2 + (us, — s|pl)? with s = +1. Similarly, the

quark number density n and the chiral number density ns are

A;;Zf Zf P ottt T)

s==x1

fct(pnur’#Sr’T) = (14)

— 1 Pottro sy D]dp, (15)

NN,
C 22

Zf 2“5’ K Z P gt o (NTOVES)

s=+1

><[l—f;<p,ur,y5,,T)—fJ(p,m,ysr,T)]dp. (16)

With f, =93 MeV, m,; = 135 MeV, and m = 3.5 MeV,
three parameters (m, G’, and 7yy) are fixed to fit the
Gell-Mann-Oakes-Renner relation: —2m(gy) = (frmy)>.
The quark condensate is {Yy))!/® = -282.4 MeV. Then
we have G’ =4.1433x 10°MeV ™~ and Ayy = 955 MeV.
The coupling G is adjusted with a.

To study the response of the chiral condensate to
chemical potentials and temperatures, the susceptibilities
are defined by

do oo oo

—, = =——. 17
ER Xus XT (17)

Au=" s aT

III. RESULTS AND ANALYSIS

For different o values, the pseudo-transition point is
approximately u =300 MeV at T =0 and increases as o
increases, which is similar to the results obtained from
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the three-momentum cutoff scheme. For nonzero temper-
atures, yr is presented in Fig. 1. It exhibits a crossover
even when p =300 MeV. However, it differs from the
three-momentum cutoff scheme, such that the proper-
time regularization scheme exhibits a crossover for the
chiral phase transition, even at vary large u; thus, CEP
does not exist in the chirally balanced system (us = 0) in
this regularization scheme. We present the results with
us # 0 below.

20— -
a=0.5, y=300 MeV
=0 MeV
15 Hs N
Hs=100 MeV Ve \
ps=200 MeV // \
U= 7 \
& 1.0} Hs=300 MeV // \
-7 \
< \
el
0.5¢ J h
7
0.0 - - -
0 100 200 300 400

T(MeV)
Fig. 1.
ent chiral chemical potentials ys.

(color online) Temperature susceptibility for differ-

A. Existence of CEP

As the chiral imbalance appears, a drastic decrease in
the M —pu plot emerges, as illustrated in Fig. 2. This alter-
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Fig. 2.

potential u for different chiral chemical potentials us.

(color online) Quark mass as a function of chemical

ation occurs at approximately u = My, , solely for the rel-
atively large us, where My, represents the quark mass at
T =u=0. In addition, this indicates that the quark mass
increases at different chiral chemical potentials. The phe-
nomenon in which the chiral condensate increases with
some external field is called "catalysis". Similar to the
magnetic catalysis [50-53], the catalysis considered here
can be called chiral catalysis, as it is triggerd by the chir-
al imbalance. The inverse magnetic catalysis is observed
[54, 55]. In the proper-time scheme of this study, only
chiral catalysis exists with constant couplings. In the
three-momentum cutoff scheme, inverse chiral catalysis
exists because the chiral symmetry is partly restored [24].

In Fig. 3, the chemical susceptibilities y, for differ-
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(color online) Susceptibilities as a function of u for different chiral chemical potentials us and temperatures 7.
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ent us at 7 =0, 10, 20, 50 MeV are presented. When
us =0, the chiral transition is always a crossover at any T
and u. Because us is nonzero, peaks and bumps appear in
the plots. When 7 =0 and us > 0, the increase in y will
trigger significant peaks in the susceptibility lines. This
phenomenon differs from that of the results when us = 0.
Therefore, this strongly indicates the existence of a first-
order phase transition. It is obvious that the critical chem-
ical potentials increase with us. As temperature increases,
the peaks begin to disappear even for nonzero us , and
there remains only pump. This change may indicate the
existence of CEP in the chiral imbalance system.

B. Existence of CEP;

To elucidate the influence of chiral imbalance, we
present the quark mass as a function of chiral chemical
potential us in Fig. 4. In addition, the corresponding sus-
ceptibilities for fixed baryon chemical potentials are also
presented.

When the chemical potential x is less than 200 MeV,
the quark mass remains almost unchanged with
however, it smoothly increases with the chiral chemical
potential us. So, the phase diagram in the 7 —us plane is
a crossover in this x4 region. At u >220 MeV, significant
peaks emerge in the y,, plot, which indicate the exist-
ence of the first order phase transition and CEPs. The plot
also demonstrates that even if the CEPs exists, there is a
threshold for chemical potential 4. However, because the
quark condensate or mass does not change significantly at

400
300}
/
< 7 a=05T=0
2 200 —o ——— p=200 MeV |
s R — _ p=220 MeV
= /// u=250 MeV
100— — — 4 - pu=270 MeV +
—— =300 MeV
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3.0 ‘ ‘
b
250 4-0.5,T=0 |'| I|
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20r §=220 MeV i / [
_ |
$ 15} ”’zig mex S
—_— . =
B © z ’I/ |
1.0f —— p=300 MeV g | ]
/,4— U B
0.5f /' ]
00 \/ L L L
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Hs(MeV)

Fig. 4.
ceptibility at zero temperature. In the up-plane, because us is
larger than some critical values, the lines of u>200 MeV co-
incide with those of =200 MeV.

(color online) Chiral catalysis effect and chiral sus-

the transition point here, it is difficult to precisely determ-
ine the origin of the first order phase transition. At 7= 0,
the origin of the first order transition in the us —u plane is
located in regions of u € (200,220) MeV and approxim-
ate to us = 100 MeV.

The critical temperature in the CEP plane increases
with temperature. Because it is also difficult to locate the
CEP, determining a relationship between CEP and CEP;
seems impossible in the proper-time regularization
scheme. Here, we present the pseudo-critical temperature
T, and critical chemical potential y. (7 = 0) as a function
of chiral chemical potential us in Figs. 5 and 6, respect-
ively. At p = us = 0, the pseudo-critical temperature is ap-
proximately 181 MeV. T. decreases with o, which is sim-
ilar to the result with the three-momentum cutoff regular-
ization. However, T. and p. increase with yus. In Fig. 6,
both the pseudo-critical and critical chemical potentials
are presented as a function of us at 7= 0. The solid lines
represent the pseudo-critical chemical potentials, which
are larger than the critical chemical potentials (dotted
lines). No critical chemical potential exists at small us.
The critical chemical potentials increase with a. This
trend can also be observed in Fig. 3(a). With the increase
in us, the peak and bump converge.

350~

300+

200

0 50 100 150 200 250
Hs(MeV)

Fig. 5.

function of chiral chemical potential ys.

(color online) Pseudo-critical temperature 7, as a

500 —

450}

400}
© 350f
=5

300} «—

250

200}

50 100 150 200 250 300
Hs(MeV)

Fig. 6. (color online) The (pseudo-) critical chemical poten-

tial . as a function of chiral chemical potential us. The solid

lines represent the pseudo critical chemical potential, while

the dashed lines depict the critical chemical potential.
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C. EOS of quark matter in chirally imbalanced system

Here, we study the influence of chiral imbalance on
the EOS of quark matter and mass-radius relationship of
quark stars. If the first-order phase transition is observed
in the astronomical observation, this will verify the exist-
ence of CEP [56, 57] and trigger the emergence of a third
family of compact stars, in addition to white dwarfs and
neutron stars [58-60]. The model-independent equations
of state of strongly interacting matter are expressed as
[61, 62]

U
PG = Po+ fo dyun(u), (18)
() = —P(u) + pn(u0). (19)

Here, Py represents the vacuum pressure at u = Oand is
taken as Py = —(120 MeV)4. As noted in the introduction,
chiral density is produced via the axial anomaly. Owing
to this anomaly, chiral density is not a conserved quant-
ity in QCD. The chiral imbalance influences the quark
matter via the chiral interactions; however, it is not signi-
ficantly present in the EOS.

The mass of recently observed pulsars [63-66] is ap-
proximately 2M,. We set @ =0.8 to ensure the EOS is
sufficiently rigid. To study the mass-radius relationship,
we adopted the static TOV equations (in units G =c = 1)

dP(r) (s+P)(M+47rr3P)

dr r(r—=2M) ’ (20)

dM (r) _

" 4nr’e. (21)

Here, P and ¢ represent the pressure and energy density as
defined by Eqgs. (18) and (19). In addition, M(r) is the
quark star mass as a function of radius ». The equations
are solved iteratively from a central pressure to zero pres-
sure that defines the edge of the star [67]. Figure 7
demonstrates that the EOS becomes soft as us increases.
The maximum masses and radii of the quark star de-
crease as us increases. When ys is greater than 150 MeV,
the maximum mass becomes less than 2 My. When us is
greater than 200 MeV, the maximum radius becomes less
than 10 km. If the observed pulsars of masses larger than
2 M, are identified as quark stars, and the radius is lar-
ger than 10 km, then the chiral chemical potential cannot
be very large.

During the merger of two compact stars, the tidal
formability A measures the stars' quadrupole deforma-
tion in response to the companion's perturbing tidal field.
Tidal deformability can be expressed via compactness
C = M/R and the Love number k,, where M and R repres-
ent the star mass and radius, respectively. The relation-

2500

2000}
“% 1500}
§ ---- ps=0
® =150 MeV
= 1000} He ]
T 15=200 MeV
=250 MeV
500} Hs eV
—— — ps=300 MeV
0 L L L L L
0 200 400 600 800 1000
P(MeV/im®)
-7 o 1
20F  ___. p=0 A
1s=150 MeV )
15} 15=200 MeV /!
ga 1s=250 MeV ~ .
S ol — —Hs=300 MeV
0.5 -
00 2 4 6 8 10 12
R(km)
Fig. 7.  (color online) Influence of chiral imbalance on the

EOS of quark matter and the mass-radius relationship of quark
stars. The tidal deformabilities are 827.237, 421.616, 194.621,
and 56.618, respectively, which decrease as s increases.

ship is expressed as
3 (MY
b=3A(%) 22

The method for calculating k; can be found in Refs. [44,
68, 69]. In Table 1 for the quark star with mass 1.4M,,
the calculated results show that the tidal deformability de-
creases as the chiral chemical potential increases.

Table 1. Tidal deformability of 1.4 M. quark star for differ-
ent a and us(MeV).
Hs
a
50 100 150

0.5 606.198 450.802 226.158

0.6 648.325 497.448 271.404

0.8 790.556 654.638 421.616

D. Comparison of the influence of vector
and axial-vector channels

The increases in both the weight factor a and chiral
chemical potential us exhibit opposite effects on the stiff-
ness of EOS. With the increase in o, the EOS becomes
stiff, whereas with the increase in us, EOS becomes soft.
Therefore, the increase in us will reduce the maximum
mass in the mass-radius plot. A comparison of the mass-
radius relationship with different a and ps values is
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presented in Fig. 8.

In addition, the increase in a will lead to the phase
transition from the first-order to crossover, while us will
trigger the transition from crossover to first-order. It
seems that the effects of the two parameters may cancel
each other out. When we consider them simultaneously, it
is impossible determine the factor (vector channel and
chiral imbalance) that plays the major role. However, the
existence of us may affect the shape of the mass-radius
relationship. In other words, without considering other
external parameters, but constraining EOS by the maxim-
um mass or tidal deformability from astronomical obser-
vations, the shape of mass-radius curves by including
vector and axial-vector channels may differ from the one
obtained when considering only vector channels.

In Fig. 9, when the maximum masses are limited to
approximately 2 M, the radii corresponding to the max-
imum mass and the mass-radius curves remain different.
For a star with a mass of 1.4 M, the three curves give dif-
ferent radii that trigger different tidal deformabilities.
Therefore, the introduction of the chiral chemical poten-
tial can ensure that the tidal deformability exhibits a right
value, which indicates the effect of chiral imbalance. If
we restrict the tidal deformability of a 1.4M,, star to the
range 70< A(1.4Mgy) <580 [70-72], the calculated tidal
deformabilities with large o and small us lie outside the
range, as presented in Table 1.

IV. SUMMARY

The chiral imbalance indicates the unequal densities
of left- and right- quarks that may occur in the QGP
phase. In this study, we investigated the influence of the
chiral chemical potential us on the chiral phase transition
and EOS of quark matter. Here, we adopted the two-fla-
vor NJL model with proper-time regularisation. In addi-
tion, we infer that there is no first-order phase transition
at us =0 in this regularization scheme. As us increases,
the first-order phase transition appears. However, the
phase transition is not very strong; hence, it is difficult to
determine the position of CEP. In contrast to fixed g, the
chiral phase transition corresponding to the chiral chem-
ical potential us is determined to be a first-order phase
transition, ie., the CEP; exists.

We calculated the pseudo-critical temperature 7, and
pseudo-critical chemical potentials y. as a function of us.
It was determined that these quantities increase rather
than decrease with us. In addition, we calculated the chir-
al susceptibility y, at different temperatures. It was ob-
served that with the increase in temperature, the peaks

2.0t
ps= 50 MeV
15f Us=100 MeV
§O 1s=150 MeV
= 10}
0.5} 2%
4/%
_Z
P -
0.0 = . .
0 2 4 6 8 10 12
R(km)

Fig. 8.
and us. When us is fixed, the maximum mass increases with

(color online) Mass-radius relationship for different o

o. Lines with the same ys correspond to « =0.5, 0.6, 0.8, re-
spectively.

20f

15L---- =05, Us=50 MeV N
@=0.6, 15=100 MeV /!

2 @=0.8, ts=150 MeV A
g q0f ‘
st /
05} pra
% 2 4 6 8 10 12
R(km)
0.7 ‘
---- a=0.5, ys=50 MeV
06 a=0.6, 115=100 MeV
a=0.8, us=150 MeV
0.5[
g
0.4f T B
o3f .77

0.2 . . . . .
§00 350 400 450 500 550 600
H(MeV)

Fig. 9.
speed of sound. Although the mass-radius lines are set to have

(color online) Mass-radius relationship and squared

almost equal peaks, the mass-radius relationship and squared
speed of sound ¢? are different.

gradually disappeared, and only the bumps were retained.
This further confirmed the existence of CEP when us is
not zero. Finally, we calculated the EOS of quark matter
and determined the mass-radius relationship at different
us. The calculations indicate that the EOS becomes soft
with an increase in ys.

In conclusion, the chiral imbalance significantly influ-
ences the chiral phase structure of quark matter. There-
fore, its careful consideration is required when determin-
ing and locating the position of CEP in future experi-
ments.
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