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Abstract: We present a novel gravastar model based on the Mazur-Mottola (2004) method with an isotropic matter

distribution in f(Q) gravity. The gravastar, which is a hypothesized substitute for a black hole, is built using the

Mazur-Mottola mechanism. This approach allows us to define the gravastar as having three stages. The first one is

an inner region with negative pressure; the next region is a thin shell that is made up of ultrarelativistic stiff fluid,
and we studied the proper length, energy, entropy, and surface energy density for this region. Additionally, we
demonstrated the possible stability of our suggested thin shell gravastar model through the graphical study of the sur-
face redshift. The exterior Schwarzschild geometry describes the outer region of the gravastar. In the context of f(Q)
gravity, we discovered analytical solutions for the interior of gravastars that are free of any type of singularity and

the event horizon.
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I. INTRODUCTION

The Schwarzschild solution is the most intriguing uni-
versal spherically symmetric static vacuum solution to the
Einstein field equations under the background of general
relativity (GR). The line element for the Schwarzschild
metric can be expressed as

2GM dr?
2 _ _ 2 _ _
i ‘(1 , )d’ |_2GM

r

— r?(d6? +sin®6d¢?), (1)

where M represents the gravitational mass of the object.
A black hole (BH) of isolated mass M, with the static
spherically symmetric line element (1), is known as a
Schwarzschild BH, and Ry =2GM is known as the
Schwarzschild radius. BHs are generated when the core
of a massive star collapses toward the termination of its
lifespan and are the most fascinating objects in modern
astrophysics. Despite being a successful theory, the
Schwarzschild metric has two significant flaws:

1. The dynamical singularity at r=0,2GM.

2. The presence of event horizon.

To resolve the aforementioned issues with BHs,
Mazur and Mottola [1, 2] proposed a new solution that
has no singularity and no event horizon, i.e., an ingeni-
ous idea of an extremely compact object referred to as the
Gravitationally Vacuum Condense Star or simply Gravas-
tar. By applying the concept of Bose-Einstein condensa-
tion (BEC) to gravitational systems (i.e., a limited por-
tion of the total number of particles starts to condense in-
to the lowest-energy state below a certain temperature),
they proposed a novel theory to explain the endpoint of
gravitational collapse of a dying star's core. They create a
cold, compact entity with an interior de Sitter condensate
phase and an external Schwarzschild geometry of any
total mass M, which is removed from all the restrictions
of the known classical black hole (CBH). As a result, this
theory may be considered as a replacement concept for
the CBH and has become a hot topic among researchers.

According to Mazur and Mottola's model, the gravast-
ar contains three distinct regions with different equations
of states (EoSs).

1. An inner area with an isotropic de Sitter vacuum
situation.

2. A thin shell of an ultra-relativistic rigid fluid sub-
stance between the interior and exterior regions.
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3. The exterior region is entirely vacuum, and
Schwarzschild geometry describes this situation cor-
rectly.

Consequently, the following EoSs for different mat-
ters in these three regions can be used to define the com-
plete gravastar system:

Region EoS
Interior (0<r<ry) p=p
Shell (r1<r<ry) p=p

Exterior (r,<r) p=p=0

There are two interfaces (junctions) at distances r
and r, from the center. Here, r; and r, denote the interi-
or and exterior radii, respectively, of the thin shell. To
achieve the necessary stability of the system, which is as-
sumed to be expanding by applying an inward force to
balance the repulsion from within, the stiff matter must
exist on the shell of thickness rj —r» = e < 1.

Although there are a few indirect pieces of evidence
in the literature that indicate the existence of gravastars
and can be used for future confirmation, there is presently
no observable evidence in favor of gravastars. Through
the investigation of gravastar shadows, Sakai et al. [3] es-
tablished a method to identify gravastars. As suggested
by Kubo and Sakai [4], who asserted that black holes do
not exhibit microlensing effects of maximal brightness,
gravitational lensing is another method that might be used
to find gravastars. The observation of GW150914 by in-
terferometric LIGO detectors [5, 6] suggested the exist-
ence of ringdown signals produced by sources without an
event horizon. A gravastar-like shadow was observed in a
recent examination of a picture taken by the First M87
Event Horizon Telescope (EHT) [7].

There are several literary works on gravastars that are
based on various mathematical and scientific problems.
However, the majority of these works are within the con-
text of general relativity. There has been considerable
work done on gravastars since Mazur and Mottola's idea.
They demonstrated thermodynamic stability in their five-
layer gravastar structure. The five-layer Mazur-Mottola
model was simplified to three layers by Visser and Wilt-
shire [8], who also demonstrated its dynamical stability in
the face of perturbations due to spherically symmetric
matter distributions or gravity fields. By examining relev-
ant constraints for the stability of precise non-singular
solutions of gravastars, Carter [9] expanded on this work.

To investigate the gravastar's interior, Bilic ef al. [10]
replaced the de Sitter interior with a Chaplygin gas equa-
tion of state and regarded the system as a Born-Infeld
phantom gravastar, whereas Lobo [11] substituted the in-
terior vacuum with dark energy. To overcome the singu-
larity issue, Lobo and Arellano [12] linked the Schwarz-

schild outside with the internal nonlinear electrodynamic
geometries. Anisotropic pressure in the "crust," which is
essential for the development of structures like gravast-
ars, was hypothesized by Cattoen et al. [13]. According
to Ghosh et al. ([14]), it is impossible to extend a 4-di-
mensional gravastar to higher dimensions. Additionally,
they used the non-singular Kuchowicz metric potential to
study several aspects of a gravastar [15]. Rahaman et al.
[16] built a gravastar model within the GR framework in
(2+1) dimensions. Usmani et al. [17] suggested a gravast-
ar model with a charged interior that allowed conformal
motion and whose outer spacetime was defined by the
Reissner-Nordstrom line element. Although Einstein's
general relativity is one of the pillars of contemporary
theoretical physics and has consistently been successful
in revealing a large number of nature's hidden secrets, it
has drawbacks from both theoretical and observational
standpoints. Theoretically, this idea has been challenged
by observational evidence of the universe's accelerated
expansion and the existence of dark matter. As a result,
numerous different theories of gravity, including f(R)
gravity, f(T) gravity, f(R,T), and f(Q) gravity, have
been proposed. All of these hypotheses can be regarded
as essential for explaining the structure development and
star system evolution in the universe.

Apart from the work on Einstein's GR, there are sev-
eral works on gravastars that involve modified theories of
gravity. Within the context of energy-momentum squared
gravity, Sharif et al. [18] explored the impact of the
charge on the physical characteristics of gravastars and
concluded that the non-singular solutions of the charged
gravastar are physically feasible in f(R,T?) gravity. Das
et al. [19] have identified a collection of precise and sin-
gularity-free solutions to the gravastar that exhibits a
number of physically significant as well as acceptable
characteristics in f(7) gravity. Sahoo and his group [20]
investigated isotropic static spherically symmetric gravas-
tars without charge in the Mazur-Motolla junction under
the assumption of braneworld gravity. In particular, the
length of the shell, entropy, and energy were studied as
more realistic aspects of the gravastar model by Bhatti
and his group [21] in f(R,G) gravity. f(R) gravity was
first introduced in [22], and it is specifically represented
by the arbitrary function of the Ricci scalar curvature R.
However, there is another approach to explain gravita-
tional interactions, which involve torsion (7) and non-
metricity (Q) and are known as the f(T) and f(Q) theor-
ies of gravity, respectively. Weitzenbock and metric in-
compatible connections that are different from the GR
Levi-Cevita connection are two examples of non-stand-
ard metric-affine connections that may be used to acquire
both gravities. In this study, we focus on the modified
symmetric teleparallel gravitational scenario (also known
as f(Q) gravity) to study the non-charged gravastar.
There have been numerous works on compact objects in
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the background of f(Q) gravity. Mandal et al. [23] stud-
ied the anisotropic compact stars in f(Q) gravity with the
quintessence field. In [24], researchers examined the
physical behavior of strange stars using the MIT Bag
EoS, accepting the Buchdahl metric for both linear and
non-linear models.

Our research may be viewed as a singular study be-
cause we examined a more generic isotropic model of un-
charged gravastars and investigated the effects of non-
metricity on both the interior and exterior solutions of the
gravitating system in f(Q) gravity. We developed a set of
advanced solutions for the three distinct areas with their
respective EoSs in the present study, which was inspired
by the aforementioned publications. We analyzed the sur-
face redshift and the junction requirement for the cre-
ation of a thin shell to demonstrate the stability of our
concept. We investigated the physical features of gravast-
ars while taking into consideration the three-layer model
under the Kuchowicz metric potential, in contrast to Viss-
er and Wiltshire [8], who simply reduced Mazur and
Mottola's five-layer construction to three layers to invest-
igate the dynamical stability of gravastars.

In this study, we examined a few physical aspects of
gravastars according to the f(Q) theory of gravity and
discovered analytical results for various phases of the
structure. The paper is organized as follows:

In Sec. I, we introduce the gravastar model and
present the relevant work. In Sec. II, we discuss the math-
ematical formalism of f(Q) gravity and calculate the field
equation in f(Q) gravity for the spherically symmetric
metric. Three areas of the gravastar structure, i.e., the in-
ternal region, the thin shell, and the external region, are
examined separately in Sec. III. In Sec. IV, we study the
physical features of the thin shell to examine the stability
of the model. The junction condition is investigated
(along with the EoS) in Sec. V. Finally, we present con-
clusions regarding the stability of our model in Sec. VI.

II. BASIC MATHEMATICAL FORMALISM OF
f(Q) GRAVITY

For the purposes of STEGR, we assume that the
gravastar under consideration exists on the differentiable
Lorentzian manifold M, which may be adequately char-
acterized by the metric tensor g, its determinant g, and
its affine connection I':

g =guwdx' ®dx’, 2)

where I' is the connection one form, which may be rep-
resented in terms of the one forms of the contortion
tensor, disformation, and connection of Levi-Civita [25]:

(lﬁ = Waﬁ"‘Kaﬁ"‘L(lﬁ. (3)
The aforementioned expression can be represented as
follows:

1—*01/” = yayv + Kaﬂv + Layv’ (4)
where the variables y, K, and L in Eq. (4) are the affine
connection that is consistent with the Levi-Cevita metric,
contortion, and disformation tensors, respectively. As-
suming f(Q) gravity formalism, the symmetric teleparal-
lelism that results from the non-metricity one form and
associated tensor completely describes the gravitational
sector:

Qaﬁ = Iﬁ(ab)7 Qa/w = Vag,uw 5)

where the symmetric portion of the tensor has the follow-
ing definition:

1
F(/1v)=§<F;4v+Fv;4)~ (6)

If contortion disappears, the only terms remaining will be
disformation tensor terms:

QQ#V = _Lﬁaugﬁ‘/ - Lﬁavgﬁll’ (7)

The following formula defines the disformation tensor:
(07 1 (07 103
Lyv = EQ[U/ - Q(pv)' (8)

The non-metricity scalar, which is made up of non-metri-
city and the so-called superpotential, is the primary grav-
itational quantity in the STEGR formalism:

Q = _P(WVQQ//JV’ (9)

where the following complicated form describes the su-
perpotential:

1 _
P, = i 20%) — Q%+ 08w —600)) - Q%gur|.  (10)

Here, 0*=0",, and Q, =0, are two independent
traces of the non-metricity tensor Quuy = Voguv. As we
have covered all the terms required by the STEGR form-
alism, we proceed to provide the modified action integral

for f(Q) gravity [26]:
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Slg. T, Wil = / d*xv=gf(Q)+Sule, ¥ (11)

In this case, Sm[g.I,¥;] represents the action integral,
which signifies the contribution of an extra matter field
W; that is both minimally and maximally linked to grav-
ity to the overall Einstein-Hilbert action integral. The ab-
stract field equations for the theory may be obtained by
varying Eq. (11) with regard to the metric tensor inverse
g

1
7V7 ( ‘/__ngPy ,uv) + Eguvf

+fQ (Pm/i 0y yi_zQyi,u Pyi V) = _T/JV’ (12)

mm

df

where fp = i0 and the widely used energy momentum
tensor T, whose generic form might be represented as:

2 6(y-gLw)
V=g g

Tyv = (13)

Here, the Lagrangian density of matter fields is represen-
ted by the symbol Ly satisfying the relationship
[d*xy=gLm = Smlg.T,¥;]. Additionally, by changing
the action in relation to the affine connection I'?,,, we ob-
tain

Vyvv(\/__ngPy ﬂV) =0. (14)

In the next subsection, for spherically symmetric objects,
we derive the precise form of field Egs. (12) and (14)
written above.

Motion equations for spherically symmetric objects in

£(0) gravity

Within f(Q) gravity, the field equation or motion
equation for a spherically symmetric object takes the fol-
lowing form:

v—A4
KTy =55 2rfooQ' (€' = D+ fol(e' = 1)

X2 +r)+ (1 +eDHrd' ]+ friel], (15)

1
KT,y =— ﬁ[zerQQ’(eﬂ -+ fole*-1)

X2+ +r ) =2r/1+ friet], (16)

r ’ ./ /
KTy =— @[—2;’ fo0Q'V' + fol2v' (e*-2)

2+ Qe+ V) =2+ 2frel, (17)

where the line element for the spherically symmetric met-
ric is defined as

ds? = e’dr® —e'dr? — rA(d6” + sin?6dg?). (18)
As a result, the usual energy-momentum tensor for a per-
fect fluid matter distribution can be written as follows:

T,y = diag(e’p,e' p,r* p,r* psin®6). (19)
Applying the values of the energy-momentum tensor

components to the aforesaid field equations yields the fol-
lowing result:

1
87p :WDr fooQ' €' = D)+ fol(e' = )2 +1r/)

+(1+eHrA 1+ friet],

(20)
1
81p == 55 [2rfo0Q' (" = D)+ fol(e' = 1)
XQ+rV +r)=2r1+ friel], 21
1
8rp == 7 [2rfo0 Qv + fol2V' (e ~2)
2+ Qe+ 1) =2r 1+ 2fret. (22)

Therefore, the mathematical form of the non-metricity
scalar is

0= %(v’ + ) =1). (23)

III. GRAVASTAR CONDITION

By carefully determining the metric potential e! with
the use of the field Egs. (20)—(22), we have explored
three distinct regions of the gravastar. In order to determ-
ine the metric potential e*, we have taken the physically
feasible, singularity-free metric potential, specifically the
Kuchowicz metric potential of the form [27]

ev - eBr2+21nC (24)

to evaluate a compact spherically symmetric astronomic-
al object such as a gravastar accurately. Here, B and C are
arbitrary constants. C is a dimensionless parameter, and B
is of dimension [L™?]. Using the aforementioned condi-
tion (24), we simplified the field Eqgs. (20)—(22) for the
linear model f(Q)=aQ+b, where a and b are the model
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parameters. The simplified forms are as follows:

et (—2a +et (Za + brz) + 2ar/l’)

p= 16712 ’ 25)
_ (. 2ae™ (-1 +e'-2Br?) y
P=Ter (707 7 > @
e~ (a (Br2 + 1) A'(r)—2aBr (Br2 + 2) + breﬂ(r))
pP=-

167r
(27)

Finally, in f(Q) gravity, the energy conservation
equation for a line element in the (3+1) dimension can be
written as

dp Vv
EWLE(P‘FP)—O- (28)

It is clear from the aforementioned equation that the grav-
itational force must balance out the hydrostatic force or
pressure gradient for a gravitating system to be in equilib-
rium.

A. Interior region

We presumed the EoS for the interior area as stated in
Mazur and Mottola's work [1, 2]:

p=—p. (29)

This EoS is referred to as the dark energy EoS [28-30]
with the parametric value w=—-1. The inward gravita-
tional attraction of the shell is balanced by this negative
(repulsive) pressure acting radially outward from the cen-
ter of the spherically symmetric gravitating system. From
Egs. (28) and (29), we obtain

P==P=Pc (30)

where p. represents the critical density of the gravastar.
With the help of (30), we obtain the metric potential e
from Eq. (25) as

1 1’2 C1
et=1+—(b-16mp.)— —. (31)
6a 2ar
To obtain the regular solution at the center, we can take
c¢1 = 0. Thus,

2
et =1+ (b-167p,). (32)
6a

For making our solution free from central singularity, we
2

r .
have taken 6—(b —167mp,.) # —1. Thus we get two non-sin-
a
gular space-time metrics for describing the internal struc-
ture of the gravastar system. Also, the following equation
can be used to determine the active gravitational mass of
the internal area,

4nR3p,
3

R,=R
M(R) = / 4nr’pdr = (33)
0

where R; represents the boundary of the interior region,
which is set as R, and r is the radial coordinate.

The evolution of the space-time metric e’

with re-

0.8

0.6

0.4

0.2

2 4 6 8
r

Fig. 1. (color online) Graphical analysis of the metric poten-
tial within the interior region with the radial coordinate 7(km)
for a=1.7and b=0.7.

spect to the radial parameter » is shown in Fig. 1. From
the figure, we can physically interpret that the metric po-
tential remains positive throughout the region, and it is
regular at r = 0; additionally, it is finite and has no cent-
ral singularity.

B. Intermediate thin shell

The shell is made of ultrarelativistic fluid, and it
abides by the EoS

p=p. (34)

Zel'dovich [31] originally came up with the concept of
this form of fluid in relation to the cold baryonic cosmos,
which is also known as the stiff fluid. By equating the
isotropic pressure and matter density of the gravastar, we
obtain the space-time metric e’ for the shell region:

1 2aB%e®" 2
© T B QuB+b(—1+Br2) -8B (b-2aB)C,
The boundary condition can be used to determine the
value of integrating constants C;.

(35)
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2.6

24

22

2.0

9.60 9.62 9.64 9.66 9.68
Thickness

Fig. 2. (color online) Graphical analysis of the metric poten-
tial within the shell with respect to its thickness (e in km) for
a=17and b=0.7.

The variation of the metric potential e* for the shell
region is shown in Fig. 2. From the figure, we can say
that the space-time metric within the shell region exhibits
the same behavior as the interior region, which estab-
lishes a positive behavior in our solution.

C. Exterior region

It is believed that the gravastar's exterior is fully va-
cuum outside of the shell and follows the EoS p=p=0
rule. Therefore, the Schwarzschild metric

2M dr?
2 _ _ 2
ds-<l - )dt 1_27“

r

—r2(d6? +sin’6d¢?)  (36)

describes the outside geometry of the gravastar correctly.
For the vacuum EoS, we have determined the metric po-
tential et as

2(a+2aBr?)

D

=—"=, 37
¢ 2a+ br? (37

Finally, we have three space-time metrics (32), (35), (37)
for three different regions.

D. Boundary condition

In order to determine the values of the three con-
stants B, C, C|, we equate our determined metric poten-
tial e? at the boundaries. There are two limits in the
gravastar configuration: one is between the interior and
intermediate thin shell at a distance R;from the center,
and the other is between the shell and outer space at a dis-
tance R, from the center. The metric functions at these in-
terfaces must be continuous for any stable system. There-
fore, we matched these metric potentials with outer
space-time. Finally, we obtain the following form for
these constants:

4aM +bR;3

=72 38
4aR3 (R, —2M) (38)

_ eBR(b-2aB—4aB* MR, - bBR} +2aB*R3)

- 39
Ci 8B2(2aB - b) ’ (39)
C?=e K <1 - Z—M) . (40)
R,

Here, we have taken the PSR J1416-2230 compact star
with total mass M =1.97Myand outer radius R, =9.69

. 2M
km. Thus, the ratio X < 1 holds for the gravastar con-

figuration. Additionally, we have taken the value of the
critical density as p. = 0.0001 and pg = 1. Putting the val-
ues of the above quantity along with the model paramet-
er a=1.7 and b =0.7, we obtained the numerical values
of the constants as follows: B=0.17301km™2, C,=
7.3465x 10°, C?=1.80065x1078. The reason why we
choose these model parameters is the nature of the con-
stants B and C2. Here, the constant B is of dimension /~2;
thus, it should take a positive value. Furthermore, the
term C? is positive. Thus, for making the positive numer-
ical values of these constants, we have taken such specif-
ic values of the model parameters. We have verified that
for the aforementioned condition, the model shows simil-
ar behavior for different values of @ and b. In order to de-
termine the feasibility of our gravastar model, we will
verify it through some physical features of the shell re-
gion in the next section.

IV. PHYSICAL FEATURES OF SHELL REGION

A. Pressure and matter density

One of the leading indicators of a spherically sym-
metric object's physical qualities is the variation of the
density with respect to radial coordinates. For the shell
region using the EoS p =p from Eq. (28), one can easily
obtain

p=p=poe . (41)

8.x10°8

7.5x10°8 -

7.x108

Density

6.5x10° -

6.x10°

9.60 9.62 9.64 9.66 9.68
Thickness

Fig. 3.  (color online) Graphical analysis of the pressure or
matter density of the shell with respect to its thickness (e in
km) for a=1.7 and »=0.7.
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The evolution of the density with respect to the thick-
ness of the shell is shown in Fig. 3. One can see from
Fig. 3 that both the pressure and matter density remain
positive throughout the shell's range and rapidly decrease
with an increase in the thickness.

B. Proper length

In accordance with the hypothesis proposed by Mazur
and Mottola [1, 2], the phase boundary of the interior area
is defined by the stiff fluid shell at r = R, and its proper
thickness e is considered to be extremely small, ie.,
€ < 1. Consequently, the lower limit of the outer region
has been taken as r = R+ €. The proper thickness / proper
length between two interfaces or that of the shell can be
written as

R+e
I= Veldr (42)

R

/R+E
R

The above expression is very difficult to integrate
analytically. Let us assume f(r) as the primitive of Ved.
Then, by the fundamental theorem of calculus, we have

2aB%eBr 2 d
; r.
P (2aB +b(—1+ Br2)) - 8B2(b—2aB)C,
(43)

R+e d
1= [ 0= R+ - S(R) 9
R r
62
= (f(R) +ef (R)+ ?!f"(R) +..... ) - f(R) (45)
€2
=/ R+ S 1 R+ (46)

We used Taylor series expansion to calculate the
thickness of the thin shell and confined our calculations
to the first-order term of the thickness parameter €. Fi-
nally, we determined the precise thickness of the thin
shell as

2aB%eBR’R2
l=¢ — . @)
PR (2aB+ b(—1 + BR2))— 8B2(b— 2aB)C,

We numerically plotted the proper length variations
with respect to the thickness parameter €, as shown in
Fig. 4. It is observed that as the thickness increases, the
proper length of the shell steadily decreases.

0.145-

0.140 -

0.135-

0.130

Proper length

0.125-

0.120

9.60 9.62 9.64 9.66 9.68
Thickness

Fig. 4.
of the shell with respect to its thickness (e in km) for a=1.7
and b=0.7.

(color online) Graphical analysis of the proper length

C. Energy

One may argue that this implies a negative energy
area in the inner region when we consider the EoS, i.e.,
p =—p, proving the core's repulsive character. However,
it can be determined that the energy contained in the shell
is

R+e R+e ,
E = / 4nr?pdr = / 4nr?poe B dr (48)
R R

R+e

e_Br:r \/7_TErf|: @r}

—d4n |- + : (49)
2B 4B372

R

From Fig. 5, it is discovered that the energy variation
for the shell is positive and monotonically increases to-

4.31343

4.31343

4.31343

Energy

4.31343

4.31343

9.60 9.62 9.64 9.66 9.68
Thickness

Fig. 5. (color online) Graphical analysis of the surface en-
ergy of the shell with respect to its thickness (e in km) for
a=1.7and b=0.7.

ward the outer surface. This implies that the shell's outer
boundary is denser than its internal limit, which satisfies
the condition that the shell's energy increases as the radi-
al distance increases.

D. Entropy
The interior of the gravastar must have zero entropy
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density, which is stable for the single condensate area, ac-
cording to Mazur and Mottola [1, 2]. The entropy on the
shell, however, is typically not zero. The following for-
mula can be used to easily compute the entropy of the re-
lativistic star system (static) gravastar:

R+e
S = / 4712 s(r) Veldr, (50)
R

where s(r) = a \/p/2r represents the entropy density, and
a is a dimensionless parameter. By applying the same
technique once again using the Taylor series approxima-
tion up to the first order term ofe, such as determining the
proper length, we determined the entropy of the shell as

2aB2R?
eBR[2aB + b(~1 + BR2)] — 8B%(b— 2aB)C;
(51)

S = 4eanR?

The variation of the shell entropy is shown in

0.019

0.018

0.017

Entropy

0.016

0.015

0.014

9.60 9.62 9.64 9.66 9.68
Thickness

Fig. 6. (color online) Graphical analysis of the entropy of
the shell with respect to its thickness (e in km) for a = 1.7 and
b=0.7.

Fig. 6. It is noted that the entropy of the shell decreases
as its thickness increases in f(Q) gravity. This
behavior, however, does not suggest that our solution is
unstable.

E. Surface redshift

One of the most crucial sources of understanding
about a gravastar's stability and discovery is the study of
its surface redshift. The surface redshift must not exceed
2 for the isotropic compact star fluid (it must not exceed 5
for spacetimes with the current cosmic constant). We em-
ployed the following equation to determine the surface
redshift:

1
Zi=—-1+ . (52)
81t

Consequently, we solve Eq. (52) numerically as usu-

0.40

Surface redshift

0.35

0.30

9.60 9.62 9.64 9.66 9.68
Thickness

Fig. 7. (color online) Graphical analysis of the surface red-
shift of the shell with respect to its thickness (e in km) for
a=1.7and b=0.7.

al and display the result in Fig. 7 for PSR J1416-2230. As
shown, the surface redshift is positive for positive values
of a and b and Z; < 1. Therefore, it can be said that our
current research on gravastars is both steady and physic-
ally acceptable.

V. JUNCTION CONDITION AND EQUATION OF
STATE

The three regions that gravastars are known to pos-
sess are the interior region, exterior area, and shell. This
shell serves as a junction between the inside and exterior
space. Consequently, it is highly important to the gravast-
ar arrangement. According to the basic junction condi-
tion, there must be seamless matching between regions |
and III at the junction. According to the work of Dar-
mois-Israel [32, 33], metric coefficients are continuous at
the junction surface, but it is possible that the derivatives
of these metric coefficients are not. Thus, the following
definition can be used to express the stress-energy sur-
face tensor at the junction:

1
Sozﬁ = _g(kaﬁ - 504Bkyy)» (53)

where kqp = K;5—K,5. The second elemental form is

provided by a thin shell with two sides given by

N . O0xo . Ox' Ox/ )
K = —n? i 54
Z (3¢aa¢ﬁ ki Gga o9 ) 4

where ¢® denotes the intrinsic co-ordinate on the shell.
For two-sided unit normals to surface, n* is expressed as

nt=x

-1/2 of

0xo’

ijOf of

oxt OxJ (53)

with n¥n, = 1. By applying the Lanczos method [34] the
surface energy tensor can be found as S5 = diag(->_,P),
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where the surface energy density and surface pressure are
denoted as Y and P, respectively, and are defined as fol-
lows:

= Vil (56)

P:_XZ:JFI;J\];?K' (57)

Here, f'is the metric potential term e!. Equations (56) and
(57) take the following form in our calculations:

1 /[ 2M R?
Z——Wl 1—7— 1+w(b—16ﬂpc)]

(58)

1 2M B R(b—16mp,)

tom \  [,_2M ., 3y 14 KO- 16700
R 6a
2(h —

_l(_L> JioM o RG-16mp.)
2\ 4R R 6a

(59)

Additionally, the EoS parameter o takes the form

P
w=—. (60)
>
This implies
R oM B R(b—16mp,)
2M 2
R R*(b—167p,.)
1 R c
1 R 3a 1+ 6a
T2 2 16
af (J1o2M_ KRG 16mpe)
R 6a
(61)

It is noted that, for the real value of the EoS paramet-

R*(b—167p,)

2M ..
er w, 5 <1 and # —1, similar to our pre-

vious condition regardingathe solution in Eq. (32) for the
interior region. A graphical analysis of the surface en-
ergy density is presented in Fig. 8. It shows positive be-
havior and increases monotonically with an increase in
the thickness e.

0.016072

0.016070

0.016068

Energy density

0.016066

0.016064

0.016062 -, L L L L
9.60 9.62 9.64 9.66 9.68

Thickness

Fig. 8. (color online) Graphical analysis of the surface en-
ergy density of the shell with respect to its thickness (e in km)
fora=1.7and »=0.7.

At last, we calculated the mass of the thin shell ()
by applying the formula

myg =47R? Z
2M R?
l-——= 1+—(b-1 )] . 2
\/ R + 6a(b 67rpc)] (62)

Thus, the total gravitational mass (M) of the gravast-
ar can be determined in terms of the shell mass (m;) as

=—R

1
=m {—6amsz —bR4 + 167TR4pC
6a+bR? — 167R2p,
+2am, V6R 24T Tl (63)

VI. DISCUSSION AND CONCLUSION ON
STATUS OF GRAVASTAR MODEL

There are several theories of gravity in which the
gravastar has been studied. However, in this work, we at-
tempted to study the gravastar in a novel gravitational
framework called symmetric teleparallel gravity. The mo-
tivation for working in this gravitational framework is
that it is very successful in describing the current acceler-
ated expansion of the universe. Additionally, it is tested
by the solar system test to be a self-consistent theory. To
proceed further, we presumed the static and spherically
symmetric metric with the Kuchowicz metric potential to
present physically feasible, singularity-free (to avoid the
black hole singularity-like nature of compact spherically
symmetric astronomical objects) gravastars. Using this
metric with an ideal fluid distribution, we examined dif-
ferent features of the interior, shell, and exterior regions.
Furthermore, we analyzed various physical properties of
these regions precisely in the framework of f(Q) gravity
as follows:
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e Interior region: Using the EoS for the interior re-
gion, motion equations, and conservation equation, we
found that the solution is free from the singularity, and
the energy density and pressure remain constant with
dark energy nature.

e Intermediate thin shell: We used the intermediate
shell condition for the matter profile and found the met-
ric potential for it. The profile of the obtained metric po-
tential is presented graphically in Fig. 2. The gravastar
shell plays a major role in describing the structure of
gravastars and differentiating them from black holes.
Therefore, we studied various physical properties. De-
tails are presented below.

1. Pressure and matter density: For the shell region,
we found the solution for matter density and pressure.
The matter density profile with respect to the thickness of
the shell is presented in Fig. 3, and it is shown that the
matter density decreases with an increase in the thickness.

2. Proper length: The numerical profile of the prop-
er length with respect to the thickness parameter € is de-
picted in Fig. 4. It is observed that when thickness values
increase, the proper length of the shell steadily decreases.

3. Energy: From Fig. 5, it is discovered that the en-
ergy variation for the shell is positive and monotonically
increases toward the outer surface. This implies that the
shell's outer boundary is denser than its internal limit,
which satisfies the condition that the shell's energy in-
creases as the radial distance increases.

4. Entropy: The evolution of the shell entropy is
shown in Fig. 6. It is noted that the entropy of the shell
decreases as the shell thickness increases in f(Q) gravity.
This behavior, however, does not suggest that our solu-
tion is unstable.

5. Surface redshift: For PSR J1416-2230, we com-
puted the numerical results for the surface redshift and
displayed the results in Fig. 7. As shown, the surface red-
shift is positive for positive values of @ and b and Z; < 1.
Therefore, it can be said that our current research on
gravastars is both steady and physically acceptable.

6. Exterior region: There are two limits in the
gravastar configuration: one is between the interior and

intermediate thin shell at a distance R;from the center,
and the other is between the shell and outer space at a dis-
tance R, from the center. The metric functions at these in-
terfaces must be continuous for any stable system. There-
fore, we matched these metric potentials with outer
space-time.

7. Junction condition and EoS: According to the ba-
sic junction condition, there must be seamless matching
between regions I and III at the junction. According to the
work of Darmois-Israel [32, 33], metric coefficients are
continuous at the junction surface. We derived the formu-
las for the energy density (58) and pressure (59) at the
surface. Additionally, we show the physical behavior of
energy density in Fig. 8, which describes the increasing
behavior of the surface energy density with an increase in
the thickness of the shell. We restricted some conditions
for having real values of the EoS parameter w, e.g.,

2
M <1 and R~ 16mpc)
condition regarding flhe solution in Eq. (32) for the interi-
or region. Finally, we derived the expressions for the
mass of the thin shell (m,) and the total mass (M), as giv-
en by Egs. (62) and (63), respectively.

# —1, similar to our previous

A gravastar is a theoretically motivated spherically
symmetric compact astrophysical object to solve the sin-
gularity issue in the black hole geometry. Now, the ques-
tion arises about the physical existence and discovery of
the gravastar in our universe. Despite the fact that grvast-
ars have not yet been observed or found scientifically,
there are numerous reasons for and against the theory that
gravitational waves (GW) detected by LIGO are the res-
ult of merging gravastars or black holes. The theoretical
existence of gravastars and their physical feasibility are
reported in this article.

Finally, we can conclude that a successful study was
performed on gravastars in the context of the symmetric
teleparallel theory of gravity with the help of the
Kuchowickz metric potential. We obtained a set of phys-
ically acceptable and non-singular solutions of the
gravastar, which immediately overcame the problem of
the central singularity and the existence of the event hori-
zon of the black hole. According to the results that we ob-
tained, we claim the possible existence of gravastars in
symmetric teleparallel theory, as obtained in Einstein's
GR.

Data availability: There are no new data associated
with this article.
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