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Abstract: In this study, we consider all P-wave Q, states represented by interpolating currents with a derivative
and calculate the corresponding masses and pole residues using the QCD sum rule method. Because of the large un-
certainties in our calculation compared with the small difference in the masses of the excited €, states observed by
the LHCD collaboration, it is necessary to study other properties of the P-wave Q;, states represented by the interpol-

ating currents investigated in the present work to gain a better understanding of the four excited €, states observed

by the LHCD collaboration.
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I. INTRODUCTION

In 2017, the LHCb collaboration observed five nar-
row excited Q. states, i.e., Q.(3000), Q.(3050), Q.(3066),

Q4(6316) : m=6315.64£0.31 £0.07+£0.50 MeV,
Q4(6330) : m = 6330.30+£0.28 £0.07 £ 0.50 MeV,
0,(6340) : m = 6339.71 £0.26 £0.05 £ 0.50 MeV,

Q,(6350) : m = 6349.88 £0.35+0.05+0.50 MeV,

Following this experimental progresses, there have
been many theoretical works concerning various proper-
ties of these excited Qg (Q = b,¢) states [3-26] and other
excited heavy baryons [27-36].

Two kinds of excitations, the p-mode and A-mode, ex-
ist in these excited Qg states. The p-mode excitation is
the excitation between two strange quarks, while the A-
mode one is the excitation between the strange diquark
and bottom (charm) quark. In Ref. [37], the authors sys-
tematically considered all possible baryon currents with a
derivative for internal p- and A-mode excitations and stud-
ied the P-wave charmed baryons using the QCD sum rule
method in the framework of heavy quark effective theory.
In Refs. [12, 22], the authors studied these excited states
using the QCD sum rule method in the framework of
QCD.

Q.:(3090), and Q.(3119), in the Ef K~ mass spectrum [1].
Recently, they reported four excited €, states in the

E9K~ mass spectrum [2]:

I'<2.8MeV,
I'<3.1 MeV,
I'<1.5MeV,

['=14%9+0.1 MeV. (1)

In this paper, we construct the full QCD counterparts
of the interpolating currents considered in Ref. [37] and
study P-wave Q, excited states using the QCD sum rule
method [38, 39]. The basic idea of the QCD sum rule
method is that the correlation function of interpolating
currents of hadrons can be represented in terms of had-
ronic parameters (the so-called hadronic side) and calcu-
lated at quark-gluon level by operator product expansion
(OPE) (the so-called QCD side); then, by matching the
two expressions, we can extract the physical quantities of
the considered hadron.

The rest of the paper is organized as follows. In Sec.
II, we construct the interpolating currents and derive the
required sum rules. Sec. IIl is devoted to numerical ana-
lysis, and a short summary is given in Sec. IV. In Ap-
pendix B, OPE results are shown.
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II. DERIVATION OF THE SUM RULES

A. Interpolating currents

Following Ref. [37] we introduce the symbols
[DQp, ji,s1,p/A] and Joerand

jPQ ol to denote the P-wave Q,
multiplets and the interpolating currents, respectively,
where j is the total angular momentum; P is the parity; j;
and s; are the total angular momentum and spin angular
momentum of the light components, respectively; and
p(A) denotes the p(1)-mode excitations. The general inter-
polating currents of Q,, baryons can be written as

J(x) ~ €[5°T (x)CTy P (X)IT26° (), 2)

where a, b, and ¢ are color indices, €*¢ is the totally anti-
symmetric tensor, C is the charge conjugation operator, T
denotes the matrix transpose on the Dirac spinor indices,
and s(x) and b(x) are the strange and bottom quark fields,
respectively. The state function corresponding to the
diquark €¢[s“T (x)CT;s"(x)] can be written as |color)®
[flavor, spin, space) and should be antisymmetric under
the interchange of the two strange quarks. Now, the color
part and flavor part are antisymmetric and symmetric, re-
spectively. The spin part is antisymmetric for the scalar
diquark e®¢[s?T (x)Cyss®(x)] and symmetric for the axial-
vector diquark €[5 (x)Cy,s"(x)]. The spatial wave
function is antisymmetric and symmetric corresponding
to the the p-mode and A-mode excitation, respectively.
For example, if the spin angular momentum of the
diquark is 0, the excitation in the Q, state should be the
p-mode, and we have the baryon-multiplet [Q, 1, 0, p].
Consequently, the P-wave €, states can be classified in-
to four multiplets, i.e., [ Qp, 1, 0, p], [, 0, 1, 4], [Qp, 1,
1, A], and [ €, 2, 1, 4], and the correspondlng interpolat-
ing currents are

o [Qb, 1, O, p]

J12-0,1.0,0(%) =i€apc{[Dys” (x)]“Cyss”(x)
— 5T (X)Cys[Dyus(0)] 1y ysb  (x),
I - 01,00 =€l [Dys” (0)]“Cyss”(x)
= 5" ()Cys[Dus)P T b (x),  (3)

with [ = g% — 3—1)/")/“,
®[Q,0,1,4]

J1/2-.0,0.1.2(%) =i€aped[Dyus” (0)]°Cy*sb(x)
+ 5T (O)CY [Dus(OII(x), (4

o[, 1, 1,4]:

J1/2-0,1.1.(%) Zi€ape{[Dyus” (1)]“Cyys”(x)
+ 5T ()Cyy [Dys(x)]" )b (x),

TS5 0,114 Zi€aped[Dys” (0] Cryys”(x)
+5T()Cyy[Dus)P T b (x),  (5)

: I 1
with T{ = { gy — g™y = 2y "yy” + 17“7”7”)75,
o[22, 1, 1]

T 02140 =i€aped[Dys” (0)]“Cyys”(x)
+ 5T ()Cy [Dus(0) IS b (x),
I35 0,210 Zi€ael[Dus” ()] Crys”(x)

+ 5T ()Cy[Dys(0)P I @ be(x),  (6)

where

T3 = g™y" + g™y - —g’”y" Vs, (7)

| i _ga“ugryzv +gmvg nga:g,uv
_l Ay V 1 v, az’yﬂ
6g Y'Y 6g
1 a,V . _l [02y7) 8
A (8)

In the above equations, D,(x)=9,—igA,(x) is the
gauge-covariant derivative; a, b and c are color indices;
C is the charge conjugation operator; 7 denotes the mat-
rix transpose on the Dirac spinor indices; and s(x) and
b(x) are the strange and bottom quark fields, respectively.

B. Sum rules

To obtain the mass sum rules for the P-wave excited
Q,, states, we begin with the following two-point correla-
tion function of the interpolating currents constructed in
the previous subsection,

(Yl(l/z"'a,,%ﬁlﬁz"'ﬁk% —1
11 : (p) —1fdx e"’x(OIT[J PQ i Sp/ﬂ(x)

_B.BB,y

XJipo, jrspaO110). )

First, we need to phenomenologically represent the
two-point correlation function (9) in terms of hadronic
parameters. To this end, we insert a complete set of states
with the same quantum numbers as the interpolating field,
perform the integral over space-time coordinates, and fi-
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nally obtain

H(Phy)om ‘a; lﬁ! ﬁ,ff(p)_ 1

]PQ, Jis VIP//l p

X<0|J jiPQ, jlyp//llj’Pthflvsl, //l P)

. . Bi-)
X P jr 5Pl AP gy 10)

+ higher resonances.

(10)

We parameterize the matrix element <0|J(Y§ijip /i
|, P,Qp, j1, 51,0/ A, p) in terms of the current-hadron coup-
ling constant (pole residue) fjpq,j.sp/a and spinor

(¢21¢%)

W (p),

<0|J PO pMIJ,P Qp, jis 1,/ 4, P)

=fip0yjuspiatt™ " (p). (11)
|

o for spin—% baryon:

2
H(Phy)ﬂflﬂ’zﬁ /32( )

gﬂlﬁlg[lzﬁg + g%ﬁz gazﬁ,

As a result, we have

.1
e for spin- 3 baryon:

f2
% (p +m2) +higher resonances, (12)
1/2

n™(p) =

.3
e for spin- > baryon:

f2 @ 1
TP (p) == 2<p+m3/2>(—g"'ﬁl + ;ﬂ
327 P
L2m P PPy )
3m3/2 3m3)n
+ higher resonances, (13)

I
—(15+m5/2)[
P

5/2 2

galazgﬁﬁz [ d;,yﬁ ,ympﬁ ,yﬁp(ll meB )~azﬁ2

5 ms 2 m? 2

_ [azye y=ph =P p® p“ZPB]w,ﬁz__[a,yg Y pP =y PQ'PB]~G/3|

ms» 5/2

ms3 5/2

@, @, @,
- ( @b 4 vt —yp y pB ]W‘ﬁ' + higher resonances, (14)
ms;3 5/2
where we have used the following formulas
D ulp, $)a(p, s) =p+mip, (15)
@) 1 2 (] (471 @

Zum(p,s)lx_lﬁl(l’,s)=(]/§+WL3/2) _galﬂ|+7 7'8 14 pB b 7ﬁ PBY (16)

5 3 3’"3/2 3m3

(1/1,51 azﬁ + 3B P 0@ 5B\Bs @y & &

3w (. )i (p.s) (¢+m5/z>[ g £ [W* S ol ]ﬁ

S ms 2 5/2

~ [ o PR et i p"zpﬁ ]w,ﬁ ( s PRA b p"'pﬁ ]%5.

ms2

5/2 ms2 5/2

_ (azyﬂ VQPB Yﬁpaz PQZPB]W@]
5/2

ms;o

rr

with gt = gt — s

(17
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Conversely, the correlation function (9) can be calcu- polating current Ji2_ 0, 10,(x) (3) into the correlation
lated theoretically via the OPE method at the quark-gluon function (9) and contracting the relevant quark fields us-
level. We take the current Ji,2_ 0, 10,(x) as an example ing Wick's theorem, we find
to illustrate the involved technologies. Inserting the inter-

OB (p) = — diepe€rpye f d*xePy, 758 D yuys

x{Tr[ysS o (s CHA S (= )C) = Te[ys S ) (0ysC S (x=y)C)

y=0

+4€pe€rie f d*xeP g, A (xyy,vsS P 0yys

x(Telysdf S} (r=y)ysCS G CIC| = TalysS i (ysCal S @l -]

(Olgs50 - Gs]0) ;
+ &T €abc€a'b ¢’ d4xelpng7#7/SS E? (X)Y/l’ s

ad da’ n\bb'
"(%) {(%) 5Tl ys9) S5y (=)0 V]—(%) vaf[Vsﬁif'Siz‘Zix—ywsff”v]} : (18)
y=0

o . A\
where a, b, --- are color indices, A"*,n=1,2,---,8 are the Gell-Mann matrix, A““(x) = A””(x)(?) is the gluon field, g

is the strong interaction constant, and S®(x) and S(x) are the full bottom- and strange-quark propagators, respect-

ively, whose expressions are given in Appendix A. Inserting the expressions for the full quark propagators into (18) and
performing the involved integrals, we have

00 2/0ls 2

m;{0[5s|0

OPE (p) =p ( f dsL (s)2 A |2 ) ]+other Lorentz structures, 19)
(m2my  S=p° 12(mp = p?)

where p(s) is the QCD spectral density

3 I (1-a) 3m2 (1 (1-a)?
p(s):—m ) da p (mi—as)3+l67:4£ da P (mlzl—as)2

‘mi

3my(0[5s]0) [ m2(01g2GGI0) (! (1-a)
- %[ da(l —a)(mi—as)— b< 8 0 da( %)
/8 Aoin

25674 a a2
501g; GGy (! ) mX0lg2GG0) » my(0l5sl0)(0|g2GGI0)
- 5 da(1 —a)(m, —as) - TN (1 = amin)” = 96w M2 (1 = amin), (20)

with amin = mi/ s; here, m; is the mass of the strange quark, m, is the mass of the bottom quark. and Mlz3 is the Borel
parameter, introduced to make the Borel transform in the next step.

Finally, we match the phenomenological side (12) and the QCD representation (19) for the Lorentz structure p,

2 o _
Fin—an10p ) p(s)  m2(0]3s|0)>

O — higher resonances = ds 5 o
m1/2,—,ﬂ,,,1,0,p -p (m,+2m,)? s=p 12(’”1; -p )

2

According to the quark-hadron duality, the higher resonances can be approximated by the QCD spectral density

: 1/2,-,9,,1,0,
above some effective threshold So/ N
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f2
1/2,-,9,,1,0,0

2 _ 12
M 2-0,1,0p0 " P

°© s 0 S
+f ds—p( )2 :f ds Pl )2 +
s(l)/z.—.n,rl,aw s=p (mp+2m, ) s—p

Subtracting the contributions of the excited and continuum states, we obtain

2
1/2,-,%,,1,0,0

sU
2 _ 2 f )
M2-0,10p " P Jma2my

112295100

m2(0]55]0)?
T (22)
2 = 2
p(s)  mg(0]ss]0) (23)

s 9’
s=p*  12(m}—p?)

To improve the convergence of the OPE series and suppress the contributions from the excited and continuum states,
it is necessary to make a Borel transform. As a result, we have

1/2.-95.1.0p
5 b

2 -m3,_ MG
fl/z,—,Q,,,l,(),pe 1/2-.95,1.0,0 =

where M2 is the Borel parameter. Applying the operator
we obtain the mass sum rule

1/2,-92,.1.00
S, b

d 0 . m20[55]0Y% L
f dsp(s)e_S/M"+—3< 15510) e "/ Ms
(m;,+2m)?

, (/M3

dsp(s)e

(m,+2m,)?

2/0ls 2
~singy M5 COISSI0N e a

2 (24)

d

AR (24) and dividing the resulting equation with (24),

12

Mip-0,10p0 =

112,951,090
So

(25)
m?(OIEsIO)2 M

dsp(s)e_s/Mi +
sf(‘m,,+2m\)2 12

In Sec. III, we will numerically analyze (25) and (24)
and estimate the values of the mass mi;> 0,10, and the
pole residue fi/2-0,1.0p-

For other interpolating currents, we do the same ana-
lysis, and the corresponding OPE results are given in Ap-
pendix B.

III. NUMERICAL ANALYSIS

The sum rule (25) contains some parameters, various
condensates, and quark masses, whose values are presen-
ted in Table 1. The values of m;, and m, are the MS val-
ues. In addition to these parameters, we need to determ-
ine the working intervals of the threshold parameter
sé‘P‘Q”‘j"S”p /" and the Borel mass M2 in which the masses

Table 1. Input parameters required for calculations.

Parameter Value

(5s) (0.8+0.1)(g9)

qq) —(0.24£0.01)>GeV?
(8s50°Gs) (0.8 +0.1%55)GeV?

(5GG) 0.88+0.25 GeV*
ny (4.18£0.03)GeV[40]
ms (0.095 £0.005)GeV [40]

and pole residues are stable. We take the continuum
threshold to be approximately mjpq, j s p/a+(0.7+
0.1) GeV, while the Borel parameter is determined by de-
manding that both the contributions of the higher states
and continuum are sufficiently suppressed and the contri-
butions coming from higher dimensional operators are
small.

We define two quantities: the ratio of the pole contri-
bution to the total contribution (Pole Contribution, abbre-
viated PC) and the ratio of the highest dimensional term
in the OPE series to the total OPE series (Convergence,
abbreviated CVG), as follows,

J PS50
S,

f dsp(s)e” g
(m,+2m,)?

PC=—/ —
f dsp(s)e "
(m,+2m,)?
s‘:_l{ﬂ/,,;/,\/ﬁ/,l ‘
dsp“=D(s)e
y+2m,)?
CVG = Zmtmy , (26)
57 151014 N
dsp(s)e 5
(my+2m,)*
where p“=7(s) are the terms proportional to

(0155]0)(0|g>GG|0) in the spectral density.
For the current Ji/5_ 0, 1,0,(x), the numerical results
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are shown in Fig. 1. In Fig. 1(a), we compare the various
condensate contributions as functions of M} with
s(l)/ 22100 _ 6 952 GeV2. From the figure, it is clear that
the OPE has good convergence. Fig. 1(b) shows PC and
CVG varying with M2 at s(l)/ 22190 - 6 952 GeV2. The
figure shows that the requirement PC >50% gives
M2 <55GeV:. The dependences of the mass
mij2,-0,10, and the pole residue fi/»— 0,10, on the Borel

452007
41 pert
T (q9)
- - -{glGG)
SR
g 25 - 8 - (@0){9:GG)]
S 15t
s
05
o R
05 . . . . .
1 2 3 4 5 6 7

M3(GeV?)

(a)

1/2,—0,1,0, 2
_____ s/l 6 852Gy
o ,
— s P = 6.95%GeV?
1/2,—,2,1,0,, 2 >
- = -5 P = 7.05°GeV?

5 5.5
M3(GeV?)

()

parameter M} are depicted in Fig. 1(c) and (d) at three
different values of s(])/ 2100 respectively. It is obvious
that the mass and the pole residue are stable in the inter-
val 4.5GeV? < M} <5.5GeV?. The mass and the pole
residue are estimated to be m - q,.1.0, = (6.28%011)GeV
and fi/2.-0,10p = (0.35+0.06)GeV*, respectively.

For other interpolating currents, the same analysis can
be performed. We summarize our results in Table 2 and

091

081

071

06F M3 5.5
PC 0.5081

051

—PC
04f|- - —CVG

031

021

0.1

1 2 3 4 5 6 7
M3(GeV?)

————— sy 7P = 6.852GeV?
oty —— /20 — 6.952Ger?
0.0 - = —sPT = 7.05°Gev?
0
4.5 5 55
MZ(GeV?)

Fig. 1. (color online) For the interpolating current Ji/2_o,.1,0,(x): (a) denotes the various condensate contributions as functions of Mg
with s(l)/ >7:100 - 6,952 Gev?; (b) represents PC and CVG varying with M2 at s(l)/ 20100 _ 6 952 Gev?2; (c) and (d) depict the depend-

ence of the mass and the pole residue on M3 with three different values of s

1/2,-.Qp,

0 102 respectively.

Table 2. Masses and pole residues of the P-wave excited Q, states.

) Masses/GeV
Multiples Baryons (j°) This work Ref. [20] Pole residues/GeV*
(i) 6.28%011 6.32+015 0.35+0.06
[, 1,0, p]
(3) 6.3170:10 6.3270.12 0.19+0.03
[, 0, 1, 4] 0,(1) 5757003 6.34+0.11 0.018370.9013
S (1) 6.33%010 6.341009 0.62+0.10
,(3) 6.375010 6347008 036505
. (3) 6.3470.09 6.350.13 0.71+0.11
0,(3) 6.54007 6.36*013 0.15+0.02
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; <10

6 pert. 7
MR
- & - (9,40 Gq) K
WL |e-(@)? P
“ - B8 -(79)(42GG) )/
g sr ’
= ’
.g 7’
s 2y P
S .
1 -7
09-0-0-0-0-0-0-0-8 S COTTHE 4 nb gy ]
e
. %o%*o,(
2 ‘ ‘ ‘
1 2 3 4 5 6 7
M}(GeV?)
(a)
6.5 T
_____ Sé/z.f.szh 0TN 6 a2GeV?
sl,’.’.f.ﬂh 0,11 - 6.5266‘/2

20
1/2,—2,0,1,A
- = [P0 _ 6 g2y

4 4.5 5 55 6
M}(GeV?)

()

08

0.6

—RP
04 — - -RH|1
021

02,7
04 . . . - - !
3 35 4 45 5 55 6 65 7
M}(GeV?)
0.025 '
_____ S(l,,’z.—.n,,.u.l X 6.42GeV?
SU2MOLA _ g m2 12

0
1/2,—2,0,1,1 2
== =5 T = 6.6°GeV?

4 4.5 5 55 6
ME(GeV?)

(d)

Fig. 2. (color online) For the interpolating current Jy/5_ g, 0.1,4(x): (a) denotes the various condensate contributions as functions of M3

172,295,012

1/2,-,94.0,1,4

with s, =6.52 GeV?; (b) represents RP and RH varying with M3 at s, =6.52 GeV?; (c) and (d) depict the dependence

1/2-9,0,1,4

of the mass and the pole residue on M3 with three different values of s, , respectively.

compare the obtained masses with the results in Ref. [20]
estimated using the QCD sum rule method in the frame-
work of heavy quark effective theory. It is clear that they
are in agreement with each other within the inherent un-
certainties of the QCD sum rule method, except for the
multiplet [, 0, 1, A]. We should provide some argu-
ments regarding the result of the interpolating current
J12.-.0,0.1.4(x) shown in Fig. 2. From Egs. (B3) and (B4),
we can see that all terms of the OPE series are propor-
tional to the strange quark mass m; or m2, except for the
second term in (B4). As a result, the gluon-condensate
term is much larger than the other terms, and OPE is in-
valid in this case. Moreover, the corresponding mass and
pole residue are much lower than the others. All in all,
our model can not give reasonable results in this case.

IV. CONCLUSION

In this paper, we consider all P-wave Q, states rep-
resented by interpolating currents with a derivative and
calculate the corresponding masses and pole residues us-

ing the QCD sum rule method. The results are summar-
ized in Table 2. Because of the large uncertainties in our
calculation compared with the small difference in the
masses of the excited Q, states observed by the LHCb
collaboration, it is necessary to study other properties of
the P-wave Q,, states represented by the interpolating cur-
rents investigated in the present work to gain a better un-
derstanding of the four excited Q, states observed by the
LHCb collaboration. For example, we could study their
decay widths. Our results in this paper are necessary in-
put parameters when studying their decay widths using
the QCD sum rule method or light-cone sum rule method.
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APPENDIX A: QUARK PROPAGATORS
The full quark propagators are
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G LK Mg qq) (qq9) 2
Sij(x)_2n2x45if_4”2xz6ij 12 ETRUARYTY 48 Mg k0ij— (gsqo'GCI>5ij
)C2 jf gstl] uv y Y
1152’”q<qu0'G6]>5u 300 ETIN ) (fC(T# + o £)+-- (A1)
for light quarks, and

d*k + gsfa Gy o (F+ +(F+ uv GG K2y

S2(x) =i oiks| £Hmo . ot (k+mg) + (K+mg)o <gy ) 5 mg e K A2)
K Qo™ [k —mj, 4 (k2 =) 12 @=mdy

a

. A . . . . .
for heavy quarks. In these expressions, #* = > and A“ are the Gell-Mann matrices, g is the strong interaction coupling
constant, and i, j are color indices.

APPENDIX B: SPECTRAL DENSITIES

We choose the Lorentz structures p, pg, and pg®®g#P to obtain the sum rules for spin-1/2, spin-3/2, and spin-
5/2 baryons, respectively. In this appendix, we will give the corresponding OPE results.

For the interpolating current J5,, o, |, (%),

f‘” p(s) m?(OIEsIO)2
ds -

5 R ] + other Lorentz structures, (B1)
(my+2m)2  S—P 24(mb -p°)

MOPEF(p) = zég”f*(

where p(s) is the QCD spectral density,

o) :38;4 f‘ ! —ai’2(4+a) 2 — asy - 6}:’?4 f daﬂ—aiﬂ( _as)?
. ms<0|§s|0> fl daall -y —as) + mb(fg)sgiflm " LA —a)a32(4+a)
Mﬁ% 5 da(1 —a)(2 +a)(m} —as) + %(1 ~ Gmin) (2 + Ain)
gt G40 [ [ daa- o+ LI ,'%GG'O) nin(1 = ). (B2)
For the interpolating current Jj 2 — o, 0,1,4(X),
H(OPE)(p) = pﬁ(fw ds p(s)2 + 2m§(0|§s|0)2 + mS<0l§S|0><0|g§GG|0>)+other Lorentz structures, (B3)
(m+2my.  S—D 3(m3 - p?) 192722(m; — p?)

where p(s) is the QCD spectral density,

3m? (1-a)? (0|g2GG|0)
P == d (m, —as)* - T 5 d (1-a)(mj, —as)
mz(OlngGIO) ,  3my(0lgs50- Gs|0)
W(l—amm) + = N daa. (B4)

For the interpolating current Jy,2.— o, 1.1.4(x),
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TOPE)(p) = Iﬁ( f( ” - ds sp (2 + msi%'ijg(iglg%;?'o)]+other Lorentz structures, (BS)
m,+2m, b~
where p(s) is the QCD spectral density,
1 (1-a)’ 3, 27m? (1-a)? 5 3my(0|5sl0) [ N
p(s) = e d s (m —as)’ + 39 da ( my,—as)” + Tja‘ da(1-a)(m;, —as)
—<Olg§GGlO> f a)3 3<O|1g§§:|0> aa! — 3 —as)+ —<O"f§§G4'O> da(1 - a)(m ~ as)
Amin [
_ 3"1?(;);2%:@0)(1 — i) — v<0|glv;0'2 Gs10) i d d—Ta)+ ms<0|§;fii(;f§GG|0>(l — i)
) ms<0|§s|§éfg|sg§cG|o> o (E6)
For the interpolating current Jg 2Oyl A(x),
TIOPBB(py) = gh ( j(‘ " - ds S’O (s;z - ms<507|2j1(2)(>,<7102|g352?|0>) other Lorentz structures, (B7)
my,+2m,)? - b
where p(s) is the QCD spectral density,
1 ' (-aP@G+a), , (1-a’Q2+a) )

P =6 f da=———5——(m; —as)’ - 327r4 f 4 (m; —as)
_ —m3<§7lis|0> ﬁ l da(1-a)(1 +a)(m§ —as)+ mbﬂi?;f'o) 5 a(l _a);( 3+a)
- —<0|§E§;|O> L galm e _“)2(4_“) (m? - as) - _<0|§2§€|o> da(1 —a)(1+a)(m} - as)

i i
—2<2|§4;G|0> (1 = min) (2 + imin) — ms<0lgi§:2- Gsl0) - da(3 —4a+4a?)
OSOOEON |_1- IOOID) o
For the interpolating current Jg’/z 0,214,
TIOPEB () = yooh ( [ ” . ds sp (“2 + Smséglgii(z:mg;j?lo))+other Lorentz structures, (B9)
my+2m, ) b

where p(s) is the QCD spectral density,

043103-9
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1 —_ 3 2 1 2
o) =) f 4 (L= a7 +13a) (mi_as)g_;;;; f e a)a(6+a)(mi_as)2

967* J,... a?

mX(01g2GGI0y [ (1-a)3(7+13a)

—_—_— a—
115274 a?

(01g>GGl0y (! 5 m%(0|g>GG|0)
- da(l-a)?2 - s
Ty » a(l —a)2 +a)(my —as) + 3840

- 1
- w f da(1 - a)(5 —Ta)(m} —as) +

(1- amin)2(6 + amin)

my(Olgs50-Gsl0y (! m,(05510)(0|g>GG]0)
SgT da(1 —4a+184%) - YRy (1 = amin)(3 = Tamin)
Qmin B
m{0]55|0)¢0| Z,GG|O>
_ms 2887;; : min(1 + 3dmin). (B10)

For the interpolating current Jg/lgf—,(z,,,u, 1),

* {0]5s10)(0|g2GG|0
NOPRmhb (p) = pomi Pk (f ds p(S)z + ;{015 s10)¢ |2g5 | >]+0ther Lorentz structures, (B11)
(m+2m)  S=P 17287%(m;, — p?)
where p(s) is the QCD spectral density,
' (-a(+a), , 3 1 U (d-a*(+2a) )
PO ), e Y g ), T
Ain Aiin

1 1 ) 1
~ T ) da(1 —a)SSZ(mi —as)— 32;4 fa da(1 —a)z(m}z) —as)2

2l - 1
0|5s|0
+ 4’:31# ﬁmm da(1 - a)’s(m} — as)— % N daa(1 - a)y*(3mj, — (a+1)s)

m201g2GGI0) (' (1-a(+a
Amin(1 = amin)3 + b —34;6”4 " da —a( )

(01g2GGl0)y (!

n2m,(0]5s10)
1872

(01g2GGl0)y (!

da(1 - a)(2-a*)(m; —as)+ da(1 - a)*(3-4a*)s

1522 J, o2t J,
(01g2GG|0)s m(0|gZGG|0)
—— (- arnin)4 + b—s4amin 1- amin)3
345674 3456m
(01g2GG|0)s* s mi0|g2GG0) )
- 103%87]\/[123(1 —amin)” — W(l —amin)” (1 —4amin)
2(01g>GG|0 {0lgs50--Gsl0) !
mi{0lgy |2 )S(l ) - mg(0|g, 50'2 Gs|0) dac®(1 - 2a)
34567 M2, 2r
m(0|g 50 - Gs|0) ! m(0|g 50 - Gs|0)
ST | daa(l-a)- e anin(1 = in)(1 = 8ami)

m?my(0|g 50 - Gs|0) my(0|55|0)(0|g2GG|0)
pl'ts s ) 2 s 8 _ \2 .
- 1087T2M]23 Amin(1 — amin) 129672 M]23 (1 Amin) (4 + Amin)
m,(0]55|0)(0|gsGG|0)s ) m(05510)(0|g3GG|0) s> 3
+ - 1 — Amin)" (5 —4amin) — - 1 — am;
12967{2Mg ( lTllI'l) ( mll’l) 12967T2M]63 ( lTllI'l)
_ m(0l55/0)(0|g3GGI0) my (OSSO0l GGI0) EB12)

min +
si8dr?s ¢ 518472 M2

In the above equations, ami, = mi /s, and MEZ; is the Borel parameter.
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