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Abstract: If two annihilation products of dark matter (DM) particles are non-relativistic and couple to a light force

mediator, their plane wave functions are modified due to multiple exchanges of the force mediator. This gives rise to
the final state Sommerfeld (FSS) effect. It is also possible that the final state particles form a bound state. Both the
FSS effect and final bound-state (FBS) effect need to be considered in the calculation of the DM relic abundance.
The annihilation products can be non-relativistic if their masses are comparable to those of the annihilating DM
particles. We study the FSS and FBS effects in the mass-degenerate region using two specific models. Both models
serve to illustrate different partial-wave contributions in the calculations of the FSS and FBS effects. We find that the
FBS effect can be comparable to the FSS effect when the annihilation products couple strongly with a light force me-

diator. Those effects significantly modify the DM relic abundance.
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I. INTRODUCTION

The standard cosmological model (ACDM) success-
fully describes the large scale structure evolution of our
universe. The main matter component in the ACDM,
called dark matter (DM), which is yet to be detected, is
one of the most outstanding puzzles in contemporary
physics. The cosmology observation accuracy about DM
abundance has reached the percent level [1]. The relic
abundance of DM needs to be considered beyond the per-
turbation calculation.

Weakly Interacting Massive Particle (WIMP) [2] is
one of the most popular dark matter candidates. In the
standard paradigm, the relic abundance of WIMP dark
matter is usually given by the thermal freeze-out mechan-
ism [3, 4]. If there exists a long-range force between two
non-relativistic moving particles, non-perturbation effect
needs to be considered. This effect can be calculated by
the ladder diagram in Quantum Field Theory [5]. It can
also be approximately calculated by quantum mechanics,
considering that the two particle pair wave function is
modified by the long-range force. The DM particles are
non-relativistic during freeze-out in most models about
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WIMP (so we called it cold dark matter). Many studies
focus on the non-perturbation effects of annihilation
particles, for example, the Sommerfeld effect and bound
state effect’.

Previous works about the bound state effect focused
on the initial DM or co-annihilator pairs [5— 18].
However, when annihilation products have coupling with
a light force mediator, and have been mass-degenerate
with the initial DM, non-perturbation effects also occur in
final state particles. In the early universe, the initial anni-
hilating particle energy obeys the Maxwell-Boltzmann
distribution. Therefore, they can have enough energy to
annihilate into heavier particles (Forbidden DM [19] or
Impeded DM [20]). Recently, the final state Sommerfeld
effect (FSS) has been considered in the DM relic abund-
ance calculation [21]. It is showed that the s-wave FSS
has a significant influence on the DM relic abundance.
We naturally extend to study the p-wave FSS effect in
this work.

In fact, the FBS formation has been discussed
routinely in the Standard Model (SM), including e*e”™ —
(utu™) [22] and gg — (utu)g [23], where the bound
states are formed by exchanging SM gauge bosons.
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Usually, the leading FBS formation should be the
2 — 1 process (two dark matter particles annihilate into
FBS without emission). But the sub-leading process (two
dark matter particles annihilate into FBS with emission)
may not be negligible because the leading process cannot
always happen when the incoming particle's energy is lar-
ger than the mass of the FBS. Another reason is that the
sub-leading process can form an s-wave FBS, while the
leading process can merely form a p-wave bound state.
We provide Model II to illustrate this situation in Sec. IV.

FBS can arise due to non-confining forces (hydrogen
and positronium) or confining forces (hadronic bound
states) [24]. Another class of bound states, non-topologic-
al solitons, has also been considered in the context of DM
[25, 26]. Here, we consider FBS formed due to non-con-
fining interactions and calculate the cross sections for
FBS formation in the non-relativistic regime, which is
relevant for cosmology and DM indirect detection sig-
nals. If the FBS can exist as a portal between DM sectors
and SM particles, it has the possibility to provide new de-
tectable signals. For instance, the FBS has different en-
ergy levels. Like hydrogen, its decay and transition give
the spectrum of SM particles. For example, an FBS
formed due to a dark photon exchange, which has kinetic
mixing with the photon [27, 28].

The rest of our paper is organized as follows. In Sec.
II, we introduce the FBS formation conditions and as-
sumptions and provide a physical depiction of the FBS.
In Secs. I1.B and II.C, we show the paradigm of calculat-
ing the DM relic abundance with FBS and FSS effects in
the thermal freeze-out scenario. Sec. III presents the ana-
lytical calculation about the cross sections for the DM
Model I, the numerical results about thermal-averaged
cross sections, FBS effect on DM relic abundance, and a
brief discussion on the results. Sec. IV is the same as Sec.
11, but for the DM Model II. DM Model II is proposed to
demonstrate the difference from Model I when consider-
ing the conservation of angular momentum. The Models,
both show that the FBS can have an important effect on
relic abundance. Finally, in Sec. V, we summarize our
conclusions.
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Fig. 1.

II. FINAL BOUND-STATE FORMATION EFFECT

A. Final bound-state formation effect

When the annihilation products are non-relativistic
and have a coupling with a light force mediator, a bound
state can form between final products. For simplicity, we
consider the scenario where two dark matter particles an-
nihilate into two final state particles; the two final
particles form a bound state, and the excessive energy of
incoming particles is carried away by emitting a vector
boson. This process can be described by Fig. 1.

It is not difficult to understand the FBS formation us-
ing the analogy of positronium or true muonium forma-
tion [22, 29, 30]. The FBS has different energy levels like
positronium, the most contributive channel is the s-wave
FBS formation, and then the p-wave FBS formation.
Considering the selection rule, in some situations, the s-
wave channel cannot occur, it can only start from a p-
wave channel. We propose Moldel II in Sec. IV to
demonstrate the situation in which FBS formation can
only start from a p-wave channel.

Another point is about the FBS lifetime. In this work,
the FBS formed due to the non-relativistic final state
particles exchange with the Abelian light mediator, just
like the positronium and true muonium. They are not in a
stable state and finally dissociate or decay, but it does not
matter in our calculation. The final particles are regarded
as a portal between the DM sector and SM sector; they fi-
nally decay into an SM particle and fade out as universe
cools down. However, when the DM freezes-out, they are
still deemed to be within the thermal bath of SM
particles. We assume the annihilation products have
strong enough couplings, directly or indirectly, with SM
particles, so that the C and the SM particles can maintain
kinetic equilibrium and have the same temperature dur-
ing the dark matter freeze-out. If C couples with the SM
particles via a dark photon, V, the coupling ,ay, we con-
sidered is large enough (ay =0.02 is already sufficiently
large) for this assumption to be valid [8, 31]. The final
state particle, C (and C*), may decay into other lighter

DM

(color online) Feynman diagram for an FBS formation. The two pictures both describe two incoming DM particles that anni-

hilate into an FBS, which is formed by a CC* pair. The difference between the two panels: in the left panel, the incoming DM energy

exceeds the FBS mass, and the extra energy is carried away by a vector boson; in the right panel, the incoming DM energy equals the

FBS mass.
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particles, which carry the same U(1) charge. Therefore,
the current experimental bounds on the dark photon para-
meters may not be directly translated to the bounds on ay
and mc. On the other hand, it is possible to let the CC*
particle's annihilation cross section be sufficiently large,
so that C and C* can maintain thermal equilibrium dur-
ing DM freeze-out. We only use the assumption that the
final state particles are in thermal equilibrium during DM
freeze-out, and building a full model is beyond the scope
of this work. So, we can use the simple Maxwell-
Boltzmann distribution for them when we calculate the
DM relic abundance. FBS exists as a portal and also
brings many interesting DM indirect detection signals
[27, 28, 32], but we will not discuss this here. Next we
briefly explain why the existence of FBS will influence
the DM relic abundance.

First, during freeze-out, most of the DM particles are
moving with non-relativistic velocities. As the annihila-
tion products of DM, the final state particles are naturally
non-relativistic when their masses are degenerate with
DM. As mentioned above, if the final state particles can
exchange a light vector boson, or in non-relativistic ap-
proximation, exits a long range force, and the revolution
time is smaller than the lifetime of the FBS components
[33], it can form an FBS.

Second, in the early universe, SM particles and DM
particles coupling with the SM are all in a thermal bath.
The velocity of the particles in the thermal bath can be
approximately described by the Maxwell-Boltzmann dis-
tribution. Therefore, there are always DM particles with
enough energy that can annihilate into heavier particles
[19, 20, 34]. In this case, the FBS formation processes are
permitted even if the final state particles have larger mass
than the DM. The "forbidden" cases are considered more
significant because the FBS formation without emission
can happen. In such instances, we naturally study the FBS
effect on the DM relic abundance.

B. Thermal average including the "forbidden" case

To calculate the FBS or FSS effects on DM relic
abundance, we need to average the cross sections over the
momentum distribution of DM in the early universe. All
the initial and final particles are in the plasma, the Max-
well-Boltzmann distribution is parameterized by the en-
ergy of DM particles

J(E) ocemE0lm, (M

where x=mp/T, mp is the DM mass, and E is the en-
ergy of DM particle. The thermal-averaged cross section
times relative velocity of DM annihilation are given by

fo_ve—(E. x)/mp o =(Erx)/my d3171 d3P2
fe—(51X)/mf)e‘(E?x)/m”dSPId3P2 .

(ov) =

2

By changing the integration variables, the thermal-av-
eraged cross section finally can be expressed as [35]

1 o
8m TK2(mp/T) f o= 4m’) VK (Vs/T)ds,

(ov)y =
8m4DTK§
(3)

where s = (p; + p2)? is the Mandelstam variable and K; is
the modified Bessel functions of order i. The integral
must be from sp;,, rather than 4mf) to take into account
the threshold mentioned above.

C. DM relic abundance

In this section we discuss the relic abundance calcula-
tion, including FBS formation. We assume a simple con-
dition that the annihilation products quickly thermalize
and their number densities equal the thermal equilibrium
values, as we mentioned in Sec. II. Therefore, only one
Boltzmann equation is needed to calculate the DM yield,
which is the ratio of the DM density to the entropy dens-
ity, Y = n/s. The Boltzmann equation can be written as

dYD Xs T dg*s 2 2
A ) Yo-Y5 ). (4
Ix H(mD)( 3g*S dr )<0’V>( D Deq) ( )

Noting that:
T 272
Teg :ﬁgm%)Kz(X), s= Eé’*smﬁ)/ﬁ’
473Gg. |’

H(mp) = (%) mi, ®)

where g is the DM degrees of freedom; K,(x) is the modi-
fied Bessel function of the second kind; Gy is the gravita-
tional constant; H(T) is the Hubble parameter; andg.., and
g. are the numbers of effectively massless degrees of
freedom associated with the entropy density and the en-
ergy density, respectively.

The total thermal-averaged cross section of different
channels/effects is

(OV)ail = (0 V)Ess + (V) + (V) v, (6)

where {(oVv)rss, {ov)p, and (ov)py are the thermal-aver-
aged cross sections for FSS-corrected annihilation, FBS
formation without boson emission, and FBS formation
with boson emission, respectively. We just need to put
the total thermal cross section, {(ov)., into Boltzmann
Eq. (4) and then solve the yield with the FSS and FBS
formation effects. The DM relic abundance is given by

Qph? =2.755x 10822y, 0. 7
D Gev 120 7
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where £ is the present-day dimensionless Hubble para-
meter; Ypo is the DM yield solved by the Boltzmann
equation and taking the value at the limit x — co.

III. MODEL 1

In this section, we employ a simple scalar QED-like
model, which carries the light force mediator, to illus-
trate the FBS formation effect and FSS effect on relic
abundance. We will calculate the cross section of FBS
formation, and the cross section of the channel with the
FSS effect according to the model. Then, we follow the
process in Sec. Il and give the numerical results.

In this model, we consider DM consisting of a real
scalar particle, D, coupled to a complex scalar particle, C,
via a four-point interaction. As a DM annihilation
product, C also has QED-like couplings with a light, real
vector boson, V (for example, a dark photon). The model
is summarized by the Lagrangian:

1
LoD, CP*+ EgDD%CF, ®)

where D, =0, —igyV, is the covariant derivative. The
coupling constant of the four-point interaction is gp. The
V,, stands for the light, real vector boson.

In zero temperature, the vector boson mass is zero.
While, in the thermal bath, the Coulomb force gets
screened by the thermal plasma. This can be described by
a vector Debye mass [36, 37]:

my ~ gyT, Q)

where T is the thermal bath temperature. The incoming
DM particles, D, with massmpand the outgoing particles,
C, with massmc. We assume that the vector boson mass
all comes from the Debye mass. However, in calculating
the FSS and FBS effects, we still use a Coulomb-like po-
tential since DM freeze-out happens at a temperature
much smaller than the DM mass (typically Tfeeze—out ~
mp/25). The Debye mass is scanning when temperature
decreases, so the Sommerfeld factor, S¢, has resonant be-
havior [31]. However, the difference between the
thermal-averaged FSS-corrected cross sections is within
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several percent when we use the Coulomb-like potential
and the Hulthen potential (which is a good approxima-
tion for the Yukawa potential). Therefore, during and
after freeze-out, a Coulomb-like potential is a good ap-
proximation.

A. Cross sections for Model I

1. Direct annihilation with FSS effect

In this model, the DM particle, D, can directly anni-
hilate into C via four-point interaction, as shown in Fig. 2.
The amplitude for this process is

iMppocc- = —igp. (10)

The cross section times relative velocity, v, of the incom-
ing DM particles in the (center-of-momentum) COM
frame is

2
8D
(TannV) = ==—WV2,
8ns

vy = 1/1—4m%/s, (11)

where s = (p) + p»)? is the Mandelstam variable, and v, is
the velocity of final state particle, C, in COM. It is the
part under the square root that has to be greater than zero
for the "forbidden" case. We can directly calculate spin
by setting it equal to zero for the "forbidden" case. There-
fore, when mc¢ > mp, smin = 4mZ; otherwise, smin = 4m3,.

Since the final state particle, C, has a coupling with V,
we shall consider a simple Coulomb-like potential
between the final CC* pair in non-relativistic terms. The
consequence is the FSS effect. This effect has been previ-
ously considered in [21]. Because the matrix element is a
constant here, there is only the s-wave Sommerfeld ef-
fect. Multiplying by the s-wave Sommerfeld factor, the
cross section takes the form of

(0V)Ess = (TamV) Sy,

nay /vy g
Sp=——r, ay=-", (12)
]_e—myv/v2 47
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Fig. 2. (color online) Feynman diagrams for DD — CC* annihilation without/with the FSS effect.
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where S is the FSS factor for s-wave annihilation.

For the FSS effect, since Sy is applicable to a non-re-
lativistic final state velocity, we choose to turn off the
FSS effect for v, > 0.6. In the following calculation, we
substitute Sy with [(Sy — 1)H(0.6 —v,) +1], where H(0.6 —v»)
is the Heaviside step function following the treatment in
[21].

After calculating the cross section and the sp,, one
can follow the process in Sec. II.B to work out the
thermal-averaged (o v)pss -

2. FBS formation without emission

C and C* can bind into positronium-like states; the s-
wave (orbital angular momentum L =0) FBS can be al-
lowed to form. Fig. 3 shows this process.

The scattering amplitude of this process considering
the ground bound state formation is

1 &Sk ~,
Mbpp-p=0) = e W‘/’noo(k)MDDHCCW (13)

where ¢ is the wave function in momentum space. Be-
cause the matrix element for DD — CC* does not depend
on k, we can directly use the relation

Pk~
f i) = Uiy (r =0), (14)
where
B o 1
l/’noo(r =0)= \/7_r(nao)3/2 (15)

is the s-wave hydrogen-like wave function for the CC*
bound state, where ag = 1/(uay) is the Bohr radius, and
the mass is reduced tou = mc/2. We denote this process
as DD — B(L = 0), and work in the COM frame to obtain
8y
8ndn

(16)

2
IMpp—pi=o)l" =

Fig. 3.  (color online) The Feynman diagram for DD* — B
annihilation.

The cross section times relative velocity is [38]

2r
(ov)p = T|/\/(DD—>B(L:0)|2 S(E2n—m3)., 7

cx%,mc
4n?
state mass, Ep is the binding energy, and the J function
ensures energy-momentum conservation. Again, the
thermal-averaged cross section, {(ov)pp-,p, can be worked
out according to Sec. I1.B.

In the numerical calculation, we only include
n=1, L=0in the FBS. It is also possible to form an FBS
with a principal quantum number larger than 1, corres-
ponding to Jzoo(k); the result provides the amount to
multiply by a factor 1/n* to y},(r = 0). The total contri-
bution for these excited bound states will enlarge the res-
ult of FBS formation without the emission by a factor on
the order of 1. We neglect those contributions in this
work, and therefore, our result is conservative. For other
cross sections in Model I and Model II, we still only con-
sider the relevant smallest principal quantum number.

where mp=2mc—Eg=2m.— and is the bound

3. FBS formation with emission

A bound state can also form via a vector boson emis-
sion process as shown in Fig. 4. First of all, noting that a
vector boson carries a spin of one, the first term allowed
is the p-wave (orbital angular momentum L = 1) FBS.

The scattering amplitude for the process DD — CC*V
can be written as

2ky-€'(@)+q-€(q)
2k2-q+m%,
2k -e*(q)+q~6*(q))
2k ~q+m%, ’

iMppccv =ingV(

(18)

where pi, pa2, ki, k2, and ¢ are, respectively, the mo-
menta of D, D, C, C* and V. ¢, is the vector boson, V, po-
larization vector satisfying

3

qudv
D 6 @eq) = ~gu+ 5. (19)
=1 my

We introduce the total and relative momenta, K = ky+
ky and k = (k1—-k3)/2, for C and C*. In the bound state
rest frame, K =0. It allows us to rewrite Eq. (18) under
the non-relativistic approximation and expand to the first
order of k, as

4k7 4q/(k -
k N q’(k-q)

2mew + m%/

J ~_
Mppocev = —8p8v

), (20)

Qmew +m?,)?
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Fig. 4.

where o is the vector boson energy and index j stands for
the spatial 3-components.

The products of DD can form bound states. We write
the amplitude Mpp—py in terms of the final CC* pair
momentum K and k. The FBS effect can be calculated as
follows: the matrix element multiplies the momentum
space wave function (L = 1), integrating out the relative
momentum, k [5, 38].

; 1 &Pk —, i ’1
My, = me W‘llﬂm(k) Mppocev: @0

A mathematical trick can be used in the integrals with
respect to k:

&k

2n)

Kgi(k) = =iV ()] o - (22)

The value of theL = 1 wave function at r =0 is zero. It is
clear that the bound state formation matrix elements are
proportional to the value of the first-order derivative of
the L =1 wave function at r = 0. The details to deal with
a p-wave bound-state can be seen more in [39, 40]. The
hydrogen-like wave function of the CC* bound-state has
the form

| (2 ) et 2
lpnlm r)= n nao (n-l—l)' nag
x e—r/naoLil_*ll_l (nz_a};)) Yi,(6, ¢), (23)
and
L (x)—(n+m)!;k!(n_k)!(k+m)!x ’ 9

are the associated Laguerre polynomials.
For the polarization summation of a vector boson, we
can follow the method in [41],

(color online) The Feynman diagrams for the (CC*) bound state production process DD — BV.

qudv .
Z |MDD—>B(L:1)V|2 = (—g,,v + H—Z)M"M"'
m,A mV
o |quj|2
= MM — =, (25)
2
q>+mj,

Notice that g, M* = 0. Therefore, the formula is the same
for massive and massless vector bosons.
The final result after the polarization summation is

> IMbppu-il? = C[3=B)+2A(1-B)+A>(1-B)),

m,A

(26)
where
g o oomy
2mcw+m%, 2mcw+m%/’
gl
=,
ql? +ms,
2 2 4
-1 4dm
C:‘%D” : 32 c__. 7
n Cmcw +my)

In the bound state rest frame, the emission vector boson
energy, o, and 3-momentum modulus square are already
fixed by the Mandelstam variable, s, and the masses of
particles,

2 _ 2
S—my—m
w= %, lq)* = wz—m%,. (28)
mp

It is obvious that the boson momentum |g/must be lar-
ger than zero, it decides the sy,. In the low temperature
limit, my ~ gT = 0, only the first term in the square brack-
ets is left in Eq. (26)

2 -1 mc

&b 6 >
§ Mpppa=nyl* = 22 ( ) 29
m/l| DD—B(L=1VI AW (29)
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There is a pole when the energy of the vector boson
w =0, which is the usual infrared divergence for soft
bremsstrahlung. We can address this problem by introdu-
cing a Debye mass, as Eq. (9) shows. In order to take care
of this infrared divergence appropriately, we need loop
diagrams to offset it.

Because the |[M|? is a Lorentz invariant, for simpli-
city, we change the reference frame to the COM frame
for phase space integration according to the general for-
mula [38]. The cross section times relative velocity, v, of

the incoming DM particles for the process
DD — B(L =1)V gives
(o) _Zma IMpppr=nvI* Iglem
BY 4ns Vs
§+m2 —m? 2
|Q|cm:¢(#] —mé. (30)

B. Numerical results of Model I

In order to show the BSF formation effects in the
non-relativistic region, we plot the thermal-averaged
cross sections at three parameters, ay =0.02, 0.1, 0.5,
which represent electroweak-like, strong-like, and "su-
per" strong-like coupling, respectively. To explore the
FBS effect in the non-relativistic region of final products,
we fix the mass of annihilated DM and normalize other
particles' mass by it. We use z as the ratio of product
particle mass and DM mass, z=mc/mp, and then, we
plot the thermal-averaged cross sections evolution as a
function of x at three parameters z=0.9, 1, 1.1.

1. Thermal averaged cross section

The cross sections and kinematic threshold sp,;,, for
three processes are summarized in Table. 1. In the numer-
ical calculation, we only consider n=1 for the DD — B
and n =2 for the DD — BV.

We can directly calculate the thermal-averaged cross
sections following Eq. (3) in Sec. II.B. Fig. 5 shows the
thermal-averaged cross sections. We choose three values
of @y, 0.02, 0.1 and 0.5 for illustration, indicating elec-

Table 1.

troweak-like, strong-like, and "super" strong-like coup-
lings, respectively. The red, green, blue, and black lines
stand for (ov)pss, (0V)g, (oV)gv, and (TV)y/o both OVEr a
common fator, gé /m%), respectively, as functions of z at a
typical freeze-out value, x = 25. The subscript "w/o both"
indicates that both FSS and FBS effects are not included.

For a given ay, the (ov)p gives much more contribu-
tion than (ov)py because in Model I, (ov)gy correspond-
ing to a p-wave FBS formation is suppressed by o3, (two
from the square of wave function and one from interac-
tion vertex). When z > 1, a single s-wave bound state can
be formed' without a vector boson emission. Therefore,
(ov)p becomes comparable with (ov)rss for large ay. In
Fig. 5, as @y increases from left to right, the binding en-
ergy of the FBS increases, meaning it is easier to form a
bound state and the bound state gets tighter. The FSS ef-
fect also increases because the same light mediator medi-
ates the long range force.

The different partial wave FSS/FBS effect is sensit-
ive to the order of ay. From the above figure, we can
read out the difference of partial wave contributions, and
these partial wave FSS/FBS effect relative contributions
also change significantly as the @y value changes.

Figure 6 shows the thermal-averaged cross section
evolution as temperature cools down. The absence
of(ovyp in the left and the middle panel is because the
initial energy in z = 0.9 and z = 1 is always larger than the
single bound state energy. The rest mass of forming a
bound state must be released by emitting a vector boson;
hence, the FBS effect is only contributed by the
DD — BV process.

Furthermore, in Fig. 6, there is some difference
between the left/middle panel from the right panel. The
right panel represents the forbidden case. As x increases,
the thermal-averaged cross sections become smaller. Be-
cause, as the temperature decreases, the initial particles
become less energetic and the proportion of particles
reaching the reaction threshold reduces. Meanwhile, in
the left and middle panel, cross sections do not change
much with temperature. Model I is a typical four point in-
teraction, and the scattering matrix element does not re-
late with the initial particle's momentum.

The bound state can also be virtual as a propagator in

Cross sections and kinematically forbidden limits for Model 1.

channel (ov)

Smin

2
DD - CC* 8p _mev/va Max[4m2, 4m?]
8rs “1—emavin
byt :
DD — B T S(E2, _mé) 4myp,
DD — BV glem C|3-B)+24(1-B)+A2(1-B)| /(4rs) Max[4m3), (mp +my)*]

Vs

1) The DD — B process starts from 2mp = mp = 2mc — Ep, where Ep is the binding energy. So the green lines start from z > 1, where z = m¢/mp.
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Fig. 5. (color online) The thermal-averaged cross sections over a common factor, g% /m?, at three parameters, ay =0.02, 0.1, 0.5, at a

typical freeze-out value, x=mp/T =25. The red, green, blue, and black lines stand for (ov)rss, the thermal-averaged FSS-corrected s-
wave cross section; (ov)g, the thermal-averaged s-wave FBS (without boson emission) formation cross section; (ov)gy, the thermal-av-
eraged p-wave FBS (with boson emission) formation cross section; and (ov)w/o bon, the thermal-averaged cross section without any
FSS and FBS, respectively. z is the mass ratio, mc/mp. The y-axis is the thermal-averaged cross sections divided by a common factor.

z=0.9 z=1 z=1.1
0.010 0.010 10-4
o 0001 o 107
sle sle
5 0 g o
~ —— DDCC'rss ~
DD-B 10—16
1075
—— DD-CC*ny
10720
50 100 150 200 50 100 150 200 50 100 150 200
X X X
Fig. 6. (color online) The thermal-averaged cross sections over a common factor, g2 /m?, at three parameters, z=0.9,1,1.1, and

ay =0.5. The red, green, blue, and black lines stand for (ov)gss, the thermal-averaged FSS-corrected s-wave cross section; (ov)g, the
thermal-averaged s-wave FBS (without boson emission) formation cross section; (ov)gy, the thermal-averaged p-wave FBS (with bo-
son emission) formation cross section; and (ov)wo ot , the thermal-averaged cross section without any correction, respectively. The x is

Chin. Phys. C 46, 093108 (2022)

the ratio mp/T. The y-axis is the thermal-averaged cross sections divided by a common factor.

the DD — B* — VV process. The corresponding corss
section can be calculated by the Breit—Wigner formula
[42, 43]. However, we do not need to consider the virtual
bound state process here. Because for z > 1, the bound
state generated by the process of DD — B will decay and
cause double counting; for z < 1, in the Breit—Wigner for-
mula, the virtual bound process is suppressed by the
factor, (szrz)/((s —mé) + m%l"2>,wherel" ~ ajmpandmg ~
2mc (assuming the dominate decay channel is B — VV).
At the typical DM freeze-out temperature, x =25,
(s—m%) ~ (12/25)m? at z = 1. This factor is far away from
its resonance pole.

2.  Relic abundance

We already obtained the thermal-averaged cross sec-
tions, numerically, in Sec. II[.B.1. Solving the Boltzmann
equation is simple, as outlined in Sec. II.C. Similarly, we
choose three parameters, ay =0.02, 0.1, 0.5, and show
the yield of DM as a function of x, considering different
effects. In order to show the FBS formation effect, we
choose other the parameters as z=1.1 (the forbidden
case), mp=1TeV, and gp=1. As Fig. 7 shows, the
purple line neglects both the FSS and FBS effects, the
brown line neglects the FBS effect, and the green line in-

corporates the effects of FBS and FSS. In both Model 1
and Model II numerical calculations, we choose the other
parameters in the Boltzmann equation as dg.,/d7T =0,
g« = g+ = 108.75. We take 108.75 to account for the SM
plus the two dark-photon degrees of freedom.

Figure 7 shows the DM yield considering different ef-
fects with the coupling constant, ay =0.02, 0.1, 0.5, re-
spectively. In the left panel, for the electroweak-like scale
interaction, ay =0.02 and both FSS and FBS effects
hardly change the DM yield. As @y increases to 0.1, the
FSS effect starts to show some influence, but the FBS ef-
fect is still feeble as compared with the FSS effect. In the
right panel, @y increases to 0.5. The FBS shows a signi-
ficant enhancement on the final yield of DM. It further re-
duces the relic abundance by 93% on top of the FSS ef-
fect. We note that for the forbidden case (z=1.1), all
(ov)s quickly decrease with the decrease of temperature,
as shown in the right panel of Fig. 6. Thus, the DM yield
quickly reaches its asymptotic value after freeze-out. We
have checked that the yield is nearly the same at x =50
and x =300.

Figures 5 and 7 show that the FBS formation effect
and FSS effect are important in the DM relic abundance
calculation when DM annihilation products are non-re-
lativistic and have a large coupling with a light vector bo-
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ay=0.02

ay=0.1

ay=0.5
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x=mp/T x=mp/T x=mp/T
Fig. 7. (color online) The evolution of the DM yield as a function of x=mp/T for the representative case mp=1TeV, z=1.1, and

gp =1 and ay =0.02, 0.1, 0.5. The purple line neglects both the FSS and FBS effects. The brown line neglects the FBS effect. The green

line incorporates the effect of FBS and FSS. The black dashed line exhibits the naive thermal equilibrium abundance.

son. In particular, when ay is very large, the cross sec-
tion of FBS formation without emission dominates for the
forbidden region.

IV. MODEL 11

Model I is a typical four-point interaction between
DM and the annihilation products. Due to angular mo-
mentum conservation, in Model I, we only consider s-
wave FSS effect, s-wave FBS formation without vector
boson emission, and p-wave FBS formation with a vec-
tor boson emission. Next, we employ another model,
which at the leading order gives the p-wave FSS effect, p-
wave FBS formation without vector boson emission, and
s-wave FBS formation with a vector boson emission.

In this model, DM consists of a complex scalar, S,
which has scalar QED-like coupling with a heavy neutral
vector boson, which we denote as Z’ (but note that it is
not the Z boson in Standard Model). Another complex
scalar, C, couples with Z’ and another light-vector boson,
V. The dark sector we explore in this model is summar-
ized by the Lagrangian:

L 21D, CP+ID,S 2, 31)

where the covariant derivatives are D*C = o*C +igzV*C+
igsZ’#Cand DS = 0"S +igeZ'"S .
At zero temperature, the V' mass is zero. In the

thermal bath, same as in Model I, it has Debye mass
my ~gyT.

A. Cross sections for Model 11

1. Direct annihilation with FSS effect

In this model, Fig. 8 shows the direct annihilation of
DM without/with the FSS effect.

The scattering amplitude for the process SS* — CC*
in the COM frame is

|p1llkilcosé
2 b
mz/

—4igsgs (32)

iMgs-sec =

where pi, k; are the 3-momentum s = (p; + p»)*. Because
the matrix element is proportional to the final 3-mo-
mentum k, there is only the p-wave Sommerfeld effect.
The cross section times relative velocity, v, of the in-
coming DM particles in the COM frame for this process is

838 (s —4m3)(s —4mg)
247s (s— m%)2

Vo = 4/1 —4m%/s.

Again, the value under the square root must be larger than
zero for the "forbidden" case.

Same as the Model I, the FSS effect can occur since
the final state particles exchange vector boson, V. We still
use the Coulomb-like potential to calculate the FSS and
FBS effect. Considering the FSS effect for p-wave, the

(Tamv) = V2,

(33)

| |
S ) S A _ —

N p1 k, /C b b1 ki /‘L !

N \: / 7 N \‘ / 4 | |

v

X ~ h 7 |

N A , AN A / | I

ANV l |

NVVV\K , N . !

/ AN \ I

A

4 AY 7/ 7 P2 INIAVIN : :
e ky N\ s < < -1

St/ Ney | |

Fig. 8. (color online) The Feynman diagrams for the SS* — CC* without/with the FSS effect.
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corrected cross section is

(0V)Ess = (CamV) S 7, (34)
where
av\?) mav/v
Sr=1+[—| | —=— 35
s ( +(2vz) Jl—e‘”‘lv/vz (33)

is the FSS factor, Sy is for the p-wave [44, 45], and
ay=g3/(4n).

2.  FBS formation without emission

We get the scattering amplitude in Eq. (32) of
SS* — CC*. As the last section outlined, the matrix ele-
ment shows that the annihilation products should be in p-
wave. We have already discussed the p-wave FBS forma-
tion in Model I, and we use the same techniques to calcu-
late the cross section for S§* — B in Model II, as shown
in Fig. 9.

Using the L =1 wave function in Eq. (23) and work-
ing in the COM frame, we obtain

5 22
Ay 8586

2 _
IMss-—pl" = oy

m‘é(s—4m§>( 11
(s—m2,)?

). (36)

n

Then, we get the cross section times relative velocity ac-

iMss-wccv =(=ige)(p1 = p) —————
(p1+p2) —my,

X (—igs)(ky + g —ka)"

-

(k1 +q)* —mg.

S ol
N N \Pl kx/. P
AN A
AN zZ' /
ANVVVK
s N
/%Pz kz\s N
S*/ NCF

Fig. 9. (color online) The Feynman diagrams for the
§S* — B annihilation.

cording to [38]

2n
(ov)p = T|MSS*—>B|2 S(E2n—m3). (37

where mp is bound state mass, and the ¢ function ensures
energy-momentum conservation.

3. FBS formation with emission

The FBS formation process, SS* — BV, can be de-
scribed by three Feynman diagrams shown in Fig. 10.
The excessive energy can be carried away by a vector bo-
son, V, emission.

The scattering amplitude for this process can be writ-
ten as

—i [ (p1+ p2)yulky +ky +4)v}
My 2

mz,

(—iga)(ki + ki +q) - €

+(~ige)(p1 — p2)'
(p1+p2)? —m2,

X (—igs)(ki — (ko + q))”

-

1
(ky+q)>—m

[ (p1 +P2)y(k1 +k2+Q)v}
Hv 2
mZ,

= (—ig3)(—ky = (ko + @)Y’ - €
C

(p1+p2utky +ko +q)y

+(~ige)(p1 — p2)'
(P +p2)?—m3,

Because the final state emits a spin one vector boson,
considering the angular momentum conservation, the
FBS should be s-wave. Turning to the rest frame of the
(CC*) bound state, we rewrite Eq. (38) under the non-re-
lativistic approximation and expand to the zeroth order of
the final state relative momentum k, as

j —2838586 ; q’
M 283886\ i 4 (vl
ssacCVE T (P1=p2) 2mcw+m%/((p1 P2)q)

(39)

} X2ig3gsg” - €;. (38)

Euv — 2
[ mz,

where the index, j, stands for spatial 3-component.

The FBS effect can be calculated as in Model I; the
matrix element is multiplied by the Fourier transform
mode of the wave function (L =0), which comprises the
CC* pair relative momentum, k, and integrates out the re-
lative momentum, k. We get the scattering amplitude for
the process SS* — BV

; 1 &Pk —, j
o=\ f G 0 M
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1 .
=4/ m—clﬂ*(O) Mg ccy (40)

Similarly, the s-wave bound state formation scattering
amplitude is proportional to the value of the wave func-
tion at r = 0. The hydrogen-like wave function used here
is the L = 0 part, same as Eq. (15).

Sum over the polarization of the vector boson, V, then
we obtain

2
-2 11
> IMss oy = 225580} — (s—4m)
- s—mj, | mc n(nag)?
_ @Ipliglcos 0)?
2
|qI* +ms,
, (2pliglcos0)’lql (  lgP
(2mcw+m%,)2 Ig? +m%,

+8(Ipllqlcos9)2(1_ lql* ]]
2mew + m%, lq* + m%,

(41)

The cross section times relative velocity, v, of the incom-
ing DM particles for the process SS* — B(L =0)V is

(0V)ss—pv =C|3=B)+2A(1-B)+A’(1-B)|, (42)

where
PR gl
H 2 ) 2
mcw +nt;, |GG + 13,
42,2 2 2
a me(s—4ms)
c =2v858 c 5 |q|cm. 43)

6nn3 s(s—m%,)2 Vs

In the low temperature limit, my ~ gT =0, only the
first term in the square brackets is left in Eq. (42)
V8586 M (s —4m) |lem

3and s(s—-m2)? A5

(0V)ss-—By = (44)

This term comes from the third diagram in Fig. 10, so in
Model 1I, there is no infrared divergence for the
S§S§* — BV process. The emitted vector boson energy in
the rest frame of the bound state is

I )
P (45)
2m3

The formula about |gl|.,, is same as what we give in Eq.
(30). It is obvious that the vector boson momentum, |q|cp,
must be larger than zero. It decides the minimum sy;,.

B. Numerical results of Model 11

As in Sec. III.B, we plot the thermal-averaged cross
sections as a function of the mass ratio of the final and
initial state particles at three parameters, @y =0.02, 0.1,
0.5. We normalize the other particles' mass by the DM
mass, z=mc/ms; then, we plot the thermal-averaged
cross section evolution as a function of x at three para-
meters z=0.9, 1, 1.1 and ay =0.5.

1. Thermal averaged cross section

The cross sections and kinematic threshold, sy, for
three processes are summarized in Table 2. In the numer-
ical calculation, we only consider n =2 for the SS* —» B
and n =1 for the S§* — BV.

From the above table, it is obvious that a strong en-
hancement occurs when the mass of the propagator
my ~2mg; in fact, it is the resonance enhancement [34,

Fig. 10.

(color online) The Feynman diagrams for the (CC*) bound state production process, SS* — BV.
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Table 2.

Cross sections and kinematical forbidden limits for Model II.

channel (ov)

Smin

2,2 2 2
gzgr (s—4mg)(s—4m;.)
§$S* - CC* 556 s c

24rs (s—m%,)z
) a%,gggé m4C(s—4m§) 1
SS*— B ———5 |3
125 (s—mZ,)? \n
SS* — BV

ay )2] nay[v)

2,

nis)a(Egm ) P

C|3-B)+24(1-B)+A*(1-B)

[

2 2
[—omavin Max[4mg,4m.]

Max[4m§, (mg +my)?]

42, 43]. In this study, we do not discuss the details about
the resonance enhancement and just focus on the para-
meter region where myz > mg and using approximation
1/(s=m2)* = 1/mj}, for the square of Z’ propagator to
avoid this effect.

We can calculate the thermal-averaged cross sections
from Table 2, following Eq. (3) in Sec. IL.B. Fig. 11
shows the thermal-averaged cross sections as a function
of the mass ratio of the final and initial state particles at a
typical freeze-out value, x = 25. The red, green, blue, and
black lines stand for (oVv)gss, {(oVv)g, {(oVv)py, and
(0V)wjo bon OVer a common factor gigZmg /mj,, respect-
ively.

It can be seen from Fig. 11that{ov)pyis comparable to
{(ov)p, while in Model I, the former is much smaller than
the latter (Fig. 5). The reason is in Model II, it is the s-
wave FBS formation with vector boson emission, while
in Model 1, it is p-wave FBS formation with vector bo-
son emission. In Model II, FBS formation without emis-
sion is p-wave. Its contribution is suppressed comparing
to that in Model I in which FBS formation without emis-
sion is s-wave. On the other hand, at @y = 0.5, while in
Model I, {ov)p is larger than (ov)pss. The former is still
smaller than the latter, though they are getting closer.

Figure 12 shows the evolution of thermal-averaged
cross sections of Model II as temperature drops. In the
left and the middle panels, the (ov)p does not appear for
the same reason as Model 1. The right panel is for the for-
bidden case. It is the same as Model I, at low temperat-
ure, fewer initial particles can reach the threshold. There-
fore, the thermal-averaged cross sections become smaller

@,=0.02

as temperature decreases. However, in the left and the
middle panel, the trend of the lines are different in Fig. 6
and Fig. 12. It is because in Model II, the three point ver-
tices are proportional to the momentum. That is why the
thermal-averaged cross sections are smaller with decreas-
ing temperature.

The right panel of Fig. 12 indicates that the SS* —
BV process may provide a significant, indirect detection
signal for forbidden dark matter. Because the process
S§S* — BV becomes more and more important as x de-
creases, it dominates in low temperatures (x > 150).

2.  Relic abundance

We have already obtained the thermal-averaged cross
sections numerically in Sec. IV.B.1. Solving the
Boltzmann equation is simple, as outlined in Sec. II.C, by
substitutingmp with mg. Again, we choose three paramet-
ers, ay =0.02, 0.1, 0.5, and show the yield of DM as a
function of x considering different effects. Other paramet-
ers are chosen as z=1.1 (the forbidden case),
ms =500 GeV, and gZgZm? /m}, =10°GeV~2. As Fig. 13
shows, the purple line neglects both FSS and FBS effects,
the brown line neglects FBS effect, and the green line in-
corporates the effects of FBS and FSS.

Compared to Model I, the FBS effect is milder; the p-
wave FSS effect also has a significant enhancement on
DM annihilation. In Model II, the FBS effect without
emission is p-wave. Although the FBS effect with emis-
sion is s-wave, it is still suppressed by order ay because
of a vector boson emission. However, in the right panel,
ay = 0.5, and the FBS effect contribution is still visible. It

=01 =05

|

mz*
5
gs? ge? ms?

g5% gs> ms?

(v
|
%
oV

1016 58 1071 s
5BV sV

— S8'5CC

—
- \ 1074
o
< £l
g joe 8| & 10
bm’\
— 8T B — 8'CCrss

0.8 0.9 1.0 1.1 1.2 0.8 0.9

Fig. 11.

1.0 1.1 1.2 0.8 0.9 1.0 1.1 1.2
z z

(color online) The thermal-averaged cross sections over a common factor, g§g§m§ /m4Z, at three parameters ay =0.02, 0.1, 0.5,

at a typical freeze-out value, x = mg /T =25. The red, green, blue, and black lines stand for (ov)gss, the thermal-averaged FSS-corrected
p-wave cross section; (ov)g, the thermal-averaged FBS (without boson emission) p-wave cross section; (ov)py, the thermal-averaged
FBS (with boson emission) s-wave cross section; and (ov)w/obotn, the thermal-averaged cross section without any FSS and FBS, respect-
ively. z is the mass ratio mc/ms . The y-axis is the thermal-averaged cross sections divided by a common factor.
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Fig. 12. (color online) The thermal-averaged cross sections over a common factor, g2gZm?/m}, at three parameters z=0.9,1,1.1 and

ay =0.5. The red, green, blue, and black lines stand for (ov)gss, the thermal-averaged FSS-corrected p-wave cross section; (ov)g, the

thermal-averaged FBS (without boson emission) p-wave cross section; (ov)gy, the thermal-averaged FBS (with boson emission) s-

wave cross section; and (ov)wjepotm, the thermal-averaged cross section without any FSS and FBS, respectively. z is the mass ratio
mc/ms . The y-axis is the thermal-averaged cross sections divided by a common factor.
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Fig. 13.

x=ms/T x=msiT

(color online) The evolution of the DM yield as a function of x=mg/T for the representative case mg =500 GeV, z=1.1,

g2gim? /m}, =107° GeV~2, and ey =0.02, 0.1, 0.5. The purple line neglects both FSS and FBS effects. The brown line neglects FBS ef-
fect. The green line incorporates the effects of FBS and FSS. The black dashed line exhibits the naive thermal equilibrium abundance.

further reduces the relic abundance by 13% on top of the
FSS effect.

Figures 11 and 13 show that the FBS formation ef-
fect and FSS effects are important in DM relic abund-
ance calculation when DM annihilation products are non-
relativistic and have a large coupling with a light vector
boson.

V. CONCLUSION

We investigate the FBS effect on DM relic abund-
ance in this study. We employ two DM models and calcu-
late the FSS effect and FBS effect using Coulomb-like
potential approximation. We give the numerical results
considering those effects, which demonstrate that the
FBS has a significant effect on the DM relic abundance if
DM annihilation products move non-relativistically and
there is some long-range force between them, particu-
larly in the forbidden dark matter cases.

Compared to previous works on this subject, the FBS

effect, which had not been previously taken into account,
expands the scope of both the DM abundance calculation
and the complementary ways of experimental detection.
We point out the following salient features of this work:

(a) Most of the previous work focuses on the initial
state bound state (IBS) effect. We stress that the same ar-
gument could be extended to the FBS effect. We provide
two models to show that the FBS effect has a significant
influence on the DM relic abundance compared to the
FSS effect, especially for the "forbidden" cases.

(b) We find the usual sub-leading FBS formation pro-
cess cannot be negligible compared to the lead process
and has the potential to give the indirect detection signals.

(c) We also consider that the p-wave FSS effect in
this work compares to the one in [21].
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