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Abstract: Inspired by the LHCb observations of hidden-charm P(s) states, we study their hidden-strange analog P
states in both the [udu][5s] and [uds][5u] configurations. We investigate Py pentaquark states in the pn’, pé, AK,
K, and *K* structures with J¥ = 1/2~ and £*K and SK* with J¥ = 3/2~ and calculate their masses in the frame-
work of QCD sum rules. Our numerical results show that the extracted hadron masses for all the pr’, pé, AK, K,

and X*K* structures are significantly higher than the £K mass threshold, and the masses for X*K and K" are also

higher than the threshold of the corresponding hadron; hence, no bound state exists in such channels, which is con-

sistent with the current experimental status.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundament-
al theory of the strong interaction. Hadrons are g¢g
mesons and ggg baryons in the conventional quark mod-
el [1, 2]. However, QCD itself allows for the existence of
multiquarks. In 2015, the LHCb Collaboration reported
two hidden-charm pentaquark states, P.(4380) and
P.(4450), in theJ/yp invariant mass spectrum of
AY — J/ypK decays [3]. P.(4450) was then further found
to be separated into two structures, P.(4440) and
P.(4457), in the same process, in which a new narrow
resonance P.(4312) was also discovered [4]. Recently,
the LHCb Collaboration announced the first evidence of a
hidden-charm pentaquark state with strangeness,
PY.(4459), in the J/yA invariant mass distribution of
E) - J/YAK decays [5]. Observations of these hidden-
charm pentaquarks have immediately garnered extens-
ively theoretical interest, considering them D™z’
(D™Z,) hadron molecules or compact pentaquarks with a
quark content of ¢cuud (ccuds) [6-10].

If the above interpretations of P. are correct, analog-
ous effects could also be expected at the hidden-strange
P, = ssuud pentaquark. The study of the existence of hid-
den-strange pentaquarks was conducted considerably
earlier than the observations of P, states. Experiments
and analysis of pentaquarks composed of light quarks
date back to 1960, when the NK molecular state was ex-

plained with A(1405)[11-17]. However, there are almost
no results for light pentaquarks. From 1994-1999, experi-
ments using the SPHINX spectrometer reported a reson-
ance structure X(2000) as a candidate for the Ssuud state
in the proton diffractive reactions p+ N(C) — X(Z°K*)+
N(C) [18-21]. Although the extracted resonance had
fairly poor statistics, it inspired several theoretical stud-
ies on the existence of hidden-strange pentaquarks. In
Ref. [22], Williams and Gueye studied the color octet-
octet [¢5][uds] configuration in a non-relativistic quark
molecular model and predicted four candidates for P,
states. Using the quark delocalization color screening
model (QDCSM), Huang et al. calculated the effective
potential, masses, and decay widths of ** K® molecular
states and found that the interactions between X and
K® were sufficiently strong to form bound states [23].
Furthermore, a ¢ — N bound state was proposed by
Gao et al., in which the QCD van der Waals attractive po-
tential is sufficiently strong to bind a ¢ meson to a nucle-
on inside a nucleus to form a bound state [24]. The calcu-
lations in the chiral SU(3) quark model [25, 26], lattice
QCD [27], chiral soliton model [28], and QDCSM [29]
also support the existence of ¢N bound states. In Ref.
[30],theauthorsproposedapossibleppresonanceinthe A7 —
n%¢p decay by considering a triangle singularity mechan-
ism. In Ref. [31], Lebed used a [sul3[5ud]s diquark-
triquark model to investigate the possible existence of P;
pentaquarks and further proposed to create such states
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through the AY — P® — ¢pn® decay [32]. Unfortu-
nately, the Belle Collaboration searched for A — ¢pr°
decays in 2017 and found no evidence of the intermedi-
ate hidden-strange pentaquark decay P — ¢p [33].

Comparing the hidden-charm P, states observed in
the J/yp final state, one possible reason for the absence
of P pentaquarks may be the limited phase space of the
P, — ¢p decay. Nevertheless, it is still interesting to in-
vestigate the properties of P, states in theory. In this
study, we investigate Ssuud systems in both the [udu][5s]
and [uds][5u] configurations with quantum numbers
JP =1/27 using QCD sum rules [34-36].

This paper is organized as follows. In Sec. II, we con-
struct interpolating  currents for hidden-strange
pentaquarks in both the [udu][5s] and [uds][5u] configur-
ations with J¥ =1/2~ and then evaluate the correlation
functions and spectral densities for these interpolating
currents. In Sec. III, we perform QCD sum rule analyses
to extract the mass spectra of P, pentaquarks. The final
section contains a brief summary and discussion.

II. QCD SUM RULES FOR HIDDEN-STRANGE
PENTAQUARKS

In this section, we introduce QCD sum rules for hid-
den-strange pentaquarks with a quark content of gggss.
The start of QCD sum rules is the two-point correlator

H(g) =1 f d*xe " OIT {n(07(0)}0),

T, (q) = i f d*xel? <O'T{nﬂ(x)r‘]v(0)}|0>, (1)

where n(x) is a hidden-strange pentaquark interpolating
current. There are two possible color configurations for
such pentaquark operators: [€**“q.qpq.1[5454] and
(€ quqps1[5aqq], where a,b,c,d are color indices, g de-
notes a light quark, and s is a strange quark. We use both
types of interpolating currents to investigate hidden-
strange pentaquark systems. To construct the pentaquark
currents, we use the following operators for L =0 bary-
ons [36-38]:

7 = e ( Tcdb)ysuc—(uZC’ysdb)uc] ,

abc

I
|l Cdyyyee = il Cysdpyy,yse|
[
[

™ = €[] CapYysse — (ul Cysd)se ,
n® = €Wl Cyudyyysy'se|
nf, = e |2(u] Cyusp)ue + (ul Cyup)se | )

in which 7 denotes the transposition, and C is the charge
conjugation matrix. Together with the operators
Gaysqa(07)and g,y,q.(17) for L =0 mesons, we compose

the following hidden-strange pentaquark currents with
JP=1/2"

n = e [(uZCdb))@uc - (MZCYSdb)ML‘] [54vs54] »

M = €|} Cay)yuue — (wl, Cysdy)yyuysuc| [5av"sal

ns = € [ul Cdy)ysse — Wl Cysdy)se | [5aysual .

ny = € [(MZ Cyudp)ysy" Sc] [3aysual ,

ns = ¢ [Z(MZCyﬂsb)uc + (MZCYpr)Sc] [Say"dal » 3)

which can couple to pr’, pp, AK, K, and Z*K*, respect-
ively. We also compose the following hidden-strange
pentaquark currents with J¥ = 3/2~

Nou = €% |l CyvedyYysy” se] [Saviuual
e |20} Cyuspue + (ul Cyup)se| [Savsdal ,  (4)

Ny =

which can couple to ZK* and X*K, respectively. In prin-
ciple, these interpolating currents can couple to
pentaquark states with both negative and positive parities.

Oln(0)IX™) = fx-ulg), ®)

OIn(0IX™) = ifx-ysu(q), (6)
where u(q) is the Dirac spinor, and fx- and fx- are coup-
ling constants. Accordingly, the two-point correlators in-
duced by these pentaquark currents can be written as

M (g) =i f d* xe'?(0|T {n(x)7(0)}|0)
= 41, (¢°) + T (7). (7)

(@ =i [ de (o7 iy ' o)fo)
= 411, (%) - T (4?). ®)

where I1,(¢%) and I1,,(¢*) are the invariant functions pro-
portional to ¢ and 1, respectively. Note that these two in-
variant functions appear in I17(¢) and IT*(¢) simultan-
eously, implying that they contain hadron information for
both negative and positive parity pentaquark states.
However, the signs of I1,,(¢?) in II"(¢) and I1*(g) are dif-
ferent owing to the coupling definitions in Egs. (5)—(6).
See Refs. [39—42] for detailed discussions.

Moreover, 76.(x) and 77,(x) can couple to both

J =3/2 and 1/2 channels
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M, (q) = (q”qv

gﬂy)<q+Mx)H3/2<q> +- )

where --- contains the spin 1/2 components of 7, or 77,.
At the hadronic level, the invariant functions can be
described by the dispersion relation

n( 2)_(‘12)N [y,
)= o Vom0

where b, are N unknown subtraction constants and will
be removed after performing a Borel transform. The ima-
ginary part of the correlation function is usually defined
as the spectral function

N-1

D iba(a) (10)

n=0

j— 1 — —_ 2 7
pls) = ~Imll(s) = "6 (s = m2)<Olmln)nll0)

n

= f30(s—my)+ -+, (11)

in which the “pole plus continuum” parameterization as-
sumption is adopted, and "---" contains contributions
from the QCD continuum and higher excited states. The
intermediate state |n) can be either a positive or negative
parity pentaquark. The parameters fy and my are the
coupling constant and hadron mass of the lowest-lying
state, respectively.

The two-point correlation function and spectral func-
tion can be evaluated as the functions of various QCD con-
densates via operator product expansion (OPE) at the
quark-gluonic level. We use coordinate space expressions
for the light quark and strange quark propagators [43]

g% i 5ab ab 2
sqab _ v " B
1S (x) =(T{g" (07" (0)}) = 720 390 185Gy 2(0“ f+ fot )—E<qq>+ 92 (8:90Gq)
lgs <qq>2 ’ ~‘<qq><62>x ab q6ab my n v 2 6ab<g§G2> 2 2
2°x3° k- 29 x 33 T A2 + 1672 185Gy log(—x )—qux log(—x7)
160 m(qq) | imesqo Gy gime@9) 4 (12)

where g =u,d, s quarks, £ = x"y,, and to=a/2. In this
study, we evaluate correlation functions and spectral
functions up to dimension-11 condensates. As an ex-

5

S Smgss) | s(E6)

%sz(ﬁu)2

ample, we show the spectral function for the interpolat-

ing current n;(x) as

fsz(Es)2 fsz(cfd)z 52<§s>2

q
1) 131072077

127g3(dd)*(g2G*)

T 4587520017 409607
B 4155°my(gs50 - Gs)

11059275
_ my(ddyX(5s)

22118475  2048x3
65ms<g§G2)(gs So-Gs)

11059275

157286415 318504967

161sm5(ss)(g2G2) 161(ss)2<g G?)

691273

235929673

Sgi(au)*(g3G*) | 5(55)(gs50 - Gs)

23592967 58982473
L 3&50-Gs)?  gim(Ss)iu)?
409673 345673

ggms<§s>3
345613

sddy  s*(dd)(g;G*)  s*my(dd)(5s)

pr(s) =

65gs<ss)2(g2G2) N
3185049675

5(g;G*)gsdor - Gd)

66355273 51273

(13)

g%s(c?d)(ﬁu)z g?s(&d}(is}z

49152073 737287 153673

_ smg{dd){gs50 - Gs)

65536m>
_ ms<gs6?0- -Gd)(gs50-Gs)

1036873 10368x3
(dd)(3s)(gs50-Gs) (i) (g,do - Gd)

76873 102473
N (dd)(u)(gsito-Guy (dd)(g;G*)*

gX(uuy* (g do - Gd)

1927 * 1927
s{ddyau)*  s(dd){(5s)?

+
96m 117964875

where p9(s) = ImIly(s)/mand p™(s) =ImIly,(s)/n are the
spectral functions of the invariant structures I1,(¢*) and
I1,,(¢%) in Egs. (7)—~(8), respectively. Their dimensions are
different because Il,(¢°) is proportional to ¢, whereas

+
4147273 96

1927 ° (14

I1,,(¢%) is proportional to 1. As shown in Egs. (13)—(14),
there are more terms in p?(s) than in p™(s), including the
perturbative term. We use p?(s) to perform our numerical
analyses in the following section. The expressions for the
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spectral functions of other interpolating currents are giv-
en in Appendix A. Note that all the correlation functions
in this study are evaluated at the leading order of «;. It is
known that the @, corrections of the perturbative terms
give important contributions for heavy quarkonium sys-
tems [35]; however, we do not consider the a; correc-
tions here because of the complexity and difficulty of cal-
culations. Nevertheless, the NLO effects in multiquark
systems deserve to be studied, and we will attempt to
conduct such research in the future.

QCD sum rules can be established by assuming that
the two-point correlation functions obtained from the
hadronic and quark-gluonic levels are equal to each other.
After applying the Borel transform, the correlation func-
tion can be written as

M) =By T(gH) = | dse™Mip(s), (19

4m?

in which Mg is the Borel parameter introduced by the
Borel transform. It is clear that the Borel transform sup-
presses the contributions from the continuum and higher
excited states in Eq. (11). The lowest-lying resonance is
then chosen as

So
e = f dse™ M p(s), (16)
4

)
m\

where sy is the continuum threshold. The mass of the
lowest-lying hadron can thus be extracted as

So
f dse M gp(s)
4m?

5 , (17)
f ds e_s/Mép(s)
4m?

which is a function of the two parameters M3 and so. We
discuss the details in the next section to obtain suitable
parameter working regions in the QCD sum rule analysis.

m(so, M) =

III. NUMERICAL RESULTS

To perform numerical analyses, we adopt parameter
values for various QCD condensates and quark masses as
follows [43— 46]: (au) = (dd) = (Gq) = —(0.24 +£0.01)
GeV?, (gg,0Gq) =mkqq), mi=-08 GeV2, (5s)=
(0.8+0.1Xgq), (5g,0Gs)=md(5s), (§*GG) = (0.44+0.02)
GeV4, and the MS strange quark mass
mg =(0.095+0.005) GeV. We let m,=myg=m;=0,
(i) = (dd) = (qq), and (gsor- Guy = (dgsor-Gd) =
(ggso - Gq) for the up and down quarks in the chiral limit.
The definition of the coupling constant g, has a minus
sign difference compared to that in Ref. [35].

As shown in Eq. (17), the extracted hadron mass is a
function of the Borel mass My and continuum threshold
so. To choose suitable working windows for these two
parameters, we must study the OPE convergence and pole
contribution for the correlation function. On the one
hand, the perturbative term should be two times larger
than the nonperturbative contribution to ensure good OPE
convergence, which will limit the lower bound on the
Borel parameter M3. On the other hand, we require the
following pole contribution be larger than 10% to give
the upper bound on M2

So
f dse_s/Mép(s)

4m?
T oo
_ 2
f dse™™Mip(s)
4m?

which is also the function of M3 and so. A proper value
of s is required before determining the Borel window.

We take the interpolating current 74(x) as an example
to present our numerical analysis of the hidden-strange
YK pentaquark state. In Fig. 1, we plot the OPE behavior
term by term with respect to M3. It is shown that the
most important nonperturbative contribution is from the
(gq)* term. By requiring the perturbative term to be two
times larger than the (gg)> term, we find the lower bound
on the Borel parameter M2, =232 GeV?. To choose an
optimum value of so, we show the variation in the had-
ron mass with respect to sy at different values of the
Borel mass in Fig. 2. The best choice of the threshold
parameter is then fixed as so = 8.35 GeV?2, around which
the hadron mass is very stable against M3.

To determine the upper limit of M2, we study the
pole contribution for sy =8.35 GeV? in Fig. 3. We find
that the pole contribution is larger than 10% for
MZ <2.95 GeV?, which is the upper bound on the Borel
window. Finally, we can study the behavior of the Borel
curves in Fig. 4 using the parameter sy = 8.35 GeV? and
the Borel window 2.32 GeV2< M3 <2.95 GeV?2. We find

PC(s0,M3) = (18)

—1 — my(9:70° Ga)

oF (g 67) — mo(62 &%) {g:To-Ga)
@ay — mq(@a)’

— @i (@26

— (@a)(g:90 Ga)

— (9,30 Gaf’

mq(@a)

ma (7a) (g: 6°)

My(qix 107

L L L L L
1.0 15 20 25 30

Fig. 1. (color online) Contributions of each term in the OPE
series for the interpolating current ny(x) with J” = 1/2-.
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— M?=2.32GeV?

M?=2.50GeV?

mass/GeV.

M?=2.67GeV?
—— M?=2.85GeV?

—— M?=3.02GeV*

Fig. 2.
threshold parameter sy with different values of the Borel mass

(color online) Hadron mass with respect to the

for n4(x).

PCI%

ok L L L L L =
20 25 30 35 40 45 50

MIGeV?
Fig. 3. (color online) Pole contribution behavior of 74(x)
with sy = 8.35 GeV?2.

that the mass curves are very stable with respect to M2 in
the these parameter regions. The hadron mass for such a
hidden-strange K pentaquark with J =1/2" is extrac-
ted as

my =(2.63+0.14+0.13) GeV, (19)

in which the first error originates from the uncertainties in
various input QCD parameters (mainly from the quark
condensate), whereas the second error arises from the un-
certainty in the threshold value sg. For all other interpol-
ating currents in Eq. (3), we perform analyses similar to
the above procedure and obtain the hadron masses in

—— 5=7.52GeV?
50=8.35GeV?

50=9.19GeV?

mass/GeV.

MiGeV?

Fig. 4.
respect to My for n4(x).

(color online) Variations in the hadron mass my with

Table 1. We find that the mass of the p¢ pentaquark is
several MeV below the M, threshold. However, it is still
considerably higher than the mass threshold of Msg,
which prevents the existence of such a p¢ pentaquark
state with J¥ = 1/2~. Moreover, our results do not sup-
port the existence of bound states for the pn’, AK, ZK,
and T*K* channels with J® =1/2- and XK* and XK
channels with J” =3/2~ because the obtained hadron
masses are significantly higher than the corresponding
two-hadron thresholds.

IV. SUMMARY

Inspired by the observations of hidden-charm P,
states, we investigate hidden-strange pentaquark states in
both the [udu][5s] and [uds][5u] configurations with
quantum numbers J* = 1/27 and J* =3/2~ via the QCD
sum rule method. We construct the corresponding inter-
polating currents using L = 0 baryonic and mesonic oper-
ators. After calculating two-point correlation functions up
to dimension-11, we perform mass sum rule analyses us-
ing the invariant structures proportional to ¢ and extract
mass spectra for the pn’, p¢, AK, XK, and X*K*
pentaquarks with JP=1/2" and IK* and X*K with
JP=3/2".

There is only a recombination of quarks before and
after strong decay, in which all pentaquarks with
JP =1/27 can decay into X and K. Our calculations show

Table 1. Extracted hadron masses of hidden-strange molecular pentaquark states with J” = 1/2~ and J* =3/2".

Current Structure Jr my/GeV Threshold so/GeV?2 Borel window/GeV?2
n1(x) [pn'] 1/27 1.91+0.06+0.19 4.77 2.35-2.48
72(x) [pg] 1/2° 1.95+0.10+0.11 4.62 2.15-2.35
n3(x) [AK] 1/2- 2.93+0.16+0.20 10.57 2.10-3.51
74(x) [ZK] 1/2- 2.63+0.14+0.13 8.35 2.32-2.95
75(x) [Z*K*] 1/2- 2.78+0.08+0.12 9.60 2.47-3.32
ey [ZK*] 3/2° 2.39+0.08+0.11 6.95 2.47-3.32
177u(x) [Z*K] 3/2- 2.27+0.10+0.10 5.82 3.06-3.62
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that the masses for all the pr’, p¢, AK, K, and Z*K*
pentaquarks are considerably higher than their two-had-
ron decay thresholds; hence, there is no bound hidden-
strange pentaquark state in these channels.

The states *K and K* with J* =3/2~ can decay in-
to the corresponding components £® K. Our calcula-
tions show that these states also have masses higher than
the mass thresholds of the corresponding components.
Therefore, there is a no bound hidden-strange pentaquark

state as well in such channels. This result is consistent
with the experimental status of hidden-strange P, states
[33].

APPENDIX

In this appendix, we show the spectral densities for
the interpolating currents n:(x), n3(x), n4(x), and ns(x),
including both p?(s) and p!"(s) structures proportional to
¢ and 1, respectively.

q $ s3(g§G2> sHauy?  s2(3s)? smg(gs50-Gs) g?sz(ﬁu)2 g3s2<§s>2 g%szdd)z
P2 71720320077 | 98304077 | 153610 | 153600 1228870 4147275 4147275 8294475
_ smy(55)Xg;G%) | $(5s)g30-Gs) | stau)gsiio-Gu) my(g3G*)(gs50 - Gs) . 5(35)%(g2G?)
1843275 38473 76873 245761 921673

@G  g(39XeiG?) | g mXeiGY)  gimy(5s)] (8,50 Gs)’ AD
460873 8294475 16588873 172873 102473
g 118 353(e2G?)  SPmgauy  115°m(ss)  s¥au)?  5s2(FsWauy  1352my(g.50 - Gs)
P3 = 8257536000 | 524288017 7372870 | 13728070 3686470 | 184320 117964870
B 13s2ms<g317t0'-Gu) 11g?s2<ﬁu)2 . 11g%s2(§s)2 11g%s2(c?d>2 B 5sms(ﬁu)(g?G2)
1966087 199065675~ 199065675 398131275 11059275
35smy(55)(g>G?) . 13s¢au){g;50 - Gs) . 13s5(5s){gsiio - Gu) . s(au){g o - Gu) . g:(dd)*(g*G?)
58982475 1843273 1843273 1843273 44236875
B Sg%mx(c?d)z(ﬁu) 11g%mS(Jd)2(§s) N 35m‘v(g§G2)(gS§0'-Gs) B 5m_v<g%G2)<gsz_w'-Gu)
6220873 12441673 117964873 19660873
25(5s)(iuy(gaG?) 5y (giG?)  35g3(5s)(giG?)  Tgi(mu)*(g3G?) (g 30 - Gs){gsiio- Gu)
1105927 2211847 | 796262410 199065605 153673
(gsiior-Guy*  5gim(auy’ . Ugimy(ss)u)*  Sgimy(5s) () 11gimy(5s)®  my(Ss)(iau)*
1228873 6220873 6220873 12441673 12441673 11527
5m(5sY2(au)
i (A2)
. 115 Hg2G*s®  (ddymgs®  11(3s)mes®  (auymys®  11gXdd)?s*  11g%(5s)*s?
g =

41287680077 589824077 © 737280 368640 3686475 19906567 99532873

()2 s* 11g§<au>2s2_<Jd><§s>s2 5(dd)(au)s®> 5(ss)au)s®> (g do-Gddmys®

- + +
1843273 995328x3 3686473 1843273

921673 131072n5

3 89(g,50 - G s)mys> 3 25(gsio - Gumys* 3 (gsdo-Gd)(3s)s {(dd)gs50-Gs)s (gsdo-Gd)au)s

+ +
117964873 1966087 1228873 1228873 614473
25(gsSo - Gs)(uuys N (dd¥{g,ito - Gu)s N 25(5s)(gsito - Gu)s N (au)(gsito - Gu)s . 13<g§G2)(d_d)mss
1843273 204873 1843273 1843273 884736n°

53g G2 ) Ssymys  S(giGM)Momys | 5g3(giGPNdd)? | 53gHgiGIN(Ss)  Hgi G au)?

+
58982473 5529673 88473677

796262475 11059273
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N 35¢3(g;G™)au)? N (gsito-Guy*  TgiG*Ndd)(5s) (gsdo - Gd)(gs50-Gs) 17(g;G)(dd)uu)

+ +
3981312x1° 819273 11059273 2457613 5529673
25(g§G2)(§s)(12u) (gsczO'-Gd)(gSIZO'-Gu) 5(gs50 - Gs){gsio-Gu) llgs(ss)3ms B SgS(uu)3

5529673 1228873 409673 6220873 3110473
_(c?d)(is)zms+g§(c?d)(§s)2ms 1 {dd)(auy’m,  gs{dd) iy my  (Ss)(au)*m

+ -—
2304 24883273 11527 6220873 576
Lgi(Ss)(muy*my  (g;G*)gsdor -Gdymy  11g3(dd)*(Ssym; . 53(g3G*)(gs50 - Gsym,
311047 9830475 6220873 117964875

_ Sgiddy(muym, 535y (yms  Sg(5s)* (muym . 5(dd)(ss)auyms  5(g3G*)gsiio - Guym (A3)
3110473 576m 6220873 576n 9830475 ’

35’ (g;G*)s*  3(ddym,s® s 3(ssymss®  (auyms® . gx(dd)*s* .\ g2(5s)?s?
1146880017 65536017 2048075 1024075 512075 1843275 921645
(auy?s®  gX(au)’s*  3(ddy(5sys®  (Ss)auys® Hgsdo-Gdymgs* (g 50 -Gsymgs®  T(gsiio - Guymys®
S0 | 9206 | 102450 23560 163840 81920 8192m
N 3(gsdo - Gd){3s)s N 3(dd){gs50 - Gs)s N T{gs50 - Gs)(uuys N T(5s)(gsito - Gu)s N T(uu){gsio - Guys
512n3 512n3 76873 76873 76873
+<g5G2><dd>ms (823G )(3symys +<g3G2><MM>mss 8(8;G°Ndd)y*  g(g3G>)(5s)?
204875 614475 204875 11059273 8294475
(&G gi(eiGN ) (8, -Gu)®  KgiGP)dd)(Ss)  Kgidor- Gd)(gsSo-Gs)
153673 16588875 25673 204873 204873
(g GP)Es)au)  (gs50-Gs)(gsiior-Guy  gi(5sY’my  gimuy’m;  3(dd)(5s)*m;

76873 12873 576m3 864 6dn
_gXdd)(5sy’my  3(ddy(auy’m,  gi{dd) auy*my | Ss)ay’mg | gH(ss) iy’ m

pl=

230473 32n 576n3 16n 28873
15(g3G* ) (gsdo - Gdym;  gi(ddy*(5syms  (g;G*)gs50-Gsyms  gi{dd)* (muyms  (5s)*(iaymg

+
3276873 576n3 12288n5 8643 167
g2(3s)Xauymy B 3(dd)(5s)(iuym; N (§2G?)(gsitor - Guym,
172873 8 204875 ’

(A4)

31s° _ 1KgGYs®  (ddyms® +37(§s)mss3_(ﬁu)mss3+89g§(czd)2s2+89g§(§s)2s2
44040192077 28311552077 ~ 24576075~ 491520m° 1228875 663552075 331776073

 Kauys®  89gi(au)’s®  (dd)(ss)s* . (ddY(muys* s 5(5s)iiu)s> | 3(gsdo - Gdym,s*
2048073 33177607 1228873 153673 307273 13107275

N 65(gS§a"Gs)mss2 B 25<g5ﬁ0"Gu>m552 B (gsdo-Gd){3s)s 3 (dd)(gs50-Gs)s N 13(gdo - Gd){iiu)s

pe=

39321673 655367 409673 460873 24576m3
113{gs50 - Gs) uuys N 17¢dd){gsiio - Gu)s . 25(5s)(gsito - Gu)s 3 25Cuu){gsito - Gu)s
368643 2457673 614473 368643
N 13(g2G2)(Jd)ms 19(g2G2)<§s)ms S(ngz)(ﬁu)mS 59gs(g 2G*)(dd)? 25gs<g 2G?)(5s)?
29491275 589824r> 1843275 1194393675 796262475
_ 5(g3G?)au)? . 13g(gsG*Nauy®  11(gsiior-Guy*  1(g;G>Kdd)(5s)  5(gsdo - Gd)(gs50 - Gs)
73728n3 597196873 36864713 3686413 2457673
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(&GN dd) ) | 25(e3G*)(Ss)i)  (gydor-Gd)(g.ior-Gu)  3(850- Gs)(gsho - Gu)
460873 1843273 3686473 102473
5¢2(5sy’my  5gxauy’ms  (dd)(3s)my  gXHdd)(5s) mg  11{dd)(au)*m; gXdd)au)*my

138247 103687° 7687 8294473 Bar 2073600
5(5s)au)’m, N Sgy(ss)auy’my  (g5G*)(gsdor - Gdyms N 5g3(dd)y*(55)m

11527 691273 b 32768n5 1382473
B 25(g2G?){(gs50 - Gsymy B 5g2(ddy*(auyms  5(3s)*(auym B 5¢2(5s)>auymy N 5¢dd){5s)(iiuymy
117964873 1036873 1927 20736m3 28871
5<g%G2)<gsﬁ0'-Gu)ms
3276873

, (A5)

35 19g2G?ys®  Tdd)mes®  T(3s)mes®  (auymgs®  11gX(dd)* s> 11g%(5s)s?
T 1835008077 | 7864320m7 400600 | 400600 400670 | 36864000 | 18432070
. 5¢au)?s? . 11g2(iau)? s> . 33(dd)(5s)s> . 5(ss)iu)s®  99(gsdo - Gdym,s® . 3(g 50 - Gs)mys*
204873 18432075 1024073 102473 16384073 819207
B 35(gsb‘ta'«Gu)m5s2 N 3{g do - Gd){5s)s N 3(dd){gs50 - Gs)s N 35(gsSo - Gs)uuys
327687 51273 51273 307273
35(3s)gsticr- Gups | 35(iu)(gsiior - Gu)s g G*Nddymys  (gG)(Ssymss  35(g;G* ) auymys
307273 307273 819275 245767 245767
25g§(g§G2)(Jd)2 5g§(g§G2)(§s>2 5(g§G2)(12u)2 65g§(g§G2)(ﬁu)2 S(gxﬁa'-Gu)2
T304 19906560 | 15360 199065600 | 102450
_ 5(g;G>)(dd)(55) , 15(gdo-GdXg50-Gs) | 5(g2G*)(5s)(iu) | 8550 - Gs)(giir - Gu)
409673 409673 76873 51273
5¢2(5sy3my  SgXau) m . 5(dd)(5s)*ms  5g3(dd)(5s)*ms

691273 345673 1287 1382473
_5<cfd)(ﬁu)2ms SgX(ddy(auy’ms  5(3s)au)rmg SgX(Fs)auy’ms; 25(g>G*) g do - Gdym,

+ + +
64n 345613 64r 345673 6553675
5g2(ddy*(5s)mg  5(g2G*)XgsSo-Gsymg  5gX(dd)*(iuym,  5(5sy*(auym _ 5g2(5s)*(iuym;

+
691273 29491275 345673 64r 691273

5¢dd)(ss)auym,;  15(g>G*)(gsiio - Guym,
_ - ) (A6)
167 163845

o

The spectral densities p!* are

w_ sNdd) ~ s2m{dd){(5s) B s*(dd)(g>G?) . s{dd(au)? N s(dd){(5s)? ~ 35(g2G*)(g,do - Gd)
P2 = 24576075 25673 1843275 487 487 3276875

_ 5smy(dd){gs50 - Gs) N g%s(&d}(ﬁu)z . g?s(c?d)(is)2 N m‘;(c?d)(is)(g?Gz) B (Jd)(g%Gz)z

76873 518473 518473 460873 19660875
gX(iuyX(g,do - Gd) N my(gdo - Gd)(g,50 - Gs) N (dd)(3s)(gs50-Gs) N (uy*(g,do - Gd)
2073673 512n3 487 967

N (ddXau){giio - Gu)

48m ’

(AT)

013105-8
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" _5s2ms(cfd)(ﬁu) SPmdd)(ss)y  3s(dd)(Fs)au)  s(dd){3s)* Sm‘Y(Jd)(ﬁu)(g%Gz)
Py =" 260875 | 46080 576m | 1ls2x 691273
ms(Jd)(Es)(gEG2) m(gsdo-Gd){gs50 - Gs) N sm{iu){g do - Gd) N 7sm{dd){gsito - Gu)
691273 614473 512n3 307273
N mg{gsdo - Gd){gsiio - Gu) B (3sWiiu){g.do - Gd) B 5(dd)iiu){gs50 - Gs) B 7{dd){5s){gsito - Gu)
76873 1927 11527 11527 ’

(A8)

11m,s® 11¢3s)s*  (g;50-Gs)s®  (&2G*ymys®  19(g2G*)(5s)s?

11796480077 _ 294912005 58982475 10485767 8847367
LgXddy mgs*  11(5s)’mes>  11g2(5s)Y2mss®  (au)>mys® . N gXauy’mes®  (dd)(3s)mys>
99532875 1843273 19906567 921673 4976647 230473
5(ddy(auymgs®  S(3s)auymgs®  11g2(5s)’ s (ddy(5s)2s (Ss)au)?s 11g>(Fs)iu)’s
B304 23040 124460 | 576r | 1152n 6220870
llg?@d)z(is)s 3(g§G2)(gS§0'-Gs)s 5(ss)2auds  {dd){5s)au)s (gscfo"Gd)(Es)mss
12441603 13107275 ~ " 576n 288t 153673
N (dd)gs50 - Gs)mys B 47(55){gs50-Gsymss  5{g do - Gd)Xau)mys N 11{g 50 - Gs)(uuymys
614473 7372873 153673 614473
Hdd)Xgsiao-Guymgs  11(5s){gsito - Guymys  (au)gsiio - Guymgs {(gsdo - Gd)(5s)?
15367 307270 T el T 520
7g%(gS§0'-Gs)(17tu)2 (g%Gz)z(Es) 13g%(cid)2<gs§o“Gs) g%(is}z(gSEo"Gs) (Jd)(is)(gSEO"Gs)
24883273 78643275 49766473 49766473 23047
5(gsdo-Gdy(3s)iu) 11{dd){g;50-Gs)(iu) 11(5s){gs30 - Gs){iiu) 11(§s)2(gxﬁa"Gu)
B 576n - 11527 - 23047 - 23047
_ Tdd)(5s5)(gsito - Guy . (Ss)auy(gio-Gu)  gg*G*)ddy*m s 25(g2G*)(5s)>m;
576n 23047 22118475 22118473
B llgﬁ(ngz)(Es)zms N 31<gx§o--Gs)2ms N (g?Gz)(ﬁu)zms N g?(g§G2><ﬁu>2ms _ (g?GZXQd)(Es)mS
265420875 3686473 11059273 33177675 345673
(gsdo-Gd)(gs50-Gsymy  5(g>G*Xdd)auym;  5(g*G>¥5s)auyms 1{gsdo - Gd){gsiio - Guym;
1228870 " 345670 T 276480 307270
13({gs50 - Gs){gsito - Guymy
1228873 ’

Py =

(A9)

m 3mgs® 3(ss)st  3(au)s” (gSEO'-Gs)s3 <g51/_t0"Gu>S3 (g%Gz)mss3 g?(&d}zmssz
P5 =327680007 ~ 8192075 4096075 409675 204870 262144x7 921675
3(5s)2mygs®>  gXSsY’mys® 3auyimys® g au) mgs®  (dd)(5symgs®  (dd)muymys?
T TS 184320 | 25610 16080 6dm | ean
3(ss)iuymys®  gX(3s)’s  gXauyds  (ddy(5s)s  3(Ss)au)rs  gX(Ss)auy’s  gXdd)*(5s)s
1282 115228 57673 16 32xr  576m3 115240
N 3(g§G2)(gSEO'-Gs)s B gf(cfd)z(ﬁu)s _ g%(is}zmu)s _ (dd){(3s)iu)s N 3(g?G2)(gsﬁa'«Gu)s
3276873 57613 2883 8 16384715
(g do-Gd)X5s)mys  T{dd){g 50 - Gsymys 3 9(5s)(gs50 - Gsymgs N 3(gsdo - Gd){iiuymys
12873 25673 51273 12873

013105-9
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B 3(gs50 - Gs) uuymys N (dd){g,iio - Gu)mys B 45(5s){gsito - Guymys N I(uu){gsio - Guymys
12873 32n3 102473 256m3
_ (8sdo-Gd)(5s)® _ 3(g,So Gs)au)*  Tgi(g,So- Gs)au)  (giG?)*(Ss)  gidd)* (8,50 Gs)
32r 641 691273 19660873 172873
_ 8(59Xs50-Gs)  Tdd)(Ss)(gs5o-Gs) | (3G (g, Gd)(Ss)(iu)
172873 9671 983047 167
_(dd)(gs50 - Gs)(iw)  gi{ddy(gsiior-Gu)  5gi(3s)X(gsiio - Guy Ty () (gsiior - Gu)
167 86473 230473 691273
_ (dd)(5s)(gsiio - Guy  3(Ss)(au)(gsio - Gu)  g3(g;G>)Nddy’m;  (g7G*)(5s) my

127 32n 33177675 307273
848G7)(5s)Y’my  5(g,50-GsYmy  (g5G™)uauy’ ms g {giG ) auY>my  giitor - Guy*my

6635527 102473 25673 8294475 102473
_{g5G*)dd)(5syms  T(gdo-Gd)(gs50-Gsyms  {gG*Ndd)(muym,  (g5G>)(5s) uuym,

+ —
76813 512713 76813 1024n3
(gsdo - Gd){g,iio - Guym B Ngs50-Gs){gsio - Guym
6473 512n3 )

(A10)

m 11mys® 11¢3s)s* (gs50 - Gs)s 3<g§G2)mss3 S(ngz)(Es)s2 11g§(c?d)2mss2
Po = 4587520007 117964875 98304075 52428847 655367 44236875
_ 11(Es)’mys? . 11g%(5s)*mys® _ (auy’mys 1 gX(auy*mys* _ (dd)(ssymss*  5(dd)auym,s*
819273 8847367 409673 22118473 76873 102473
5(ss)aymss® 11g%(5s)3s .\ (dd)(3s)%s . (ss)auy’s 11g%(5s)au)’s ~ 11g%(dd)*(5s)s
76873 6220873 1927 576x 3110473 6220873
13(g2G?)(gs50 - Gsys  5(5s)2(au)s  5(dd)(5s)auys (gydo-Gd){(5s)mys
9830475 192 1447 - 51273
: 31{dd){(gs50 - Gs)mys B 47(55)(gsS0 - Gs)mys N 5(gsdo - Gd){iiuymys N 89(gs50 - Gs)(uuymygs
1843273 3686473 76873 1843273
(dd){gito - Guymys N 11({5s){(gsito - Guymygs 3 13Cuu){gsito - Guymys N (gSCZO'-Gol)(Es)2
14473 102473 921673 384r
(gs50-Gs)au)?  5g%(gs50 - Gs)iu)* N 11{(g2G*)*(5s)  11g%(dd)*(gs50-Gs) g>(5s)*(gs50 - Gs)
15367 16588873 157286475 33177673 33177673
. (dd)(55)(gs50 - Gs) _ 5(gsdo - Gd){3s)iiu) B 5(dd){gs50 - Gs){iuu) B 5(5s)(gs50 - Gs) uu)
2561 3847 3841 3847
~ 11(55)Y*(g a0 - Gu) _ 5(dd)(5s)(gsitc - Gu) . 5(ss)(au)(gsiio-Guy 11 g{g>G*)(dd)>m;
7681 384n 15367 1327104r>

25(g1G2 )58y ms  ggiGANEsY my (8550 -Gsy'ms (iGN’ m;  g3(gi G Ky m

+
14745673 5898245 76873 7372873 829445
3 (gsﬁa'-Gu)zms <g%G2)(Jd)(§s)ms _ 3(gsc?0'~Gd)(gS§0'-Gs>mS B 5<g?G2)(Jd)(uu)mS

204873 115273 409673 460873
3 5<g%G2)(§s)<ﬁu)ms 5(gsdo-Gd){g o - Guyms  3{(g,50 - Gs){g,iio - Guym
921673 204873 102473

: (A1)

013105-10
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Chin. Phys. C 47, 013105 (2023)

31mys 13(5s)s*

ug

13¢au)s* _ 7(gS50'-Gs)s3 B 7<g517t0'-Gu)s3 29(g%G2)mss3

PT = 458752000 ~ 4915207° 2457607

409607

2048073 2621440x7

_S(GGES)S (GG giddy mgs®  (SsYPmyst g3(5s)mys®  Xuu) mgs®

2457675 1228875 1382475 25673 2764875 51273
g?(b‘m}zmss2 (ddX5s)mys*  (ddXaudmgs®  (5s)(au)mys> 11g?(§s}3s 11g%(ﬁu)3s
691275 647 643 64m  20736m° 103687
11¢dd)(5s)2s  9(Fs)au)2s 11g2(ss)au)’s 11g>(dd)*(5s)s 41(g>G?*¥{gs50-Gs)s
1920 64n 1036803 20736x° 1966087
llg?(c?d)z(ﬁu)s 11g%(§s>2(b‘tu)s L I{dd){(5s)au)s 41(g?G2)(gsﬁ0'-Gu)s
© 1036873 S5184x% 967 - 9830475
ll(gscfo"Gd)(Es)mss 77<Jd)(g550'-Gs>mss 11(5s){gsS0 - Gsymys 11(gxa70'-Gd)(ﬁu)mss
51273 307273 - 102473 5127
11{gs50 - Gs)auymss  11{dd){g,iio-Gumgs  S55(5s)Mgsiio-Guymys  27{iu){g o - Guymys
B 76873 38473 - 204873 51273
3<g3670'-Gd)(§s)2 9(g550'-Gs)(12u)2 7g3(gS§0'-Gs)(b‘m)2 (g3G2)2(§s> g?(c?d)z(gsfa-Gs)
- 1287 B 1287 B 1382473 C 13107245 345673
gX(55)X(gs50-Gs)  Tdd)(5s)(gs50-Gs) (g2G*)* (i) 3(g,do - Gd)(3s) i)
B 345673 - 1287 65536m5 64n
3dd)(gs50- Gs)iuy — g{ddy*(gsiio-Gu) 5g%(5s){gsiio-Guy TgX(au)y*(g,io - Gu)
B 64n - 172873 B 460873 - 1382473
_(dd)(5s)(gyiior Gy NEs)iu)(gsiior-Gu) g (@GP )dd)’m;  (g5G?)(5s)m
167 64r 7372875 204873
gHE2CHEs) my  S(g5o-Gs)2my  3Hg2G N auyms  g{g*GPWauy’my  27(gio - Gu)my
4915278 204873 25673 1843275 204873
~ (g2G*X(dd)(5symy . 21(gsdo - Gd)(gs50-Gsym; (g2G*Xdd) iuym; ~ 5(g2G*)(3s)(iuym
102473 204873 102473 204873
3<gSJO'~Gd)(gSITt0'~Gu>mS 3(gsS0 - Gs){gsuo - Guymg
- ) (A12)
25673 102473
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