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Abstract: Owing to the special structure of a five-dimensional Elko spinor, its localization on a brane with codi-

mension one becomes completely different from that of a Dirac spinor. By introducing the coupling between the

Elko spinor and the scalar field that can generate the brane, we have two types of localization mechanism for the

five-dimensional Elko spinor zero mode on a brane. One is the Yukawa-type coupling, and the other is the non-min-

imal coupling. In this study, we investigate the localization of the Elko zero mode on de Sitter and Anti-de Sitter

thick branes with the two localization mechanisms, respectively. The results show that both the mechanisms can

achieve localization. The forms of the scalar coupling function in both localization mechanisms have similar proper-

ties, and they play a similar role in localization.
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I. INTRODUCTION

There are still many classical problems in modern
theoretical physics that cannot be properly interpreted by
the Standard Model (SM), such as the hierarchy problem
[1-6], cosmological problem [7-14], and the nature of
dark matter and dark energy [15-18]. Since the famous
Arkani-Hamed, Dimopoulos and Dvali (ADD) [1] and
Randall-Sundrum (RS) brane-world models [2, 19] were
presented, the extra dimension and brane-world theories
have gradually attracted more attention because they can
provide new mechanisms to solve these classical prob-
lems. Unlike early models in which a brane is a geomet-
ric hypersurface embedded in a higher dimensional
spacetime, a more realistic brane should have thickness
and an inner structure. Such thick branes can be gener-
ated by bulk matter fields (mostly scalar fields) [20-40],
or can be realized in pure gravities [41-43] (see Refs. [29,
44] for detailed introduction of thick brane models).

In the braneworld scenario, an important and interest-
ing issue is to investigate the mechanism of localizing the
various fields' Kaluza-Klein (KK) modes on branes.
These KK modes contain the information of extra dimen-
sions. Especially, the zero modes of matter fields on the

brane stand for the four-dimensional massless particles,
and they can rebuild the SM on branes at low energy. A
lot of research about the localization of various fields on
branes have been conducted [45-68]. Besides, the Elko
spinor, which is named from the eigenspinor of the
charge conjugation operator, has attracted interest since it
was introduced by Ahluwalia and Grumiller in 2005 [69,
70]. It is a new spin-1/2 quantum field that satisfies the
Klein-Gordon (KG) equation instead of the Dirac one,
and only interacts with itself, Higg fields, and gravity
[69-76]. As a candidate of dark matter, it was widely in-
vestigated in particle physics [69-72], cosmology [77-86],
and mathematical physics [87-93].

In Refs. [94-96], the localization of the zero mode of
a five-dimensional Elko spinor on various Minkowski
branes was considered. A coupling mechanism should be
introduced in order to localize the Elko zero mode on a
brane. The first choice is the Yukawa-type coupling
—nF(¢ or R);l/l between the five-dimensional Elko spinor
A and the background scalar field ¢ [94, 95] or the Ricci
scalar R [96]. Here F is a function of the background
scalar field or the Ricci scalar and 7 is the coupling con-
stant. Recently, another localization mechanism, i.e., the
non-minimal coupling f(¢)Lri between the Elko spinor
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and the background scalar field, was investigated in Ref.
[97]. Here Lgj, is the Lagrangian of the Elko spinor and
f(¢) is a function of the background scalar field. It was
shown that by introducing an auxiliary function K(z) in
the conformal coordinate z, the general expression of the
Elko zero mode «q and the scalar function f(¢) could be
obtained. Different forms of K(z) will lead to different
solutions of the zero mode and the scalar function. Thus,
a non-minimal coupling can also provide the possibility
of localizing the Elko zero mode. However, all current
localizations of the five-dimensional Elko spinor are
based on Minkowski branes.

It is well known that the properties of de Sitter (dS)
and Anti-de Sitter (AdS) thick branes are very different
from those of Minkowski branes, so compared to the loc-
alization on Minkowski branes, the results of the localiza-
tion on dS/AdS thick branes should be very different.
Thus, the localization of a five-dimensional Elko spinor
on dS/AdS thick branes is an interesting topic. In this pa-
per, we analyze two types of localization mechanism to
confine the five-dimensional Elko zero mode on dS/AdS
branes and investigate their differences and similarities. It
will be shown that both types can achieve the localiza-
tion of the five-dimensional Elko spinor on dS/AdS thick
branes, and the coupling functions F(¢) and f(¢) play a
similar role. We believe that investigating the differences
and similarities between them will be helpful to further
explore the new localization mechanism and expand the
possibility of localizing fields on branes.

This paper is organized as follows. We first review
the Yukawa-type and non-minimal couplings in Sec. II.
The localization of the zero mode of a five-dimensional
Elko spinor on the dS/AdS thick branes is investigated by
considering two different coupling mechanisms in Sec.
III. Then in Sec. IV, we consider the localization of the
Elko zero mode on another AdS thick brane. Finally, a
brief conclusion is given in Sec. V.

II. REVIEW OF LOCALIZATION MECHANISMS

In this section, we review two localization mechan-
isms of the five-dimensional Elko spinor on thick branes,
namely the Yukawa-like coupling and the non-minimal
coupling between the Elko spinor and the background
scalar field that generates the thick brane.

The line-element is generally assumed as

ds? = e Vg, dwdx” +dy?, (1)

where the warp factor ¢*4%) is a function of the extra di-
mension coordinate y. By performing the conformal co-
ordinate transformation

dz = e™Vdy, 2

the metric in Eq. (1) is transformed as
dSZ = eZA (g'uvdx#dxv + dzz)’ (3)

which is more convenient for discussing the localization
of gravity and various matter fields.

A. Yukawa-like coupling

First, we start with the action of a five-dimensional
massless Elko spinor

S :fd5x V=8%Elko>
1 - -
QElko == ZgMN (DM/le/l'F bN/IQM/l)

—nF($) A4, )

where the last term is the Yukawa-like coupling, F(¢) is
the coupling function of the background scalar field
¢, and 7 is the coupling constant. In this paper,
M,N,---=0,1,2,3,5 and u,v,---=0,1,2,3 denote the five-
dimensional and four-dimensional spacetime indices, re-
spectively. The covariant derivatives are

Dyd= @y +Qu)d, Dyd=0ya-1Qu,  (5)

where the spin connection Q, is defined as

i _
NP N AB
Qu =—§(EAPeB Fun—ep 6Me/;N)S ,

4=y ©)

Here e’fw is the vierbein and satisfies the orthonormality
relation gMNzef?Wel?vnAB. A,B---=0,1,2,3,5 denote the
five-dimensional local Lorentz indices. Thus, the non-
vanishing components of the spin connection Q,, are

1 N
Q= Easz/,% +Q,. (7)

Here vy, and ys are the four-dimensional gamma mat-
rixes on the brane, and they satisfy {y*,y”"} = 28".

Then, the equation of motion for the Elko spinor
coupled with the scalar field is read as

1
—— Du(V=gg"NDNA) - 2nF($)A = 0. 8
N m(V—-gg8 NA) —2nF(¢) (8)

By considering the metric in Eq. (3) and using the non-
vanishing components of the spin connection in Eq. (7),
the above equation can be rewritten as
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1 4 A L2
EryYiy _ L A2y
\/—_gb”( 28 DM)+[ 747 vuvA
1 (1
roA|—
2 (\/—g

+e’3AOZ(e3A61/l)] — 2P F(g)A = 0. )

BDu( V=88 vvy5) + & vurs @V/l]

Here g, is the induced metric on the brane, and
D, A= (9, +Q,)A with Q, denoting the spin connection
constructed by the induced metric g,,. From ,¢% =0,
we can obtain D,g% =D,(e/e%*)=0. Thus, the above
equation can be simplified as

1 2 ~AA T ’ 2 ’
\/__gb,,( —28" D, ) -Ay Y Du-A"2

+e7349,(e49,.2) — 2ne* F(¢)A = 0. (10)

Next, we introduce the following KK decomposition

A =723 (@6 () + (78 ()

n

—e 73472 Z @, (2)A(x). (11)

For simplicity, we omit the + subscript for the «, func-
tions in the following. Note that ¢/} (x) and T(J_f’)(x) are lin-
ear independent four-dimensional Elko spinors, and they

satisfy
Y Dus:(x) = Fige(x), Y D,1.(x) = xitz(x),  (12)

Ysu(x) = £12(x), Y 1L(x) = Fox (). (13)

The four-dimensional Elko spinor A" should satisfy the
K-G equation:
1
V-8
with m, the mass of the Elko spinor on the brane. Thus,

we obtain the following equations of motion for the Elko
KK modes a,:

D, (V-8 = m2 A" (14)

3 13
@, —(EA" + 5 A+ 2 (@)=, +imnA')an =0. (15)

For the purpose of deriving the action of the four-dimen-
sional massless and massive Elko spinors from the action
of a five-dimensional massless Elko spinor with Yukawa-
like coupling as follows:

1 -
S Elko =fd5xv—g[— ZgMN(DM/lDN/l

+ Dy 1Dy d) - ;7F(¢):l/l]

n

+ B0 82 +ma 1, (16)

we should introduce the following orthonormality condi-
tion for a,,:

fa:amdz = Opm- (17)

For the Elko zero mode (mg = 0), Eq. (15) becomes

[ 0%+ V{ (@]ao(z) =0, (18)
where
Vi) = %A” + %A’z +2ne* A F (). (19)

In this case, the orthonormality condition is given by
f ajaodz = 1. (20)

As we showed in a previous study of ours [94], there ex-
ist many similarities between the Elko field and the scal-
ar field. For a five-dimensional free massless scalar field,
the Schrédinger-like equation for the scalar zero mode Ay
[49, 94] can be expressed as

[—6? + V(])] ho =

3 ” 9 72
—a§+§A +74 ]ho

3
8Z + A’ ho

2
=0. 1)

3
-0, + A’
Z+2

The solution is given by ho(z) « e:4®@ and it satisfies the
orthonormality relation for any brane embedded in a five-
dimensional Anti-de Sitter (AdS) spacetime. However,
the effective potential V, for the five-dimensional free
massless Elko spinor is [94]

3 13 3 9
= ZA" _A/2 —ZA” _AIZ A/Z. 22
Vo(2) > + ) > + 1 + (22)

The additional term A’> prevents the localization of the
zero mode.
When the Yukawa-like coupling is introduced, the
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coefficient numbers of A” and A" can be regulated:

3 13
SAT+ A+ F (@) = (pAY + (A, (23)

where p is a real constant. From Eq. (23), the form of
F(¢) can be obtained

F(¢) = —%]e*“ [(p - %)A” + (p2 - 14—3)/4’2]. (24)

Then, Eq. (18) can be rewritten as

[-0% + V]l =[-0% + pA” + p*A*]ay
=[0;+ pA’][-0.+ pA’] g
=0, (25)

and the Elko zero mode becomes

ao(z) o« ePA@. (26)

B. Non-minimal coupling

On the other hand, for the non-minimal coupling, the
action could be written as

5= f ExVZS () Ltk

1 . .
Lo == 78" (DMM)NM DN/IDM/I). 27)

Here f(¢) is a function of the background scalar field ¢,
which is a function of the extra dimension coordinate z
(or y). From the action in Eq. (27), the following equa-
tion of motion can be derived:

1
————Du(V=gf($)g"" Dya) = 0. 28
Ne N gf(@)g"" Dy (28)
By considering the metric in Eq. (3) and using the non-

vanishing components of the spin connection in Eq. (7),
we can rewrite Eq. (28) as follows:

1 A A ALY AR 1 12 Auy
DH( -88" Dv/l)+ [— 74 28",y

o>

+
N =

’ 1 2 an P} "
! (\/__ Vu(V=88"vvys ) + g“%”bv/l]
-8
e @0 0.0
1 . R A
= Dﬂ( _ggﬂybv/l) _A/VSYFEHA_A,ZA

o>

+e 1 ($)0,(e f(¢)d.0) = 0. (29)

In this case, we introduce the following KK decom-
position:
A =e M F(@) N (s (6) + ()7L ()
=2 f() ) @A), (30)
By noticing the linear independence of the ¢ and
7 (¢™ and ) and the K-G equation of the four-di-

menional Elko spinor, the equation of motion of the KK
mode «, can be derived:

“ s / 3 ’ = 4 1 17
@ —(— O @+ SA LD D)+ 5 @F9)
3 ’” 13 nN2 _ 2 s ’ _
+2A + 1 (A" —my, +im,A )a/n =0.
(31
For the non-minimal coupling case, by introducing the
same orthonormality conditions as in Eq. (17), we can de-

rive the action of the four-dimensional massless and
massive Elko spinors from the action in Eq. (27):

1 - -
Seko == f ExvV=gf($)g"™ (Dy ADyA+ Dy 1Dy )
1 a [l e 3" s
=— EZfd X[Egﬂv(bluﬂ Dv/ln
n

An An
+ 8,4 B, +n /1]
(32)

For the Elko zero mode with m, =0, Eq. (31) is sim-
plified as

=62+ V{ @] ao(2) =0, (33)

where the effective potential V' is given by

1 3
VY@ ==~ 2D )+ A fH D f (9)

4 2
l —1 17 é ” E 7?2
N DR S €D

and the Elko zero mode ay(z) satisfies the orthonormality
condition in Eq. (20). By introducing three new functions,
namely B(z), C(z), and D(z), satisfying

/ 7”2 ’
O _ qp A C (35)

B =
(2) 7@ c ok
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3 1
azD(Z) = EA’ + §B+ C, (36)

the effective potential in Eq. (34) becomes

3 1 3 13
—B*+ZA'B+-B +-A" +—

72 _ oy 72
. B+ A"+ A =D 4D, (37)

V(@)=

and Eq. (33) can be reduced as follows:

[-02 + VYl =[-02 + D" + D"y
=[8,+D'][-8.+D'] ag
=0. (38)

In addition, it will be convenient to define a new func-
tion K(z):

’

K@) = % -C. (39)

Note that the form of K(z) is arbitrary, and the forms of
C(z) and B(z) are determined by the warp factor and any
given K(z). Now it is easy to obtain the zero mode «y:

1 A/Z C/
a'o(Z)O(eD(Z) = exp Ef (?—E+C)dz}
L 0

(1 (%(A2
=exp|= -K|dz
el [/ -#])e]
'1 zA/2 1 Z
- | =dz —— | kdz|, (40
2 ), el [ ra. o

= exp

and the form of f(¢):

A/Z c’

F((2)) =eh BOE = exp [fz( 34+ —-C- —)dz}
0 C

Z A12
=exp[—3A—21n|C|+f( +K)dZ]
o \ C
zA/Z Z
=e3AC %exp [f —dZ]exp f KdZ].
o C 0

It is easy to check that the orthonormality condition in
Eq. (20) always requires that K(z) is an odd function and
positive as z>0. Here Eqs. (40) and (41) constitute the
general expressions of the zero mode @y and function
f(¢) because the function C(z) can be expressed by the
function K(z) according to Eq. (39):

(41)

o K@z

Q= —,
(@) C _fz f:K(Z)dgdA
1 1 (S Z

(42)

where C; is an arbitrary parameter.

As we showed in a previous study of ours, the role of
K(z) is similar to the auxiliary superpotential W(¢),
which is introduced in order to solve the Einstein equa-
tions in thick brane models. For a given K(z), the zero
mode «( is obtained by integrating Eq. (40). Then, the
scalar field function f(¢(z)) is determined by integrating
Eq. (41). For different forms of K(z), there exist different
configurations of the zero mode a and function f(¢). It
provides more choices and possibilities to study the local-
ization of the Elko zero mode on the branes. Next, we
will consider the localization of the Elko zero mode with
these two types of couplings on dS/AdS thick branes.

III. LOCALIZATION OF ELKO ZERO MODE
ON DS/ADS THICK BRANES WITH
CONVERGENT WARP FACTOR

In this section, we investigate the localization of the
Elko zero mode with two types of couplings on single-
scalar-field generated dS/AdS thick branes [26, 66]. The
system is described by the action

f S | MR- Sowsd oV @)

where R is the five-dimensional scalar curvature and V(¢)
is the potential of the scalar field. For convenience, the
fundamental mass scale M5 is set to 1. The line element
is described by Eq. (1) and the induced metrics g,, on the
branes bcome

gﬂv:{

Here the parameter g is related to the the four-dimen-
sional cosmological constant of the dS4 or AdS, brane by
Ay =36 or Ay=-3p3% [31, 56, 66]. By introducing the
scalar potential

—dr* +e*'(dx} +dx3 +dx3) dS, brane,
(44)
e % (—dr? + dx? +dx3) +dx?  AdS, brane.

V(g) =2a2(1 + A1+ (1 +35)A4] cosh?(be)

—3a*(1+ A4)? sinh(bg), (45)

a brane solution can be obtained [26, 66]:
AQy) = - ln[saz(l +Ag)sec’ y), (46)
() = —arcsmh(tan ), (47)
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where ¥ = a(l + A4)y. The parameters a, s, and b are real

. ] 2(1+Ag)
with s€(0,1] and b= EETIE Note that the

thick brane is extended in the range

g n
A b
( 2a(1+Aq)| [2a(1 + Ay)
ordinate transformation in Eq. (2), we obtain

bl

). By performing the co-

y [2 arctan (ehz) - 7—;] (48)

1
T a(l+As)

. 1+A .
with h = | 2 Note that the range of the coordinate z

s
will trend to infinite. By substituting the relation in Eq.
(48) into the solution in Egs. (46) and (47), we derive the
warp factor and scalar field in the conformal coordinate z
[66]:

A(z) = -% In[a®s(1 + Ag)cosh’(hz)], (49)

o(z) = %arcsinh [sinh(hz)] = gz. (50)

The warp factor e*4@ is convergent at boundary. When
A4 =0, the above solution reduces to the flat brane one.

A. Yukawa-like coupling

First, we consider the Yukawa-like coupling mechan-
ism for the localization of the Elko zero mode. Accord-
ing to Egs. (23)-(26), (49), and (45), the Elko zero mode,
the function F(¢), and the effective potential VOY are re-
spectively given by

ap oc P = (@51 + Ay)) P *sech? (hz), D)

ay,Vy (2)

1.0

J\

-4 -2 2 4

-0.51

=1.0+¢

(a) @0 -z, Vg—z
Fig. 1.

/’l2 2
F(@) == —=(1+A9)[25-4p2+p)
]
+(4p® - 13)cosh(2b)) (52)

Vg = pA” + p*A”? = —ph®*sech®(hz) + p*h* tanh®(hz).
(53)

Now the orthonormality condition becomes

fagaodzzfa%dzocf(azs(l+A4))_psech2”(hz)dz

4 )
=E(a2S(1 +A2)) P2F 1 (p,2p; 1+ py—1) < o0,
(54

which requires p > 0.

Figure 1 shows the plots of the shapes of the zero
mode, the effective potential Vg (z), and the coupling
function F(¢). It is clearly seen that the Elko zero mode
can be localized on the brane. Therefore, the Yukawa-like
coupling mechanism can be successfully used to localize
the zero mode of the Elko spinor on the dS/AdS thick
brane. As shown in Fig. 1 (a), the effective potential
V{(2) is a PT-type one. The shape of F(¢) in Fig. 1 (b)
has a minimum around ¢ =0 and diverges when ¢ — co.
As ¢ — co the boundary behaviour of ¢4 and F(¢) are
just opposite because of the existence of e ™24 in the coup-
ling function F(¢) defined in Eq. (24). This also prevents
the interaction —+/—gnF (¢):l/l in Eq. (4) from diverging,
leading to a stable brane model.

B. Non-minimal coupling
Next, we focus on the non-minimal coupling mechan-
ism. As shown in a previous study of ours [97], there ex-
ist different configurations of the Elko zero mode and
f(¢) for different choices of K(z). In this paper, we con-

F(o

15

10+

2 -1 1 2
() F(¢)

(color online) Shapes of the Elko zero mode a(z) according to Eq. (51) (thick line); the effective potential V] (z) (dashed line)

is plotted on the left and the shape of function F(¢) according to Eq. (52) (right) is plotted on the right. The parameters were set to

h=b=p=n=a*s(1+As)=1.
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sider two types of K(z) and investigate the localization of
the Elko zero mode according to Eq. (40).
1. K(z)=—kA’

First, a natural choice implies K(z) = —kA’ with kbe-
ing a positive constant. Thus, it is easy to obtain

C(o) = ! .55

coth(hz)F (z) /- sinh? (hz)

h+hk

Cj cosh(hz)™* —

1 1+k 3+k .
Here ¥ (2)=-,F; 5,%;%;coshz(hz). Especially,

when k = 1, the form of C(z) is reduced to

Cl) = hcosh(hz)

"~ hC; —sinh(hz)” (56)

Here C; is an arbitrary constant and we set C; = 0. Thus,
the zero mode is rewritten as

1 (A2 1 (7
ap(z) « eP@ = exp[i f C dz} exp[—z f KdZ]
0 0

o« sech(hz)exp [—%sechz(hz)} . (57)

It is easy to check that the orthonormality condition

f ayaodz = f addz o« f sech?(hz)dz

ao,V{'(2)

1.0

S~

-4 -2 2 4

=0.5+

@ ay-z V) -z

exp[— %sechz(hZ)] =2V2F(V2/2) < o (58)

can be satisfied. Here, F(z) gives the Dawson integral and
F(V2/2)=0.512496. In this case, the effective potential
V' (z) is given by

2
V()= ;‘—2(—2 — 5cosh(2hz) — 10cosh(4hz)

+cosh(6hz))sech®(hz). (59)

The function f(¢) reads

42
F($(2) = “h—j (14 As)? cosh? (bg) tanh? (bgh)

X exp [— % sechz(bqﬁ)] . (60)

We present the shapes of the zero mode, the effective
potential, and the coupling function in Fig. 2. Note from
Fig. 2 (a) that the zero mode defined in Eq. (57) is local-
ized on the brane and the effective potential is a PT-type
one. It is evident that the shape of f(¢) is similar to that
of F(¢) shown in the previous subsection: it has a minim-
um at the point ¢ =0 and diverges at infinity. Given that
there exists a factor e~ in the expression of f(¢) defined
in Eq. (41), the boundary behaviour of f(¢) is also oppos-
ite to the warp factor as well as to F(¢). This also en-
sures that the action of Eq. (27) does not diverge and the
brane model is stable.

f(¢)
50

40}
30f

20

10+

-2 -1 1 2

(®) f(9)

Fig. 2. (color online) Shapes of the Elko zero mode aq(z) according to Eq. (57) (thick line); the effective potential V{'(z) in Eq. (59)
(dashed line) is plotted on the left and the shape of function f(¢) according to Eq. (60) (right) is plotted on the right. The parameters

were setto h=b=a%s(1+A4) = 1.

2. K@)=ko

Another natural choice for K(z) is K(z)quﬁzk%z

with positive k. In this case, the form of C(z) reads

Cl) =~ e, (61)

%ﬁ'l%’.

k
Erﬁ[ EZ)
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- h = . . .
where kzkz and Erfi(+k/2z) is the imaginary error
function. Thus, the zero mode reads

aﬂdaﬁpréﬁvggﬁw—gf] (62)

with

- o iftomes] 3
L) = f Erfi tanh”(hZ)exp dz. (63)
0 2 2

It can be verified that the function £(z) approaches a
constant as |zl — oo, which indicates that a(|z] = o0)

a,,Vy'(2)
2.5

201
15F

1.0}

-3 -2 -1 1 2 3
-0.5+

@ ao-z V) -z

Fig. 3.

k . . .. .
exp[—zzz] and its orthonormality condition can be satis-

fied.

The zero mode in this case can be localized on the
brane shown in Fig. 3 (a). Given that the effective poten-
tial V)/(z) and the corresponding coupling function f(¢)
have slightly complex forms, only their shapes are dis-
played in Fig. 3. Note from Fig. 3 (a) that the effective
potential is an infinite deep potential instead of a PT-type
one. The behaviour of f(¢) in Fig. 3 (b) is still similar to
the ones in the previous two subsections. Therefore, the
functions F(¢) and f(¢) have similar properties and play
similar roles, although they appear in different places in
the actions.

f(¢)

-1.0 -0.5 0.5 1.0

() f(¢)

(color online) Shapes of the Elko zero mode ap(z)according to Eq. (62) (thick line); the effective potential V})(z) (dashed line)

is plotted on the left and the shape of function f(¢) (right) is plotted on the right. The parameters were set to k=h=b=a?s(1+Aq) = 1.

IV. LOCALIZATION OF ELKO ZERO MODE ON
ADS THICK BRANE WITH DIVERGENT
WARP FACTOR

In this section, we consider another type of AdS thick
brane model and investigate the localization of the Elko
zero mode with two types of couplings. The warp factor
in the previous section is convergent as z — oo Or y — oo,
but the one in this section diverges, which means that the
zero mode of a five-dimensional free scalar field cannot
be localized on this brane [56]. This difference leads to
different and interesting results.

The action of this system reads [56]

f dsm/—[ SR 32 ousins - Vo), (64)

where R is the five-dimensional scalar curvature. Note
that M5 is set to 2 here. The metric is described by Eq. (3)
and the induced metric is g, = e " (—d* + dxj +dx3)+
dx? with A4 = —3p2. For the scalar potential

__ 304308 (9
Vip) = ¥ cosh o) (65)

a thick AdS brane solution was given in Refs. [24, 56]:

Ccos (?Z)

¢(z) = ¢parcsinh (tan (gz)) (67)

A®) = —61n , (66)

with
do = 36(6-1). (68)

Here, the range of the extra dimension is —z, <z <z

. 1) .
with z, = ‘—n', the parameter § satisfies 6> 1 or § <0. It
was found that only when ¢ > 1, there exists a thick 3-
brane that localizes at |z| 0 [24, 56]. Thus, we only con-
sider the case ¢ > 1. In this case, the warp factor ¢?4@ di-

verges at the boundaries z = +z;.
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A. Yukawa-like coupling
Using the Yukawa-like coupling and substituting Eqgs.
(66) and (67) into (23)-(26), the Elko zero mode «g, the
function F(¢), and the effective potential V| respectively
read

g o ePA@ = cos7P? ('gz), (69)
ﬁ2
F(¢) =@[6—4p+(6+ 136
4 .o @
—4p(1 + pd))sinh”| —
$o
x cosh™° (i) , (70)
®o
2
V) =pA” +p*A? = % sec? (gz) + p*B*tan’ (gz)
(71)
aO!vuy(z)
200]
150}
100}
50
e
-1.0 0.5 0.5 102

Fig. 4.

The orthonormality condition requires p§ < 0:

fagaodzzfa%dzocfi cos*2pﬁ(§z)dz

2
1
Nl )
= 72

TA—po) (72)
Therefore, the zero mode can be localized on this AdS
thick brane for any negative p by introducing the
Yukawa-like coupling mechanism.

The zero mode, effective potential V(f (z), and func-
tion F(¢) are plotted in Fig. 4. A unique point to be re-
marked is that the effective potential is an infinite poten-
tial well and the behaviour of F(¢) is a volcano-type one,

which is due to the opposite boundary behavior of the
warp factor compared to that of the previous section.

F(¢)

N A O ©
T T T T

Pl o

(color online) Shapes of the Elko zero mode ao(z) according to Eq. (69) (thick line); the effective potential V] (z) according to

Eq. (71) (dashed line) is plotted on the left and the shape of function F(¢) according to Eq. (70) (right) is plotted on the right. For the
sake of better visibility, here ao(z) has been magnified 100 times. The parameters were setto n=-1, 6=8=2,and p = -5.

B. Non-minimal coupling
Finally, we turn to the non-minimal coupling mechan-
ism by considering K(z) = kA’ with k a positive constant.
Note that the sign in front of k is just opposite to that in
. . 1 .
the previous section. When k = 5 Eq. (42) can be rewrit-

ten as

_ 1- Z _ _
ay(z) « cos'/?(kz) exp 51«52 f sin(kz) tan(kZ) In _ dz
0

It is easy to check that in this case the zero mode will
vanish when z — +z, and the orthonormality condition
can also be satisfied. As shown in Fig. 5, the zero mode is
localized on the brane. The effective potential is an infin-

ksec(kz)
k (k)Y
cos (EZ) - sm(zz)
k . (k
cos (EZ) + sm(zz)

and the parameter C; is set to zero. Then,

C(z) = (73)

In

B

where k=5
the zero mode reads

cos E' —sin E'
2° 2%

(74)

cos ks + sin k.
2° 2°

ite deep potential well, and the coupling function f(¢) is
the volcano-type one. Note that all of the coupling func-
tions (F(¢) and f(¢)) have a minimum at ¢ =0 in both
thick brane models.
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a,Vy'(2)

=2

4t

f(#)

0.10
.08 |-

06 -

5 9o

-2 -1 1

Fig. 5. (color online) Shapes of the Elko zero mode ao(z) according to Eq. (74) (thick line); the effective potential V}'(z) (dashed line)
is plotted on the left and the shape of function f(¢) (right) is plotted on the right. For better visibility, a(z) has been magnified 5 times.

The parameters were set to =6 =2.

V. CONCLUSION AND DISCUSSION

In this study, we introduced two types of localization
mechanism to investigate the localization of the five-di-
mensional Elko zero mode on dS/AdS thick branes. First,
we reviewed two coupling mechanisms, i.e, the Yukawa-
like coupling and the non-minimal coupling. The results
indicate that to obtain the Elko zero mode on a brane, the
form of F(¢) in the Yukawa-type coupling mechanism
must be determined by the warped factor as described in
Eq. (24), and the function f(¢) in the non-minimal coup-
ling mechanism should be determined by the introduced
auxiliary function K(z). Then, we considered two types of
curved thick brane models and investigated the localiza-
tion of the Elko zero mode with both types of localiza-
tion mechanism.

In the first brane model with convergent warp factor,
we considered the dS/AdS thick brane generated by a
single scalar field. The results are as follows:

e For the Yukawa-like coupling,

1. the zero mode can be localized on branes under the
condition p > 0;

2. the effective potential is a PT-type one;

3. the coupling function of F(¢) has the opposite
boundary behavior compared to the warp factor e*4; F(¢)
diverges when ¢ — oo and it has a minimum at ¢ = 0.

e For the non-minimal coupling, by introducing two
different forms of the auxiliary function K(z),

1. the zero mode can be confined on branes;

2. in one case, the effective potential is a PT-type one;
in another case, it is an infinity deep potential well;

3. the behaviors of f(¢) in both two cases are similar
to that of F(¢): f(¢) > o as ¢ — oo and it also has a
minimum at ¢ = 0.

In another AdS thick brane model with the divergent
warp factor, the results are as follows:

e both the zero modes in two coupling mechanisms
can be confined on branes; while for the Yukawa-type
coupling, the range of the parameter p in this model is
expanded and it can take any negative value;

e the effective potential in the two coupling mechan-
isms is an infinity deep potential well;

e the coupling functions of F(¢) and f(¢) are both
volcano-type.

In short, regardless of the coupling mechanism con-
sidered, the Elko zero mode could be confined on dS/AdS
thick branes and the roles of coupling functions (F(¢) and
f(¢)) were the same. These results may provide a new
perspective to explore more localization mechanisms and
expand the possibility of localizing the Elko spinor.

In this paper, we report the expressions of the coup-
ling functions to localize the five-dimensional Elko zero
mode on dS/AdS thick branes. We found that the effect-
ive potential in the Schrodinger-like equation for the zero
mode is a PT-type one or an infinite deep potential well.
However, note that the Schrodinger-like equation for the
massive KK modes is a complex one, which is notably
different from that for the zero mode. Thus, the effective
potential function reported in this paper is not applicable
for the massive KK modes. Moreover, we cannot judge
whether there exists a massive KK mode, although the ef-
fective potential is a PT-type one or an infinite deep po-
tential well. In the future, we will investigate the localiza-
tion of the massive Elko KK modes on different thick
branes.
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