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Abstract: We study the dependence of the transverse mass distribution of charged leptons and the missing energy
on parton distributions (PDFs)  adapted to W boson mass measurements  at  the CDF and ATLAS experiments.  We
compare the shape variations of  the distribution induced by different  PDFs and find that  the spread of  predictions
from different  PDF sets  can  be  significantly  larger  than  the  PDF uncertainty  predicted  by  a  specific  PDF set.  We
suggest analyzing the experimental data using up-to-date PDFs to gain a better understanding of the PDF uncertain-
ties  in W boson mass  measurements.  We  also  perform  a  series  of  Lagrange  multiplier  scans  to  identify  the  con-
straints on the transverse mass distribution imposed by individual data sets in the CT18 global analysis. In the case
of the CDF measurement, the distribution is mostly sensitive to d-quark PDFs in the intermediate x region, which are
largely constrained by DIS and Drell-Yan data on deuteron targets and Tevatron lepton charge asymmetry data.
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I.  INTRODUCTION

−1

Recently,  the  CDF  collaboration  released  their  latest
high-precision  measurement  of  the W boson  mass  using
8.8 fb  of proton-antiproton collision data recorded at a
center-of-mass  energy  of  1.96  TeV  at  the  Tevatron  [1].
The reported result is 

MW = 80,433.5±6.4stat±6.9syst MeV, (1)

MW = 80,357±6 MeV

MW = 80,370±7stat±
18syst

which deviates from the standard model electroweak pre-
cision  fit  value  [2, 3]1) by  seven
standard deviations. This new measurement has triggered
a  number  of  discussions  regarding  possible  new physics
effects  (see  Refs.  [5– 91]  for  examples),  standard  model
effective theory implications [92–95], and evaluations of
various  theoretical  uncertainties  [96– 100]. Direct  meas-
urements  have  previously  been  obtained  at  the  7  TeV
LHC  by  the  ATLAS  collaboration  (

 MeV) [101], the 13 TeV LHC by the LHCb collab-

MW = 80,354±23stat±22systoration  (  MeV)  [102],  and
earlier  at  the  Tevatron  [103]  and  LEP  [104].  Although
there  are  discussions  regarding  disagreements  between
the  new  CDF  measurement  and  previous  values,  in  this
study, we focus on the impact of parton distribution func-
tions (PDFs) on the extracted W boson mass. In the CDF,
ATLAS,  and  LHCb  measurements  mentioned  above,
PDF  uncertainties  of  approximately  3.9,  8,  and  9  MeV
were reported,  respectively,  which are the dominant  the-
oretical uncertainties in all cases. Note that the three col-
laborations  used  very  different  inputs  for  the  evaluation
of  the  PDF  uncertainties.  For  example,  the  quoted  PDF
uncertainty  by  the  CDF  is  purely  based  on  NNPDF3.1
PDFs [105], despite the impact of different PDFs having
been  investigated.  For  the  ATLAS  measurement,  the
quoted  PDF  uncertainty  includes  those  estimated  from
CT10 PDFs [106] added in quadrature to differences ob-
served  using  PDFs  from  several  groups.  In  the  LHCb
measurement,  they  took  the  arithmetic  average  of  the
PDF  uncertainties  predicted  by  CT18  [107],  NNPDF3.1
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[105],  and MSHT20 [108] PDFs.  The  LHCb also  repor-
ted a spread of the central  values of the extracted W bo-
son mass from the three PDFs, which was as large as 11
MeV and was not counted in the final uncertainty.

The  method  in  which  PDFs  change  the  modeling  of
the kinematics of decayed leptons in W boson production
can be understood as described below. The fully differen-
tial  cross  sections  of  the  decayed  leptons  can  be  written
as 

d2σ

dp1dp2
=

[
dσ(m)

dm

] [
dσ(y)

dy

] d2σ(pT ,y)
dpT dy

(
dσ(y)

dy

)−1
×

(1+ cos2 θ)+
7∑

i=0

Ai(pT ,y)Pi(cosθ,ϕ)

 , (2)

p1(2) pT

p1
Ai

Pi

pT pT

pT
pT

where  is the lepton (anti-lepton) momentum; m, ,
and y are  the  invariant  mass,  transverse  momentum, and
rapidity of the dilepton system, respectively; θ and ϕ are
the polar angle and azimuth of  in the rest frame of the
dilepton  system,  respectively;    are  angular  coeffi-
cients;  and  are spherical  harmonics.  The  cross  sec-
tions are factorized in this  way because each component
on the right-hand side of Eq. (2) is modeled or corrected
separately using  different  MC  programs  during  experi-
mental  analyses  [101].  The  impact  of  PDF  uncertainties
on each individual component can be understood. For ex-
ample, the effects of PDF variations on the angular coef-
ficients  and  invariant  mass  distribution  are  found  to  be
small  in W boson mass  measurements.  Most  of  the  PDF
uncertainties  in  the  extracted W boson  mass  originate
from the impact on the rapidity distribution of the W bo-
son.  PDF  variations,  especially  those  from  the  gluon
PDF, will  also affect the W boson transverse momentum
distribution at large- . A complication of the  distri-
bution is that the CDF analysis used a data-driven meth-
od to model the measured transverse momentum distribu-
tion of the Z boson, which was then applied to the W bo-
son to reduce theoretical uncertainties. Thus, for the com-
ponent of the  distribution, only the theoretical uncer-
tainties  on  the  ratio  of  the  spectrum  of  the W boson
and Z boson should, in principle, be included.

In this study, we perform a comprehensive comparis-
on of the kinematic distribution of decayed leptons using
a  variety  of  up-to-date  PDFs,  focusing  on  the  CDF  and
ATLAS  measurements.  Previous  studies  have  also  been
conducted  on  the  PDF  uncertainties  in W boson  mass
measurements  [109– 113].  We  reveal  variations  in  the
shape  of  the  transverse  mass  distribution  from  different
PDF  groups  and  different  generations  within  the  same
group  and  estimate  the  possible  shift  in  the  extracted W
boson  mass.  Furthermore,  using  Lagrange  multiplier
(LM) scans,  we  evaluate  the  constraints  on  the  pre-
scribed distribution as imposed by different experimental

pT

pT

data sets in the CT18 global analysis of PDFs. Other the-
oretical uncertainties,  including  factorization  and  renor-
malization  scales,  the  strong  coupling  constant,  and  the
W-boson  decay  width,  are  also  examined  in  the  CDF
scenario. Note that we include the full PDF uncertainty in
the modeling of the  of the W boson for results calcu-
lated at  next-to-leading order  (NLO) in QCD, unlike the
prescription used in the experimental analyses mentioned
above. However, we also show results calculated at lead-
ing order  (LO)  for  comparison,  where  the  PDF  uncer-
tainty  in  the  modeling  of  is  completely  removed.  In
this study, we aim to understand the PDF uncertainties in
the W boson  mass  measurements,  especially  using  the
most  up-to-date  PDFs,  rather  than  reproducing  the  exact
PDF dependence in actual experimental analyses.

The rest of this paper is organized as follows. In Sec.
II, we present the results of the kinematic distribution and
extracted W boson mass. In Sec. III, we show the results
of PDF sensitivities and our understanding of constraints
within the CT18 analysis  using the LM method.  Finally,
our summary and conclusions are presented in Sec. IV. 

II.  PDF DEPENDENCE OF THE KINEMATIC
DISTRIBUTION

χ2

In this section, we show the dependence of the trans-
verse mass  distribution of  charged leptons and the miss-
ing energy on PDFs and the change in the W boson mass
under  the  setups  of  both  the  CDF  and  7  TeV  ATLAS
measurements.  Note  that  in  both  the  CDF  and  ATLAS
measurements,  the PDF uncertainties are fully correlated
to the results using three different kinematic variables and
are almost the same. We calculate the mean value of the
transverse mass to quantify the impact of different PDFs
on  the  shape  of  the  kinematic  distribution.  We  further
propose a simplified prescription to identify the PDF im-
pact  on  the  extracted W boson  mass  and  validate  it
against a method with a log-likelihood  fit. 

A.    CDF measurement
The event selection criterion follows that of the CDF

Run II measurement [1] 

30 < pℓ,νT < 55 GeV, uT < 15 GeV, 60 < MT < 100 GeV, (3)

uT = | p⃗ℓT + p⃗νT |

MT =

√
2(pℓT pνT − p⃗ℓT · p⃗νT )

where  is  the  transverse  momentum  of  the
W boson. The transverse mass of the W boson is defined
as .  The  charged  lepton  is  also
required to be in the central pseudo-rapidity region 

|η| < 1. (4)

The  transverse  mass  distribution  of  the  charged  lepton
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MT

µF = µR = Mℓν

MT

and  missing  energy  are  calculated  using  the  program
MCFM-6.8 [114, 115] with the above selections at either
LO  or  NLO  in  QCD  and  with  the  APPLgrid  interface
[116]  for  fast  interpolations  with  arbitrary  PDFs.  We do
not consider QCD resummation effects on the transverse
momentum  of  the W boson  because  they  should  be  less
pronounced  for  the  distribution  and  because  of  the
constraints of repeating calculations for a large number of
PDF  sets  with  sufficient  numerical  accuracy.  For  the
same reasons, we do not included next-to-next-to-leading
order  (NNLO)  QCD  corrections,  which  we  expect  will
not significantly change our conclusions on PDF depend-
ence.  The  factorization  and  renormalization  scales  are
chosen to be the invariant mass of the charged lepton and
neutrino  pair, . We  apply  Gaussian  smear-
ing on the distributions from theoretical  calculations,  as-
suming a detector resolution of 7% for , which is con-
sistent with the resolution on hadronic recoils reported in
the CDF paper [1]. We check that  the prescribed smear-
ing effects can effectively reproduce the shape of the ex-
perimental  distribution,  especially  in  the  region  close  to
the  peak.  In  principle,  one  can  apply  more  sophisticated
detector effects  with  energy-dependent  resolution  for  in-
dividual objects. We do not expect a large difference, es-
pecially  because  we  are  focusing  on  the  mean  value  of
the  kinematic  distribution,  which  is  less  affected  by
smearing effects.

MTIn Fig. 1, we show the predicted normalized  dis-
tribution at LO and NLO for several choices of PDFs and
different  values  of  the W boson mass.  From  top  to  bot-
tom, the figure shows the normalized distribution, and the
absolute  and  relative  variations  compared  to  a  common

±

reference  calculated  with  the  central  set  of  NNPDF3.1
NNLO  PDFs  [105].  The  red  dashed  lines  represent  the
variation  due  to  a W boson  mass  change  of 10  MeV,
and  the  gray  band  indicates  the  PDF  uncertainties  at  a
68% confidence  level  (C.L.)  for  NNPDF3.1.  The  differ-
ent  PDFs  under  consideration  include  CTEQ6M  [117]
NLO PDFs, and CT18 [107], MMHT14 [118], and NNP-
DF4.0  [119] NNLO  PDFs.  PDF  uncertainties  are  calcu-
lated using the respective prescription, as summarized in
Ref.  [120]. In  the  lower  panel  of  each  figure,  the  vari-
ations are divided by the statistical uncertainty in each bin
to  show  the  significance.  We  choose  a  bin  width  of  0.5
GeV  and  normalize  the  total  number  of  events  to  the
number of muon events in the CDF measurement for the
calculation of the statistical uncertainty.

pT

pT

pT pT

Several interesting observations were made. First, we
find that there can be a significant difference in the PDF
dependence between LO and NLO, whereas the W boson
mass  dependence  is  significantly  more  stable.  This  may
be  due  to  the  gluon  contributions  at  NLO,  which  boost
the W boson in the transverse direction. The gluon PDF is
considerably different in CTEQ6M compared with recent
NNLO PDFs,  which  leads  to  the  large  differences  ob-
served  in  the  NLO  plot.  This  can  be  traced  back  to  the
fact that the CTEQ6M analysis uses a zero-mass scheme
for heavy-quark effects in DIS rather than variable flavor
number schemes [121]. However, we stress that in the ex-
perimental  analyses,  because  data  on  the Z boson 
spectrum  are  used  to  model  the W boson  spectrum,
only PDF uncertainties in the ratio of the W and Z boson

 spectra should be considered for  modeling, unlike
the rapidity distribution of the W boson. We focus on the

Fig. 1.    (color online) Transverse mass distribution of the charged lepton and missing energy in the scenario of the CDF measurement
calculated at LO and NLO with various PDFs and different values of the W boson mass (increased or decreased by 10 MeV). From top
to bottom are the normalized distribution, and absolute and relative changes with respect to a common reference of the prediction ob-
tained using NNPDF3.1 NNLO PDFs and the nominal W boson mass. The lowest panel shows the changes normalized to the experi-
mental statistical uncertainties.

 

Understanding PDF uncertainty in W boson mass measurements Chin. Phys. C 46, 123110 (2022)

123110 -3



MW

predictions  calculated  at  NLO unless  specified.  We  find
that the PDF uncertainty of NNPDF3.1 tends to be simil-
ar  in  size  compared  to  the  impact  of  varying  by  5
MeV, and CT18 and MMHT14 prefer a harder spectrum
within the  uncertainty  of  NNPDF3.1.  This  is  in  qualitat-
ive agreement with the CDF results regarding PDF uncer-
tainty and dependence. The PDF variations of NNPDF4.0
are  opposite  to  those  of  CT18  and  MMHT14  and  are
close to the boundaries of the uncertainty of NNPDF3.1.

MT

MT

⟨MT ⟩

MW

⟨MT ⟩

We construct  a  principle variable to describe the im-
pact  of  different  PDFs  on  the  shape  of  the  distribu-
tion.  This  is  the  mean  value  of  within a  select  win-
dow of  [70, 90]  GeV, denoted as .  A similar  shape
parameter  proposed  by  Kotwal  in  Ref.  [122]  plays  the
same role. We choose this window in accordance with the
CDF analysis because kinematic bins in this range exhib-
it the largest significance when varying . In Fig. 2, we
plot various predictions on  at NLO and LO, includ-
ing PDF uncertainties at a 68% C.L., by normalizing to a

⟨MT ⟩ MW ±5

MW

⟨MT ⟩

common  reference  of  the  central  prediction  of
NNPDF3.1.  Here,  we  further  include  the  CT10  [106],
CT14  [123],  CT18Z  [107],  MSTW2008  [124],
NNPDF2.3  [125],  MSHT20  [108],  ABMP16  [126],
HERAPDF2.0  [127],  ATLASepWZVjet20  [128],  and
CJ15  [129]  PDFs  for  comparison.  We  also  present  the
range of  when varying  by  MeV. In general,
the predictions from all of the NNLO PDFs agree within
uncertainties.  The  spread  of  their  central  values  at  NLO
can  be  as  large  as  the  shift  in  of  15  MeV  if  those
from HERA and ATLAS PDFs are  not  considered.  This
number is smaller at approximately 10 MeV for LO pre-
dictions.  The  size  of  the  PDF  uncertainties  is  consistent
among NNLO PDFs, with CT18 being one of the largest
at  approximately  twice  that  of  NNPDF3.1.  Moreover,
when  comparing  the  results  from  up-to-date  PDFs  with
previous values of the same PDF group, we find that the
PDF uncertainties can even increase in many cases. NLO
PDFs predict larger  in general compared to NNLO

±5

Fig. 2.    (color online) Mean transverse mass of the charged lepton and missing energy in the scenario of the CDF measurement calcu-
lated at NLO or LO with various PDFs, normalized to the central prediction of NNPDF3.1 NNLO PDFs. The error bars represent PDF
uncertainties at a 68% C.L., and the horizontal lines indicate variations induced by a W boson mass change of  MeV.
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PDFs.
⟨MT ⟩

MW
⟨MT ⟩

MW

⟨MT ⟩

MW

⟨MT ⟩
δMW

⟨MT ⟩

MW

Figure  2 shows  a  simplified  prescription  using 
to quantify the shift in the extracted W boson mass when
using  different  PDFs  and  the  associated  uncertainties.
Ideally,  one can consider  the shift  in  to  compensate
for the change in  induced by the variation of PDFs.
We  summarize  the  estimated  shifts  in  the  extracted 
with respect to NNPDF3.1 and associated PDF uncertain-
ties  in Table  1 and  compare  them  to  the  results  in  the
CDF  analysis  when  available.  Using  the  prescrip-
tion NNPDF3.1 gives a PDF uncertainty of 5.7 MeV for
the extracted W boson mass at NLO; in contrast, a value
of 3.9  MeV is  obtained  from the  CDF analysis.  The  en-
velope  of  extracted  values  from  the  central  sets  of
NNPDF3.1,  CT18,  and  MMHT14  is  approximately  5.0
MeV,  whereas  the  envelope  is  4.2  MeV  from  the  CDF
analysis. Thus,  the  simplified  prescription  is  in  reason-
able agreement with the dedicated simulation in the CDF
analysis. However, using the  prescription, we find a

 value of -14 MeV when comparing CTEQ6M with
NNPDF3.1,  whereas  this  value  is  -3.3  MeV  from  the
CDF analysis. The shift is reduced to -7.3 MeV when us-
ing  LO  calculations  of . Another  interesting  obser-
vation  is  that  for  the  most  recent  NNLO  PDFs,  namely
CT18, MMHT20,  and  NNPDF4.0,  the  envelope  of  ex-
tracted  from  their  central  sets  is  enlarged  to  15(11)
MeV at NLO(LO), which is larger than that of the previ-
ous  generation.  This  further  motivates  the  analysis  of W
boson mass data using up-to-date PDFs.

MW

χ2

MW

MW

χ2

MW

The  CDF  analysis  dependence  of  the  extracted 
on PDFs is studied via fitting to pseudo experiments. We
perform similar  studies  and  use  the  predictions  of  NNP-
DF3.1 NNLO PDFs as pseudo-data. We calculate  as a
function  of  to  use  predictions  from  various  PDFs,
considering only statistical uncertainties because they are
dominant  over  experimental  systematic  uncertainties.
Then,  we  can  estimate  the  shift  in  the  extracted  as
well  as  the  statistical  and  PDF  uncertainties  included  in
Table 1 for comparison. We can see that the  fit indic-
ates  a  statistical  uncertainty  on  the  extracted  of  8.0
MeV, which is consistent with the value of 9.2 MeV from

χ2

MW
⟨MT ⟩

χ2

the  CDF  measurement  on  the  muon  channel  alone.  The
 fit  shows very good agreement for the projected shift

in the extracted  for different PDFs with respect to the
previous  simplified  prescription  using . The  estim-
ated PDF uncertainties are slightly smaller than previous
values because the  fit does account for the higher mo-
ments of the kinematic distribution.

χ2

Besides  the  PDF  dependence,  we  also  explore  other
theoretical  uncertainties,  including  the  factorization  and
renormalization scales,  strong coupling constant,  and W-
boson  decay  width,  based  on  a  fit  of  the  transverse
mass  distribution  at  NLO with  CT18  NNLO PDFs.  The
results  are  summarized  in Table  2 and discussed  in  se-
quence as follows:
 
• The scale uncertainty is estimated with the envelope of
seven-point variation, 

(µF ,µR) ={(1/2,1/2), (1/2,1), (1,1/2), (1,1), (1,2),
(2,1), (2,2)}Mℓν. (5)

MWIt  is  found  that  maximal  shifts  in  are  -3.0  and  +3.1
MeV. However, we expect the impact of scale variations
to be largely reduced once higher order corrections are in-
cluded.
 
• MW

MW
αs

MW

 The  strong  coupling  constant  can  impact  extrac-
tion  in  two  ways.  First,  starting  from  NLO,  high-order
corrections  to W boson  production  are  directly  involved
in  the  QCD  interaction.  Second,  different  choices  of
strong  coupling  in  the  QCD  global  analysis  will  lead  to
different  PDFs,  with  the  impact  propagating  to  ex-
traction.  We  quantify  the  dependence  by  varying 
between 0.116 and 0.120 along with consistent PDF vari-
ations.  This  changes  the  extracted  by  -1.3  and  +1.2
MeV, respectively.
 
•

ΓW

 To  date,  the  most  precise  measurements  of  the W-bo-
son decay width  have originated from the LEP [104]
and  Tevatron  [130],  which  gave  a  combined  result  of

χ2 χ2

Table 1.    Estimated shifts and PDF uncertainties at a 68% C.L. in the extracted W boson mass of the CDF scenario for various PDF
sets with respect to a common reference using an NNPDF3.1 NNLO central PDF. The results are presented using the simplified pre-
scription and compared with those from a  fit as well as results reported in the CDF analysis. In the case of the  fit, we also show
the expected experimental statistical error of the extracted W boson mass compared to the actual value in the CDF analysis.

δMW  in MeV sta. NNPDF3.1 CT18 MMHT14 NNPDF4.0 MSHT20 CTEQ6M

⟨MT ⟩(LO) −
+8.3
−8.30 − +8.3

−11.41.0 − +7.4
−4.23.3 + +5.1

−5.17.8 − +6.7
−5.73.1 − +8.4

−12.07.3

χ2  fit (LO) 8.0
+7.6
−7.60 − +5.4

−8.61.0 − +6.1
−3.03.3 + +3.7

−3.78.0 − +5.0
−4.03.0 − +5.6

−9.37.3

⟨MT ⟩(NLO) −
+5.9
−5.90 − +8.8

−13.34.2 − +6.7
−5.35.0 + +6.2

−6.26.9 − +7.9
−6.77.6 − +9.0

−11.914.0

χ2  fit (NLO) 8.0
+4.2
−4.20 − +5.4

−10.14.3 − +4.8
−3.45.1 + +4.5

−4.57.1 − +5.7
−4.57.8 − +5.8

−5.414.6

CDF 9.2 +3.9
−3.90 − − − − −3.3
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ΓW = 2,085±42 MeV

2,089.5±0.6 MeV

MT
MT ∼ 90 GeV

MW

 [3].  In  experimental  analyses,  the
CDF collaboration adopted the electroweak global fitting
value  of  [3] and  found  that  the  uncer-
tainty  induced  by  the  input  width  was  negligible.
However, if the W-boson width is allowed to vary by 42
MeV,  which  is  the  error  from  direct  measurements,  we
find that the normalized  distribution can deviate sig-
nificantly (up to 2% at ). As a result, the ex-
tracted  value can shift by -6.8 (+7.1) MeV, compar-
able  to  the  full  uncertainty  on  the  CDF  measurement.
This suggests that a simultaneous fit of the W-boson mass
and width is possible and may result in comparable preci-
sion on the width measurement. 

B.    ATLAS measurement
We  repeat  a  similar  exercise  for  the  7  TeV  ATLAS

measurement. The event selection criterion follows [101] 

pℓ,νT > 30 GeV, uT < 30 GeV, MT > 60 GeV. (6)
The  pseudo-rapidity  of  the  charged  lepton  is  required  to
satisfy 

|η| < 2.4. (7)

W+ W−

MT

We use the same theoretical setups as in the calculations
for  the  CDF  scenario;  however,  separate  calculations
must  be  performed  for  and  production. We  as-
sume a  detector  resolution of  10% for  to  effectively
reproduce the shape of the measured distribution.

MT
W+

W−

W+ W−

W+ W−

W− W+

In Fig.  3,  we show the predictions of the normalized
 distribution at NLO for several choices of PDFs and

different  values  of  the W boson  mass  for  both  and
 production. We find  that  the  PDF variations  are  ap-

proximately  twice  those  shown  in Fig.  1 for  the  CDF
scenario, whereas the dependence on the W boson mass is
similar  in  size.  The  PDFs  clearly  alter  and  pro-
duction  in  different  ways,  evident  by  the  fact  that  the
NNPDF4.0  central  predictions  lie  on  opposite  sides  of
CT10  for  and .  The  PDF  uncertainties  of  CT10
are  larger  for  production  than  production, pos-
sibly  because  of  the  relatively  larger  contributions  from
the strange quark in the former case. The significance in
the lowest panel is calculated assuming a total number of
events equal to that from the ATLAS measurement of the
muon channel and a bin width of 0.5 GeV.

W+

W−

±5

Similar to the CDF case, Fig. 4 shows the mean trans-
verse  mass  within  a  window  of  [65, 100]  GeV  for 
and  production  with  various  choices  of  PDFs.  All
predictions are normalized to the central  prediction from
CT10 NNLO PDFs, including those with a W boson mass
change  of  MeV. We  find  a  wider  spread  of  predic-
tions  from  different  PDFs  and  larger  PDF  uncertainties
compared to Fig. 2, which is consistent with observations
in  the  normalized  distributions.  We  can  again  use  the
simplified  prescription  to  estimate  the  expected  shift  in
the  extracted W boson mass  and the  associated  PDF un-

MWTable 2.    Dependence of  extraction on the factorization
and renormalization  scales,  strong  coupling  constant,  and W-
boson decay width in the CDF scenario.

Variation µF,R  (7-point) αs = 0.118±0.002 ΓW = 2,085±42MeV

χ2  fit (NLO) 0+3.1
−3.0 0+1.2

−1.3 0+7.1
−6.8

W+ W−
Fig. 3.    (color online) Transverse mass distribution of the charged lepton and missing energy in the scenario of the ATLAS measure-
ment for  and  with various PDFs and different values of the W boson mass (increased or decreased by 10 MeV) calculated at
NLO. From top to bottom are the normalized distribution, and absolute and relative changes with respect to a common reference of the
prediction obtained with CT10 NNLO PDFs and the nominal W boson mass. The lowest panel shows the changes normalized to the ex-
perimental statistical uncertainties.
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W+ W−

MW

W+

W−

W+

W− ⟨MT ⟩
W±

MW

W±

W±

W+ W−

certainties,  which  are  summarized  in Table  3. For  ex-
ample,  we  estimate  a  PDF  uncertainty  of  approximately
13 and 14 MeV with CT10 NNLO PDFs for  and ,
respectively,  whereas  ATLAS reported  15  and  14  MeV,
respectively.  We  also  note  that  the  central  sets  of  both
NNPDF4.0 and MSHT20 prefer a downward shift in 
of  almost  20  MeV  for  production  compared  with
those of CT10. These shifts are generally smaller for 
production.  We  take  an  unweighted  average  of  the 
and  results on  and show the shift in the extrac-
ted W boson mass in Table 3, denoted as . The com-
binations reveal less spread of the expected shift  in ,
and  the  PDF  uncertainties  are  generally  reduced.  The
PDF uncertainty  in  the W boson  mass  for  decreases
slightly to  11  MeV  for  CT10  NNLO  PDFs.  In  the  AT-
LAS analysis, the combined  results exhibit a PDF un-
certainty of  approximately  7  MeV,  which  is  largely  re-
duced compared to those of  and  alone owing to
the  anti-correlations  of  PDF dependence  in  the  two.  We

pT

observe a similar pattern for CT10 when using LO calcu-
lations instead of NLO, that is, by excluding PDF uncer-
tainties due to the modeling of the W boson . The cor-
responding results are also summarized in Table 3. 

III.  LAGRANGE MULTIPLIER SCAN

⟨MT ⟩

⟨MT ⟩

In this section, we study the PDF uncertainties of the
W boson mass measurements in the context of the CT18
global analysis. We focus on the observable of the mean
transverse  mass,  which  is  strongly  anti-correlated  with
the  extracted W boson  mass,  as  previously  shown.  We
first  reveal  correlations  between  and PDFs  of  dif-
ferent  flavors  and  momentum  fractions x and  those  of

 in  different  measurements.  This  is  followed  by  a
series of LM scans to understand the constraints imposed
by individual data sets in the CT18 global analysis. 

A.    PDF induced correlations
We study the PDF-induced correlations of the observ-

W+ W−

±5

Fig. 4.    (color online) Mean transverse mass of the charged lepton and missing energy in the scenario of ATLAS measurement calcu-
lated at NLO with various PDFs, normalized to the central prediction of CT10 NNLO PDFs, for  and  production. The error bars
represent PDF uncertainties at a 68% C.L., and the horizontal lines indicate variations induced by a W boson mass change of  MeV.
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ables proposed in the previous section, namely, the mean
transverse mass  of  the  charged  lepton  and  missing  en-
ergy in the CDF and ATLAS measurements. The correla-
tions  are  calculated  using  CT18  NNLO  PDFs  with  the
transverse  mass  distributions  at  NLO  by  default.  In  the
Hessian approach,  the  correlations  between  two  observ-
ables, X and Y, can be estimated [131]: 

cos(∆φ) =

∑Neig

i=1

(
X+i −X−i

) (
Y+i −Y−i

)
√∑Neig

i=1

[
X+i −X−i

]2
√∑Neig

i=1

[
Y+i −Y−i

]2
, (8)

∆φ X±i Y±i

ith
Neig

where  is the correlation angle, and  ( ) represent
the values of X (Y), with the error on the PDF of the Hes-
sian  set  in  the  positive  and  negative  directions  of  the 
eigenvector in -dimensional PDF parameter space. In
addition,  the  error  ellipse  for X and Y, which  is  determ-
ined  using  CT18  NNLO  PDFs  at  a  68%  C.L.,  can  be
found using the following parametric equations [131]: 


X(θ) =

1
2×1.645

√∑Neig

i=1

[
X+i −X−i

]2
cosθ,

Y(θ) =
1

2×1.645

√∑Neig

i=1

[
Y+i −Y−i

]2
cos(θ+∆φ),

(0 ≤ θ < 2π). (9)

⟨MT ⟩

Q =
⟨MT ⟩ x ∼ 0.01

pT
⟨MT ⟩ W+

In Fig. 5, we plot the correlations between  and
PDFs  of  various  flavors  at  different x values  and  with

 100  GeV.  In  the  scenario  of  CDF  measurement,
 is  anti-correlated  with  a d-quark  at  be-

cause  this  corresponds  to  a W boson  produced  in  large
rapidity regions,  where the decayed lepton has a  smaller
average , as explained later in Sec. III.C. For the same
reason,  in the case of  production at 7 TeV AT-

d̄
x ∼ 0.002 W−

⟨MT ⟩ W+

W−

LAS  is  anti-correlated  with  the  quark,  but  now  at
.  In the ATLAS  production at  7 TeV, vari-

ous sea quarks exhibit moderate anti-correlations, includ-
ing  the  strange  quark.  For  the  average  of  and

 production at ATLAS, the correlations exhibit an av-
erage pattern of the two.

⟨MT ⟩

MW

⟨MT ⟩ W+ W−

⟨MT ⟩ W+ W−

We plot a 68% C.L. relative error ellipse for each pair
of observables in Fig. 6 at both NLO and LO. As shown,
the PDF uncertainty of  at ATLAS is approximately
twice that  at  the  CDF,  which  is  consistent  with  the  res-
ults  shown in an earlier  section;  the two are also largely
uncorrelated.  This  suggests  that  the  PDF  uncertainty  in
the  extracted  can  be  further  reduced  by  combining
the  CDF and ATLAS measurements.  However,  the  PDF
uncertainties of  for  and  production at AT-
LAS are only partially correlated at NLO and anti-correl-
ated at LO. Combining the  of  and  will re-
duce the PDF uncertainty, especially at LO, as it is evid-
ent from Table 3. 

B.    Constraints on CT18

χ2

χ2

χ2 ⟨MT ⟩

LM  scanning  is  a  robust  method  of  estimating  PDF
uncertainties,  which  was  originally  developed  in  Refs.
[132, 133]. In  this  method,  PDF  uncertainties  of  an  ob-
servable  can  be  determined  from  the  profiled  as  a
function of  the  observable  without  relying  on  any  as-
sumptions  about  the  specific  behavior  of  around  the
global minimum. However, the LM method requires a de-
tailed scan of the PDF parameter space for every observ-
able studied,  which is  usually  time-consuming.  To over-
come this  drawback,  we  take  advantage  of  neural  net-
works  (NNs)  and  machine  learning  techniques  to  model
the  profiles  of  and  for multi-dimensional  para-
meter space,  which  work  beyond  quadratic  approxima-
tions  and  ensure  efficient  scans  of  the  entire  parameter
space.  The  setup  of  the  NNs  and  further  details  can  be
found in Ref. [134].

Table 3.    Estimated shifts and PDF uncertainties at  a 68% C.L. of the extracted W boson mass in the ATLAS scenario for various
PDF sets with respect to a common reference using the CT10 NNLO central PDF. We show the results with the simplified prescription
and calculations at NLO and LO and compare them to the values from the ATLAS analysis.

δMW  in MeV CT10 CT18 MMHT14 NNPDF4.0 CT14 MSHT20

W+ ⟨MT ⟩  (NLO) +12.1
−12.90 + +21.8

−20.01.4 − +11.6
−11.110.3 − +7.4

−7.417.1 − +23.5
−19.116.2 − +16.8

−11.924.8

W− ⟨MT ⟩  (NLO) +13.5
−15.20 − +14.0

−19.55.7 + +8.6
−10.31.1 + +4.9

−4.97.5 − +12.8
−15.39.6 − +8.3

−7.54.5

W± ⟨MT ⟩  (NLO) +9.8
−11.40 − +14.4

−16.82.3 − +8.2
−8.54.5 − +4.6

−4.64.4 − +16.6
−15.112.8 − +10.9

−8.014.3

W+ ⟨MT ⟩  (LO) +10.8
−11.40 − +14.1

−10.06.5 − +8.1
−7.15.7 − +5.8

−5.814.1 − +15.0
−12.94.1 − +10.2

−7.314.4

W− ⟨MT ⟩  (LO) +8.9
−11.40 − +10.1

−12.57.2 + +8.3
−9.93.1 + +4.5

−4.53.5 − +6.2
−8.97.0 + +6.3

−4.92.1

W± ⟨MT ⟩  (LO) +5.2
−7.00 − +7.6

−7.40.6 − +5.3
−5.91.2 − +3.0

−3.05.0 − +8.0
−8.45.6 − +5.9

−4.25.9

W+  ATLAS +14.9
−14.90 − − − − −

W−  ATLAS +14.2
−14.20 − − − − −

W±  ATLAS +7.4
−7.40 − − − − −
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⟨MT ⟩

∆χ2 ∆χ2+P

⟨MT ⟩
∆χ2+P = 100

∆χ2

In Fig.  7,  we show the results  of  LM scans on 
based on the aforementioned NNs. The black and red sol-
id lines indicate  and , respectively, where P,
known as a Tier-2 penalty [120, 123], is introduced to en-
sure that the tolerance is reached as soon as any data set
shows disagreement at  a  90% C.L.  The PDF uncertainty
of  at  a  90%  C.L.  can  be  determined  by  requiring

,  following  the  CT18  analysis.  The  dotted
and dashed lines represent the contributions to  from
individual  data  sets.  The  blue  and  green  vertical  dot-

∆χ2 ∆χ2

dashed lines indicate the uncertainties at  a 90% C.L. de-
termined  using  the  LM and  Hessian  methods  [124, 135]
from the published CT18 NNLO PDFs, respectively. The
profiles of the total  and individual  exhibit an al-
most quadratic dependence on the variable in the vicinity
of the global minimum. In the case of the CDF measure-
ment, in the left panel, NMC deuteron to proton ratio data
along  with  D0  Run  II  charge  asymmetry  data  and  E866
Drell-Yan deuteron  to  proton  ratio  data  give  the  domin-
ant  constraints.  The  penalty  term  contributes  largely  to

⟨MT ⟩
W+ W−

Fig. 5.    (color online) Correlations between  calculated at NLO and PDFs of different flavors as a function of x in the scenarios
of CDF and ATLAS measurements of , , and their combination using CT18 NNLO PDFs.

 

⟨MT ⟩
W+ W−

Fig. 6.    (color online) Relative error ellipse at a 68% C.L. for each pair of  in the scenarios of the CDF and ATLAS measure-
ments of , , and their combination, calculated at NLO and LO using CT18 NNLO PDFs.
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∆χ2

W−

⟨MT ⟩

the  total  constraints  and  cuts  off  the  uncertainty  range
well before the global  reaches the tolerance. The LM
method gives a smaller PDF uncertainty than the estima-
tion based on the Hessian method [124, 135]. In the case
of  production  at  7  TeV  ATLAS,  in  the  right  panel,
we find that BCDMS deuteron data along with HERA in-
clusive DIS data and 8 TeV CMS charge asymmetry data
give  the  dominant  constraints.  In  addition,  the  BCDMS
deuteron  data  prefer  a  larger ,  which  results  in  a
large  penalty  term.  The  LM  method  again  predicts  a
slightly smaller uncertainty than the Hessian method.

⟨MT ⟩

⟨MT ⟩

⟨MT ⟩

⟨MT ⟩
W±

The  contribution  from  an  individual  experimental
data set  can also be evaluated using LM scans with data
subtracted.  We remove one data set  at  a  time and repeat
the LM scans on  with the remaining data sets. The
difference  between  the  fit  with  and  without  the  data  set
can  be  an  assessment  of  its  contribution.  In Fig.  8,  we
show the results of LM scans on  with data subtrac-
ted. The  results  are  normalized  to  the  central  value  de-
termined with full data sets. In the case of the CDF meas-
urement, in the upper panel, we find that after the remov-
al  of  most  of  the  data  set,  the  value and its  uncer-
tainty  only  change  slightly,  as  represented  by  the  error
bars,  compared  to  the  uncertainty  from  LM  scans  with
full  data  sets,  represented by the gray band.  E866 Drell-
Yan  ratio  data  (Exp.  ID  =  203)  along  with  D0  Run  II
charge asymmetry data (Exp. ID = 234) and NMC deuter-
on data (Exp. ID = 104) give strong constraints, which is
consistent  with  the  left  panel  of Fig.  7.  In  addition,  we
find that E866 Drell-Yan ratio data prefer a larger .
In  the  case  of  production  at  7  TeV  ATLAS,  in  the
lower  panel,  the  constraints  from  HERA  inclusive  DIS
data (Exp. ID = 160), E866 Drell-Yan ratio data (Exp. ID
= 203), and 8 TeV CMS charge asymmetry data (Exp. ID
=  249)  predominate,  as  expected.  After  the  inclusion  of
HERA inclusive  DIS  data  or  E866  Drell-Yan  ratio  data,

⟨MT ⟩
⟨MT ⟩

the uncertainties of  are reduced by almost 50%. In
addition, E866 Drell-Yan ratio data prefer a larger ,
in  contrast  with  HERA  inclusive  DIS  data  and  8  TeV
CMS  charge  asymmetry  data,  which  prefer  a  smaller
value. 

C.    Discussions

pT
pT

θ∗

y∗

W+

In the following, we perform a simple analysis to fur-
ther  understand  the  dependence  of  leptonic  distributions
on the PDFs, focusing on the  of the charged lepton in
the CDF scenario. Note that at LO,  equals half of the
transverse mass discussed earlier. We define  as the po-
lar  angle  between  the  decayed  positron  and  anti-proton
directions  and  as the  rapidity  of  the  positron  with  re-
spect to the proton direction, both in the rest frame of the

 boson. The following relations on kinematics hold at
LO: 

cosθ∗ = − tanhy∗, pT =
mW

2
1

coshy∗
. (10)

ud̄

cosθ∗ (1+ cosθ∗)2 V −A

For the dominant partonic channel of  annihilation, the
LO  partonic  differential  cross  section  with  respect  to

 is  proportional  to  owing  to  the 
structure of the weak-charged current. This can be trans-
lated to 

dσ̂
dy∗
∼ (1− tanhy∗)2/cosh 2y∗, (11)

pTand a  weighted distribution, 

pT
dσ̂
dy∗
∼ mW

2
(1− tanhy∗)2/cosh 3y∗. (12)

From  the  above  equations,  we  can  calculate  the  mean

⟨MT ⟩ ∆χ2 ∆χ2 +P

∆χ2

Fig. 7.    (color online) LM scans on . The black and red solid lines represent  and , respectively. The dotted and dashed
lines indicate the contributions to  from individual data sets. The blue and green vertical dot-dashed lines represent the uncertain-
ties at a 90% C.L. determined using the LM method and the Hessian method from the published CT18 NNLO PDFs, respectively.
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15π
128

mW

∼ 0.368mW

|y∗| ≲ 0.8
yb

|y∗+ yb| < 1

yb

y∗

d̄ y∗

yb

yb −0.8
y∗

pT

|yb| |y∗|
pT

yb

transverse  momentum  of  the  positron  as 
.  However,  in the CDF analysis,  the selection

cut  on  the  transverse  momentum  of  the  charged  lepton
imposes .  Furthermore,  if  the W boson is  boos-
ted  with  a  rapidity  of ,  the  rapidity  selection  of  the
charged lepton also requires . Thus, the actual
mean  transverse  momentum  and  acceptance  of  the
charged lepton depend on  in a non-trivial way, as plot-
ted in Fig. 9. We also show the distribution of  in Fig.
9, which peaks at a negative value because the positron is
aligned with the  quark. The inequalities indicate the 
region that  contributes  to  the  cross  sections  after  selec-
tions  for  a  fixed .  The  mean  transverse  momentum
peaks  at  a  value  of  approximately  because  this
excludes  the  peak  region  in ,  which  has  a  relatively
smaller . The mean transverse momentum decreases at
large  values  because  only  high  regions  remain,
which have low . The acceptance is largest in the cent-
ral region of .

However,  the  transverse  momentum  distribution  is  a
superposition of contributions from all possible rapidities
of  the W boson.  The  distribution  of  the  latter  is  exactly

determined by PDFs as 

dσ
dyb
∼ fu/p(x1,µ) fd̄/ p̄(x2,µ), (13)

ud̄ x1,2 = mW/
√

se±yb

yb

yb

yb > 0

at LO for the  partonic channel, with .
The  normalized  rapidity  distribution  of  the W boson
based  on  the  above  equation  is  shown  in Fig.  10 for  a
variety of PDFs, with the lepton acceptance shown in Fig.
9 applied.  By  combining Figs.  9 and 10, we  can  under-
stand several features shown in Sec. IIA. For instance, by
comparing the  distributions from the CT18, MSHT20,
NNPDF3.1,  and  NNPDF4.0  NNLO  PDFs,  the  ratios  of
NNPDF4.0 to others are shown to exhibit a clear positive
slope  across .  This  leads  to  a  reduction  in  the  mean
transverse momentum of the positron because it is, on av-
erage, smaller for , and also a reduction in the mean
transverse  mass  of  the  leptons.  The  behavior  of
NNPDF4.0  can  be  traced  back  to  the  suppression  of  the
d-quark  PDF  in  the  large-x region,  in  contrast  with  its
previous generation, which suppresses the rapidity distri-
bution in the anti-boost region. Similarly, the NLO PDFs

⟨MT ⟩Fig. 8.    (color online) Results of LM scans on  with data subtracted. The results are normalized to the central value determined
with full data sets. The horizontal axis represents the experimental data set removed from the LM scans. The blue marks and red error
bars indicate the central values and uncertainties at a 90% C.L., respectively, determined using the LM method with the remaining the
data sets. The green hatched area and gray band represent the uncertainties at a 90% C.L., which are determined using the Hessian and
LM methods with full data sets, respectively.
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give a larger mean transverse mass than NNLO PDFs in
general, and the ratios of NLO to NNLO PDFs exhibit a
negative  slope  in  the  middle  panel  of Fig.  10.  However,
this situation  can  change  for  different  PDF  groups  be-
cause CT18  and  MMHT14  present  more  stable  predic-
tions when using NLO PDFs than NNLO. 

IV.  SUMMARY

In summary,  we  study  the  dependence  of  the  trans-
verse mass  distribution of  charged leptons and the miss-
ing energy on PDFs, focusing on W boson mass measure-
ments by the CDF and ATLAS collaborations. We com-
pare the  shape  of  the  prediction  distributions  using  vari-
ous up-to-date PDFs. In particular, we compare the mean
transverse mass adapted to each of the measurements. We
find that the spread of predictions from different PDF sets

χ2

can be significantly larger than the PDF uncertainty pre-
dicted by a specific PDF set. The mean transverse mass is
strongly anti-correlated with the extracted W boson mass,
as  validated by the  fit  and via  a  comparison with  the
experimental numbers of mass shift on PDF dependence.
Thus,  the  analysis  of  experimental  data  using  up-to-date
PDFs  could  be  highly  desirable,  especially  considering
tensions between different W boson mass measurements.
We also examine theoretical uncertainties induced by fac-
torization and renormalization scales, the strong coupling
constant,  and the W-boson decay width in the CDF con-
text and  find  that  the  width  dependence  can  be  compar-
able if  varied by an experimental error.  Furthermore, we
perform a  series  of  LM scans  to  identify  the  constraints
on the transverse mass distribution imposed by individu-
al  data  sets  in  the  CT18 global  analysis  of  PDFs.  In  the

W+

ud̄

y∗ yb

Fig. 9.    (color online) Left: Rapidity distribution of the positron in the rest frame of the  boson in the scenario of the CDF measure-
ment calculated at LO for the  partonic channel. Right: Mean transverse momentum (red with the scale on the left) and acceptance
(blue with the scale on the right) of the positron after selections as a function of the rapidity of the W boson. The inequalities indicate
the  region that contributes to the cross sections after selections for a fixed .

 

W+

ud̄

Fig. 10.    (color online) Rapidity distribution of the  boson at Tevatron Run II, calculated at LO and with lepton acceptance applied
for the  annihilation channel using a variety of NLO and NNLO PDFs.
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case of the CDF measurement,  the distribution is  mostly
sensitive  to d-quark  PDFs  in  the  intermediate x region,
which are largely constrained by DIS and Drell-Yan data
on  deuteron  targets  as  well  as  Tevatron  lepton  charge
asymmetry  data.  For  the  ATLAS  measurement,  the
strongest  constraints  arise  from  HERA  inclusive  DIS
data,  E866 Drell-Yan ratio data,  and CMS lepton charge
asymmetry data. 
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