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Abstract: The measurement of decay parameters is one of the important goals of particle physics experiments, and

the measurement serves as a probe to search for evidence of CP violation in baryonic decays. The experimental res-

ults will aid in advancing existing theoretical research and establishing new experimental objectives. In this study,

we formulate the asymmetric parameters that characterize parity violation, and then derive formulas for the measure-

ment of CP violation. The formulae for the joint angular distribution of the full decay chain as well as the polariza-

tion observable of 20, 20, A, and A are also provided for experiments. Lastly, we evaluated the sensitivity of two

asymmetric parameters: @zo_aq0 (abbreviated as azo) and @zo_,j, (abbreviated as azo) for future experimental

measurements.
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I. INTRODUCTION

Decay parameters are the key for connecting theoret-
ical models with experimental studies. Two-body decays
can provide a clean environment to examine the proper-
ties of baryons, including polarization and decay para-
meters. This type of an environment can thus enable the
verification of theoretical models such as perturbative
QCD [1]. CP violation (CPV) is observed in K°, B°, and
D" meson decays [2—5], and the experimental results are
consistent with the Standard Model predictions. In the ba-
ryonic decay, the magnitude of CPV is predicted only in
the range of 10~ — 10~> with standard model (SM) [6, 7].
However, the magnitude can be 107 in certain new phys-
ics models such as those presented in Refs. [8—13].
However, it is still not sufficiently large to understand the
asymmetry of the matter and anti-matter in the universe.
Therefore, it is important to expand the sources of CPV,
especially in the baryonic sector.

BESIII at BEPCII has accumulated approximately 10
billion J/y¥ mesons, and a large statistic of hyperon-anti-
hyperon pairs produced from J/y decays. Specifically,
e*e” collision experiment has a natural advantage over
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pp collision or fix-targed experiments in measuring high
accuracy due to its lower background. An important study
related to our analysis has been conducted and published
in Nature [14] with a significantly higher accuracy im-
provement in measurement. Exploring evidence of CPV
within BESIII experiments continues to hold promise,
warranting further and deeper analysis of the data at
hand.

Particle Data Group (PDQG) provides an evaluation of
@z ap = —0.349+£0.009 via dividing o(Z%)a_(A) by a
current average a_(A) according to the measurements ob-
tained in recent years [15]. Furthermore, a=z_a, is equal
to —0.704 +0.019,+0.064,, based on the latest result
meausred by NA481 Collaboration, utilizing a data
sample of 52,000 events [16]. Based on the data, a statist-
ical uncertainity of 2.70% can be realized in the radiative
decay Z° — Ay. As more data become available and sim-
ultaneous measurements are made on its conjugate decay
channel, we can obtain more precise asymmetric para-
meters. This serves as a probe to search for evidence of
CPV in these decays, enhancing our understanding of the
CPV mechanism in baryons.
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In this study, in Sec. 11, we formulate the observables
of parity violation and CPV as proposed in Ref. [17]. Di-
verging from the traditional definition proposed by T. D.
Lee and C. N. Yang [18], which uses partial wave amp-
litudes, we employ the helicity formalism to present these
asymmetric parameters. This method provides conveni-
ence for experimental physicists when estimating or pre-
dicting these properties. We formulate the joint spin dens-
ity matrix (SDM) of baryon pairs Z°Z” and AA in Sec.
IV. A sensitivity estimation on the asymmetric paramet-
ers of parity violation is performed in Sec. V. This serves
as a reference for precise measurements of these decay
channels in future experiments with high statistical signi-
ficance.

II. ASYMMETRIC PARAMETERS

In the two-body decays with parity conservation, the
helicity amplitudes satisfy the following symmetry.

Al =mmm(=DT A, )

where J,s|, and s, denote the spins of the mother particle
and two daughter particles, respectively. A, A1, and A, de-
note their helicity values, and n, n;, and n, denote their
intrinsic parity values, respectively. Assuming that the
decays listed in Table 1 are parity conserved, the corres-
ponding helicity amplitudes, A, B, F, G, and H, satisfy
the following.

At =ALnAy =4y
B% =—B_%,F1’% = F—l,—%’
Hi=-H_1.G:=-G_y, @)

where amplitude F can be expressed as Fj_),as opposed
to F, ), to maintain consistency with its definition in Ref.
[16]. However, the parity violation in weak decay renders
the aforementioned equations invalid. Therefore, we
define four asymmetric parameters to describe the parity
violation as follows:

|B:|* = |B_.?
a=o e . —
20— An® |Bl|2+|B_l|2,
2 2
|F—1,—%|2_|F1,§|2
QA=0 5 =

2Ry TIF P HIF P
) 22
[HP = |H P
a - =—=
AP T H R+ [Ho P
2 2
1G> -1G_.*

AN v =T~ 5 T~ 5
AT TIGLR 4GP

3)

Table 1. Definition of helicity angles and amplitudes in
each decay, where %; denotes the helicity values for the cor-
responding particles.

decay helicity angle helicity amplitude
Iy = =0E () (6. 40) Ay
290.,) — AQa)r® (61.61) B,
2°04) - A()y(hs) (62.62) Fisa
AOG) = pls)n™ (63.43) Hhe
R0%) - plyr* (01.64) Gy

The four parameters defined in this study are numerically
equivalent to the partial-wave amplitudes and are consist-
ent with the parameter values provided in the PDG con-
vention.

Furthermore, if CP conservation holds in charge con-
jugate decays, then the parameters of the conjugate de-
cays have the same absolute values but bear the opposite
sign when compared to the aforementioned four paramet-
Crs, i.e., a/én_)/—\ﬂ{, =—U20sAn0, XEVSAy = —Ckén_)/—\y, AApr- =
—QA_pr - Thus, we can define three observables charac-
terizing the degree of CPV as follows:

a’g”_)/'\ﬂn + =0 A0

1 _
ACP - b
20 fqp0 ~ XESAR

aE“—)Ay =+ aE”—)[\y

Acp S ——
= Ay — aEO—ﬂ_\y

A3 AA—pr + AR pr )
o)
AA—pr — AR pr

The non-zero value of the asymmetric parameters in Eqs.
(3) and (4) indicates that there is CPV in the decay. Ex-
perimentally, by measuring these conjugate decays separ-
ately, we can obtain the corresponding CP violated in-
formation. We can shorten azopm, @z Ry» @Aosprs
Q7 pr @S @0, @0, @p, af in the following narrative.

When describing parity violation, the helicity amp-
litudes are more straightforward when compared to the
covariant amplitude. The helicity formalism is widely
used in experimental measurements [19—23]. Helicity
amplitudes are also used to form the SDM of particles in
a decay, and the SDM contains all the dynamical inform-
ation of the decay. The angular distributions and polariza-
tion are also easily derived from SDM. Experimentally,
the values of these parameters can be determined by fit-
ting the joint angular distribution to the data [24]. The
helicity amplitude can be expanded into the L-S coupling
of the partial wave amplitude through the Clebsch —
Gordan coefficient. In view of the convenience of using
the helicity amplitude, we use it to analyze the cascade
decay.

093103-2



Phenomenological study of J/y — EO(AnO)EO(/_\y) decays

Chin. Phys. C 47, 093103 (2023)

III. HELICITY SYSTEM

In this analysis, we use the helicity reference frame to
describe the full decay chain. The properties of helicity
amplitude can be found in Ref. [25]. The helicity angles
of the various levels of decay are shown in Fig. 1, Fig. 2,
and Fig. 3. The corresponding amplitudes are listed in
Table 1.

In this section, we specify that the momentum p with
superscript L represents the momentum in the laboratory
system, and the momentum without the superscript rep-
resents the momentum after the boost operation to the rest
frame of its mother particle. In experiments, the mo-
menta 5 by j% and % are reconstructed from the detec-
tion 1nformat10n. Then, we boost 5 and pr to A rest
frame, and 6 describes the angle between pj,(in the A
rest frame) and z4 axis. The angle between A production
plane and its decay plane is defined as ¢3. As for other
helicity angles (6;,¢;),(i=0,1,2,4), they can be calcu-
lated by the same operation as illustration Fig. 1 and Fig. 2.
It should be noted that z5 axis along the opposite direc-
tion of P and 6, describe the angle between p, (in the g0
rest frame) and z3 axis. Here, we list all the helicity angle
expressions,

E0 rest frame CM frame

[

Fig. 1.
=20(An"E

(color online) Definition of helicity angles in J/y —
0(/_\7) decays.

A production plain

CM frame

A rest frame

Fig. 2.
A — pr° decay.

(color online) Definition of helicity angles in
A production plain

AVENS

Fig. 3.
A — prt decay.

CM frame

A rest frame

(color online) Definition of helicity angles in

]
;m

6y =arccos

*|), $o=0

) ,¢1 = arccos(|iiyyy - =),

. E¢ S E* S
§¢

Q¢
)

=arccos

(
(i
6, =arccos (
(

>¢

1450 _)7 - -
AH = ’¢2 = arCCOS(an 'l’l.EOI),
Bl |py|) W
ﬁA ) _)p
03 =arccos | ————— | ,¢3 = arccos(|fiz - 7ip)),
|PAl 1Pl
— 57 : ﬁﬁ — =2 =2
04 =arccos | ————— |, ¢4 = arccos(|iig - 7iz|), (5)
VR -

where unit vectors 7, in the rest frame of m decay plane
are defined with the momenta of those particles as fol-
lows:

= = = =
oo PeXPz oo P2XPA

W Bl 1Pl -sinfy” = |l |pal-sin6;

7 Pz X Py P PAXDPp

i AT 3T 5

= P2l 1yl -sin6,’ |Pal-1Bpl-sin6s”

PAXPp
iy =——AEP (6)

P&l 15! -sin6y

IV. SPIN DENSITY MATRIX AND ANGULAR
DISTRIBUTION
Given that the SDM contains all the dynamical in-
formation in the decay, we first calculate the SDM of ba-
ryons in each step of decay, and then derive the angular

distributions and expression to present baryon polariza-
tion [25, 26].

A. J/y— =&

1
For a spin of —= for a particle like Z°, the SDM can
be expressed as follows:

p= = ! A @)

The ]Oll’lt SDM of =°2° can be constructed in the form of
p= ®p= , and its elements can be directly calculated as
follows:

'—t)—-

Py, xzx X, OCZPMDM, kz((bo,@o,o)
AN

XD{’,x; (60,600, 0)A, 0,43 1. (8)

where the SDM of J/y produced from e*e™ annihilation

093103-3



Peng-Cheng Hong, Rong-Gang Ping, Wei-Min Song et al.

Chin. Phys. C 47, 093103 (2023)

can be described as pf’x 2d1ag {1,0,1} [27], and Dy,
(¢0,00,0) is the Wigner-D function. Given that the decay
of J/y into =02° via strong interactions conserves the
parity, the helicity amplitudes satisfy the equations listed
in Eq. (2) ie., A1 1:AH,A 11 =A; 1. The angular

distribution of J/y — E 0Z° can be expressed as follows:

2
sin® 6o

1
2

160 o Tr [p*%| = 'Ar,
1

1

-1 (cos 260 +3). 9

gl

If we select

(10)

then the angular distribution can be reduced to the for-
mula commonly used in experiments as follows:

1(90)0c1+a¢,cos290, (11)

where ay denotes the angular distribution parameter

On the other hand, the joint SDM of 2°Z° can also be
expressed by the real multipole parameters QO ; as fol-
lows:

pE”EO Q(l) {I"LZQUO-’ ®0; } (12)

i,j=0

where the superscript of Q1 . 1s used to distinguish from
parameters Q used in Eq. (23) I is a 4 x4 identity mat-
rix, and o is Pauh matrix [27]. Here, o or o7 (i, j = 1,2,3)
correspond to oy,0y,0;, and i or j=0 denotes a 2x2
identity matrix. Specifically, i, j = 0 implies that they can-
not be 0 at the same time. Q} ; can be calculated by 0y, =
TrpEOEO’ Q(l)o Qzlj =
tipole parameters Q; ; can be expressed with the helicity
amplitudes as listed in Eq. (A2)

For the decay J/y — 2°2° , Of denotes the unpolar-
ized decay rate. The degree of 20 linear polarization can
be expressed as P5 = Q| 0,?* =0}, and longrtudrnal
polarization PZ' = Q},. For the Eb, they are 7’“ =
Q(l),l,ibf0 = 0),, and PE = Q) ;. Given that the parity is
conserved in the J/y decay, the polarization expressions
is as follows:

Tr [(r,@o-j : pEuEO] . In this manner, mul-

PEU = _PE‘O = O’ PZEO = _P'Z.::O = 07
= YA ai sin2dysinA,

Py ==P; = , 13
Y Y 2(1 + @y cos?bp) (13)

where A, =& _1 ¢ 1 denotes the phase difference of the
two amphtudes A1 _r,Al 1. Obviously, whether the trans-
verse polarlzatlon exists or not depends on the phase
angle difference A,.

B. ='(2") > An' (Ay)

In these two decays =0 — Az and £° — Ay, the par-
ity violation can be revealed by the study of the angular
distribution of the decaying particle or by the measure-
ment of the polarization. The joint angular distribution

1(09,01,41,0,,¢,) of this decay can be calculated by the
joint SDM of E 2" as follows:

1(60,61,61,02,62) < > _ 5 500 2. i3, (01,61)
yn

XDxE;,xJ (61,91 )Dx;:xs_;u (62,¢2)
XD}Z_JMS_M (02’ ¢2)B7‘3 B;tz X F}“SJM F;; Ay
(14)

where the summation is taken over all involved helicities
N and A, (i =1,2,3,4,5). We factor out the constant term
and then simplify the angular distribution as follows:

1(60,61,¢1,65,¢2) o<1 +ay cos* 6y
+4/1—ay sinfy cos by
X { sin 6, sin Prag sinA,
+az [z cos Ay(sin b, cos 6 cos ¢,
—sinf; cosH,cos )
+sinf) sing; sinA,] }
—@zag [ —cosf; cos O (ay + cos? 6o)
+ay siné; sinf, sin’ 0o sin¢q sin ¢,
+sin#; sin6, sin’ 6y cos ¢ cos ¢2] s

(15)

where a= and =0 measure parity violation.

To simplify the calculations of next decay chain, we
adopt E decay matrices to describe the joint angular dis-
tribution 1(6y,01,$1,62,¢2) [27], i.e.,

160,01,¢1,00,2) < Tr [p=2 - (M= @ MZ)T],  (16)

0 (=0
= 2

where M= (MEU> denotes the decay matrix of E
and its elements can be expressed as follows:

093103-4



Phenomenological study of J/y — EO(ANO)EO([\y) decays

Chin. Phys. C 47, 093103 (2023)

My * = ZDx o @BYIDY 5 (@.B.Y) X A 3,47, 5,

(17)

where J and A denote the spin and helicity of the mother
particle, and A;,A, denote the helicities of the daughter
particles, respectively. A; ,, denotesthe helicity amp-
litude, and (a,B,y) corresponds to the helicity angles in
the decay. For Z° and Eo, they are (¢,6;,0) and

(¢2,6,,0). Hence, we have:
e ¢z sin 6y
1 —azocosb ’

—e% @0 sind,
2 TS
1 +ag coso,

m

1 1+ a=0cos 6
e % = sin

= 1 1 —a@z0cosb,
M= == T
2\ —e®azsinb,

The joint angular distribution 1(6y,6;,¢1,62,¢2) in this
form is expressed as follows:

1(69,61,$1,62,02) OCQ(I)’O{ 1+ Qé’oago sinf) sing; + g
X[ — aEu(QL1 sinf; sinf, cos ¢ cos ¢
+Q{’3 sinf; cos 6 cos ¢y
+sin 6’2(Q£,2 sin @ sin ¢ sin ¢,
+Q_%’1 cosf;cosedy) + Qéﬁ cos b cosby)
-Q},sinbsing, 1}.
(19)

If we substitute the Q1 with Eq. (A2), then it is consist-
ent with Eq. (15). Furthermore, 1(60,01,41,0,,¢>) can be
expressed as follows:

1(6y ~ ¢7) o< Q(l)’o + Tll a= + T}G'Eﬂ + TZICYEOQEO, (20)

where the superscript of 7! is used to distinguish from

parameters T2 used in Eq. (27). T! and 7| measure the
transverse polarization information of Z° and 20,

5 —0=0 . .
respectively. T) measures Z°Z spin correlations. They

are as follows:

Tll =sind; sin¢; Q(l)’oQéyo,
7_"1 = —sin6; sin$> 04,004 2
Ty =— Q(]),O( Qé,z siné sin6, sin ¢ sin ¢,
+ Qi,r sinf; sinf, cos ¢ cos ¢
+ Q{J sinf; cos 6, cos g + Qé,l sinf, cos 6 cos ¢,

+Q} ;086 cos ). 1)

C. A(A)— pr(prt)

The parameters to measure the parity violation in the
weak decays A — pr~ and A — pnt have been defined in
Eq. (3). The elements of the Jornt SDM of AA can be ob-
tained by the joint SDM of 20Z° as follows:

Z Px xzx v D1, xg(el"ﬁl)
Mo A s
XD, . (©1,61)By, B} D; 5 ;. (62,62)

XD;{;,)LS -, (62, ¢2)Fk5,k4 F)*»s,l;’ (22)

AA
Prpnn, &

The specific expressions are shown in Eq. (A3). Here, we
use the SDM of Z0Z° with Q parameters. Furthermore,
it can be calculated by a dlrect product of p* and p as
well.

Analogous to Eq. (12), we obtain the AA joint SDM
™ with multipole parameters Q% ; as follows:

AR _ Qoo

o _ I+ZQ”0' ®0‘ , (23)

i,j=0

where Q denotes the polarizations and spin correlations
of AA. Srmrlar to the situation of Z°Z°, the polarization
of A and A can be expressed as follows:

A _ 2 A _
Px _Ql,O’ Py -
A _ 2 A _
Px _QO,l’ Py -

Q%,o» 7)? = Q%,o’
Qb PP =05 (24)
The expressions of Qi ; are listed in Eq. (A4).

Using Eq. (17), we obtain the decay matrices of A
and A as follows:

2\ e®ajzsing,

I 1 l+apcosts  e®aysinds
2\ e%q,sing; 1-apcost; |
= 1 { l+axcosfy e%axsind.
MA=< AT A 4). 25)

1—afcosby

Combined with Eq. (16), the joint angular distribution
1(09,01,01,0>,¢2,05,03,04,¢4) at this level can be expres-
sed as follows:

1(60,61,¢1,02,¢2,63, 93,64, ¢4)
«Q5o{1-cosbsax [ aa(sinbs(Q3;sings
+Q73c08¢3) + 033¢0863) — Of 5
+ap [sin 03 (Q%’O sings + Q%,o cos ¢3)

+03,cos63] }. (26)

093103-5



Peng-Cheng Hong, Rong-Gang Ping, Wei-Min Song et al.

Chin. Phys. C 47, 093103 (2023)

Analogue to Eq. (20), it can be simplified as follows:

1(60,61,01,02,02,03,¢3,64,¢4)

ocQ(2)’0+T12a/A +T%a;\ +T22aAa';\, (27)
with

Tt =Q55in6s (Q3 0 sinds + OF g cos ¢3)
- Qg,o cosbs,
T =050 Q4 3 086,
T22 =Q(2),0 cos by [sin 63 (Q%’3 sings + Q%’?, cos ¢3)

+ Q3 3cos63]. (28)

where 77 and T% respect the transverse polarization in-
formation for A and A, respectively, while T3 respects
the AA spin correlations, which are similar to the inter-
pretation of Eq. (20).

V. SENSITIVITY OF ASYMMETRIC
PARAMETERS MEASUREMENTS

Sensitivity estimation is the basis of physical experi-
ment design, which reveals the relationship between the
measurement accuracy of physical quantities and data
statistics. We use the entire decay chain to improve the
accuracy of the statistical sensitivity estimate. The results
of our calculations show the expected measurement ac-
curacy of these asymmetric parameters in the experiment
with respect to the statistics of the data. The method we
use is also applicable to other similar decay processes. To
build large-scale experimental devices in the future, such
as STCF and CEPC [28—-30], the estimation of sensitivity
is urgently required to guide the data acquisition plan.

In the estimation of sensitivities, we provide the nor-
malized angular distribution as follows:

= W00.01,61,0,2,05,¢3,01,0)
f . f(W( ) H?:O dcosé; Hé}:l d¢j’

(29)

where the different asymmetric parameters used are con-
sidered as ay =0.66+0.03+0.05, apy =0.732+£0.014,
ax =—-0.758 £0.010£0.007 based on Refs. [31, 32]. Ac-
cording to the hypothesis of CP conservation, s = 0.70+
0.07, and a= =-0.349 +0.009 as mentioned in Sec. I. The

phase angle differences are arbitrarily considered as

A, = g Ap = E, Ay = Z. We also use other sets of phase

angles differences for calculation, and the results show
that the sensitivity estimation of the asymmetric paramet-
ers for large statistical quantities is not significantly af-
fected. Here, the maximum likelihood function is defined

as follows:

N
L=]]W(©0.01.41,02.62.05,¢3,04.65),  (30)
i=1

where N denotes the number of observed events [33].
Furthermore, the variance of the asymmetric parameters,
for example, a=, can be expressed as follows:

—~12 4 4
1 oW
‘/_1 =0 =N/~|: :| d 9[ d je 31
(a=) Waaygcosg@ (31

Thus, we can express the statistical sensitivity of ez and
a=o as follows:

5y = ”?;E“f“), 5, = V|Z(-Q|EO)' (32)

We consider a set of possible a= and az values to
plot the sensitivity as shown in Fig. 4 and Fig. 5, respect-
ively. Based on the figure, we can draw the following
conclusions. First, as the absolute value of the asymmet-
ric parameter increases, less data is required to reach the
same statistical sensitivity. This indicates that given the

. ‘ ‘ . - Num

20000 40000 60000 80000 100000
Fig. 4. (color online) Sensitivity of azo relative to observed
events V.

I | | T L Num
20000 40000 60000 80000 100000

Fig. 5.
events N.

(color online) Sensitivity of e relative to observed
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same statistical data, a larger asymmetric parameter value
leads to higher measurement accuracy. Second, from Fig.
5, we can observe that our predictions on the asymmetric
parameter azo is consistent with the latest measurement
result as mentioned in Sec. I. This tests the reliability of
our estimations. Lastly, to achieve a statistical sensitivity
of 1, the data statistic must be greater than 100,000. Con-
sidering the impact of background levels, detector effi-
ciency, event reconstruction efficiency, and other factors
in each experiment, the actual data sample size required
is likely to be larger than our prediction.

VI. SUMMARY AND OUTLOOK

By examining the cascaded J/y — E°2°, 20 — An°,
and Z° > Ay decays, we derived formulae for angular
distribution and observable quantities of polarization.
They can be used to measure the E decay asymmetric
parameter in future experiments. Specifically, we estim-
ated the statistical sensitivity of these parameters by con-
sidering the whole decay chain. According to the estima-
tion results, even a large asymmetric parameter value re-
quires more than 100,000 data events to realize a meas-
urement accuracy of 1%.

APPENDIX A: PARAMETERS

The helicity amplitudes can be expressed in the form
of'a complex number as follows:

A{I a= a{l y}\zei‘f‘wz, (A1)
1. Expressions of real multipole parameters Q}’j
Q00 Hsin 90+41la1 .(cos200+3)

Lo a%’ 1ay1s sin26ysinA,
Q0,0Q0, = NG ,
Q00011 = (2a§ s +al _y)sin’ 6,

_ai_iaiss sin26ycos A,

Q00013 = NG ,

Lo ai_iai sin26ysinA,
Q00020 = NG ,
000022 =%(a§_l ~2a? ,)sin’ 6,

. ai_iai . 18in26p cos A,
Qo031 =~ N )
Q00Q33 = 1 %sm 90—%a1 .(005290+3) (A2)

and others are equal to zero.
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2. The elements of p**

P

A

1
2?

nxi\-—>
"L‘_>'

A
B

=Qpo(1+az) (1-az)

x { Q4 sin6ssings + 0}  sinb; sing,

11
+ Qé,z sinf; sin6, sin¢ sin¢,
+ Q1 ; sinf) sinf; cos ¢ cos ¢,
+ Q1 3 5in6; cos b cos ¢
+ Q3 sin6; cos b cos ¢y

+ Q3 3cos6; costy + 1},

1 =Qoo \/ l—a/éoe_m”(l —ag)

X {Q}’l sinf; cos ¢ (cos B cos @

_1
2°

+ising;)+ Q{,3 cos 6, (cos b cosdy
+ising;)+ Qé‘o cos 6 sing

- iQ;Q sin#; sin¢g; cos @y

+ Q;,z sin @, cos 8 sing; sing,

- Qé,l sin# sinf; cos ¢»

- Q§’3 sinf; cos, — iQé,o cos @ },

s == 0ho(l+az) (1+ay)
X { -1+ Q(),z sin 6, sin ¢,
— Q3 sinf; sing,
+ Q3 5 siné; sin6; sing; sing,
+ Q},] sin@; sinf; cos ¢1 cos ¢
+ Q%,3 sinf; cos; cos ¢
+ Q3 sin6; cos by cos ¢y

+Q}3cos6; cosbh },

L1 _1 :—Q(l)o \/ l_a-—oe iA, (aio‘i‘l)
27272 =

X {Ql’1 sin 6, cos ¢, (cos B cos ¢y
+ising;)+ Q{.S c0s6,(cos b cos ¢y
+ising;) — Q;,Ocosé’l sin¢

- iQé’z sin 6, sin ¢, cos @

+ Qé’z siné, cos O sing; sin ¢,

- Qé’] sin 6 sinf; cos ¢»

— Q) 35in6; cos6s +iQ} ycosd; },
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p/_\/l\_l _1
27 2

X {Q}’1 sin@, cos ¢»(cos @ cos ¢,

—isingp)+ Q}’3 cos6r(cos b cos ¢

—ising))+ Q%’O cos b sing

+ iQiz sinf; sin ¢, cos @y

+ Q) ,sinb, cos b, sing; sing,

- Qé’l sinf; sinf, cos ¢,

— Q1 3siné coshr +iQ} jcos ¢y |,

=Q(1),o (1-az) (1-az)
x{1+ 04, sin6,sing,
— Q) ysinf; sing,
— Q) ,siné; sinb, sing, sing,
- Q},l sin#; sin6, cos ¢ cos ¢,
- Q{,3 sinf; cos 6 cos ¢
— Q3 sin6, cos b cos

—Q}3c080; cosbr },

1_1 = ) 1—a2-—- ei " (=0 + 1
1_1 0.0 =0 =0+
373 A = =

11
2° 2

x{ 01 ; sin6, cos gy (cos ) cos é
—isingp)+ Q}’3 cos 6 (cos b cos ¢
—ising;) — Q%’O cos b sing

+ iQiz sinf, sin ¢, cos @y

+ Qéyz sin#, cos d; sin g singr

- Qé’l sinf; sinf, cos ¢

- Q;ﬁ sinf; cos @, — iQ;’O cos¢ },

:Q(l)’o(l - QEO) (1 +ai°)

x {1-Qf,sinb;sing,

- Q%’() sin 6 sin ¢

+Qj,siné; sin6, sing, sing,
+ Qi,l sin#; sin6, cos ¢ cos ¢,
+ Q{J sinf; cos 8, cos ¢

+ Q3 sin6, cos b cos

+Q33c080; cosbr }, (A3)

and the unlisted elements are equal to zero.
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3. Expressions of real multipole parameters Qﬁ X

1 . .
Q%,o =2 Q(l)’o{ 1+ Qé,oagn sinf sin¢,

+ @z [ —a= (Q%,l sinf; sinf, cos ¢ cos ¢
+ Q}ﬁ sinf; cos 6, cos @

+sin6, (03, sinb; sing, sing,

+ Qé,l cosf; cos ¢2) + Q§’3 cos cos 02)

- Q(l),z sin 6, sin ¢2] }

1 . .
050065 =7 Qoof — @z (Qa0a=sinfy sing; + 1)

+ @z [ Q22 8in 6 sinby sin g sin gy

+ Q1,1 sinf; sinf, cos ¢ cos ¢

+ Q) 3sinf cosb,cos@P;

+ (3.1 5in62cos b cos ¢y + Q33 cos ) cosbs]

+ Qo’z sin @, sin 0% } ,

| .
0500i0="- 19001 -2 {01 1sin0rcos ¢

X (cos ] cos@y cosAp + sing; sinAy)
+ Q13c086,(cosf cospy cosAp
+sin¢; sinAp) +sin6r (022 singy

X (cos B sing; cos A, —cos ¢y sinAp)
— (3,15in0; cos¢ycosAp)

— (335in6; cosf, cos Ap]

+ Osp(cos @y sinAy — cos by sing cos A;,)},

1 / .
Q%,OQ%ﬁ :Z Q(l),0 1- a’%o [ - Q;,O Ccos 91 sSin ¢10,’EO

X COsAp + Q},l sin#, cos ¢»

X (cos B cos¢ cosAy, +singy sinAy)
+ Q1 300862(cos ) cos$y cos A
+sin¢g; sinAp)

— Q) ,sinb, sing, cos ¢y sinA,

+ Q%,z sin6, cos 6 sin ¢ sing, cos Ay,
- Qé,l sinf; sin6 cos ¢, cos A,

+ Q) gcosgaz sinA,

— Q1 35in6; cosrcos Ay ],
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1 .
Qé,oQ%,o zzQ(l),o V1= azau {aéo [Q}’l sin 6, cos ¢,

X (sin¢| cos A, —cosf cos @y sinAp)

+ Q%ﬁ cos B, (sing; cos Ay

—c0s 6 cos ¢ sinAp) + sin 62(—Q%’2 sin ¢y
X (cos B sing sinAp, +cosd cosAp)

+ Qé,l sin# cos ¢, sinAp)

+ Q§’3 sin#; cos 6 sin Ah]

+ Qé’o(cos 01 singq sinAp + cos ¢ cos Ab)},

Q(z)’o Q§,3 =%Q(1),0 A/ 1= aéo [— Qé,o cosf; singaz
X sinAp — Qéyo cosPrag cos Ay
+ Q}J sin @, cos ¢ (cos By cos ¢y sinAp
—sing; cosAp) + Q},3 cosf(cos b cos
X sinAp —sin¢g; cosAp) + Qé’z sin@,

X singy cos ¢y cos Ay + Qég sinf, cos 6,

X sing sing, sin Ay, — Qé,l sin6; sinf,

X cos ¢ sin A, — Q3 3 siné) cos 6, sin Ap],
030Qo =3 Ohola= (1~ Ohysindasingsar)

- aé“[Q},l sinf; sinf, cos ¢ cos ¢,

+ Q}’3 sinf; cos 6, cos ¢y + sin@z(Qiz sinf,

X sing; sing, + Qé,l cos 6 cos ;)

+ Qés cosd; cosB] + Qé’o sin6) sing, },
Q%,o Q%s =%Q(l),o [ —az (a/;o - Qé’z sin 6, sin ¢2)

- Q;,o sinf) singyaz + Q;’z siné sinf,

X sing; sing, + Q},l sinf; sinf; cos ¢ cos ¢,

+ Q{’3 sinf; cos 6, cos ¢y + Qéyl sin8, cos 0,

X cos¢y + Q§’3 cosf cos 92] ,
(Ad)

and other parameters are equal to zero.
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